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Résumé

L’objet de cette thése est I'étude de certains phénomeénes de propagation de fronts

pulsatoires pour des problémes de réaction-advection-diffusion du modéle

u =V - (A(z)Vu) +q(z) - Vu+ f(z,u), t € R, z € Q,
v-AVu(t,z)=0,t € R, z € 09,

ol © C RY est un domaine périodique non borné. Les coefficients de I’équation et le
domaine €2 seront périodiques par rapport aux variables d’espace. La thése se compose
de trois parties qui correspondent a trois articles soumis a des revues internationales
avec comité de lecture. En fait, I'existence de fronts progressifs pulsatoires dépend
fortement du type de la nonlinéarité. Si la nonlinéarité f est de type “KPP”, il existe
une vitesse minimale c¢*. La premiére partie porte sur les comportements asymptotiques
de la vitesse minimale ¢* de propagation des ondes progressives dans le cas “KPP”
(utilisant une formule variationnelle de ¢* donnée par Berestycki, Hamel, et Nadirashvili
en 2002). Dans la seconde partie, on donne des formules min — max et max — min pour
les vitesses de propagation selon le type de la réaction. La troisiéme partie concerne la
dépendance de la vitesse par rapport a la période spatiale dans un cadre plus général
(concernant la diffusion et la nonlinéarité) que celui de la premiére partie, mais en

dimension N = 1 seulement.

Mots clés: KPP, réaction-diffusion, front progressifs pulsatoires, vitesse de prop-
agation, homogénéisation, biological invasion models, combustion, pulsating travelling

fronts, minimal speed of propagation, homogenization, fragmentation.
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CHAPITRE 1

Introduction générale

L’objet de cette thése est I'étude de certains phénomeénes de propagation de fronts
pulsatoires pour des problémes de réaction-advection-diffusion non linéaires dans des
milieux hétérogénes non bornés. Les coefficients de 1’équation et le domaine €2 seront
périodiques par rapport aux variables d’espace. En fait, I'existence de fronts progres-
sifs pulsatoires dépend fortement du type de la nonlinéarité. La thése se compose de
trois parties qui correspondent a trois articles soumis & des revues internationales avec
comité de lecture. Si la nonlinéarité f est de type “KPP”, il existe une vitesse minimale
c*. La premiére partie porte sur les comportements asymptotiques de la vitesse mini-
male ¢* de propagation des ondes progressives dans le cas “KPP”. Grace a une formule
variationnelle pour cette vitesse (donnée par Berestycki, Hamel, et Nadirashvili [3]),
nous traitons ¢* comme une fonction du facteur de diffusion, du facteur de réaction, et
du parameétre de périodicité afin d’étudier les variations et les comportements asymp-
totiques de ¢* par rapport aux coefficients du probleme. A la fin de cette partie, on
applique les résultats obtenus pour résoudre un probléme d’homogénéisation. Dans la
seconde partie, on donne des formules min — max et max — min pour les vitesses de
propagation selon le type de la réaction. La troisiéme partie concerne la dépendance de
la vitesse par rapport a la période spatiale dans un cadre plus général (concernant la
diffusion et la nonlinéarité) que celui de la premiére partie, mais en dimension N = 1

seulement.

Les équations de réaction-diffusion apparaissent naturellement dans la modélisation

de lévolution de la température lors dune réaction de combustion, ot la chaleur est créée
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par la réaction et diffuse selon la loi de la chaleur, et peut également étre transportée
dans le milieu (vent, aération), ce qui donne un terme dadvection supplémentaire. De
méme, létude de 1évolution de la densité dune population animale dans un milieu dont
les caractéristiques sont plus ou moins favorables a la survie et au développement de
lespéce considérée se modélise par une équation de réaction-diffusion, ou la diffusion
traduit les mouvements de la population et le terme de réaction regroupe les naissances,
les décés en prenant en compte linfluence du milieu (dépendance spatiale du terme de
réaction), et les interactions avec le milieu ou dautres espéces.

Les premiéres analyses mathématiques des équations de réaction-diffusion ont été

entreprises dans les années 1930, principalement létude de léquation unidimensionnelle

Oyu = Opzu + f(u)
0<u<l.

En 1937, Fisher [9] et Kolmogorov, Petrovsky et Piskunov [21] ont étudié le modéle
homogéne

u, — Au = f(u) dans RY, (1.0.1)

avec une nonlinéarité f satisfaisant

{f@)zfﬂ%=&fﬂ)<&fﬂn>ﬁ (1.02)
f > 0dans (0,1), f <0 dans (1,+0c0),
Vs e [0,1], f(s) < f'(0)s. (1.0.3)

Comme archétypes de nonlinéarités “KPP”, on a f(s) = s(1 — s) et f(s) = s(1 — s?).
Un front progressif qui se propage dans la direction d’un vecteur —e € RY (|e| = 1)

est une solution u de (1.0.1) telle que

(1.0.4)

V(t,z) € R xRN, u(t,x) = ¢(x-e+ct),
¢(—00) =0 et p(400) =1,

La valeur c est appelée la vitesse du front dans la direction de —e. Suite a cette derniére

définition, I’équation (1.0.1) est équivalente a

{‘¢+mﬂ:ﬂ@ dans R x RY, (1.0.5)

¢(—o0) =0 et ¢(+o00) = 1.

Kolmogorov, Petrovsky et Piskunov [21] ont montré qu’il existe une valeur ¢* =
24/1(0) telle que les fronts progressifs (c,u) de 'équation (1.0.1) tels que 0 < u < 1

2



1.1. Cadre hétérogéne périodique, quelques résultats connus

existent si et seulement si ¢ > ¢*(e) = 24/ f'(0). De plus, pour chaque ¢ > 2,/f'(0), le
front u est unique & une translation prés en ¢.

A partir de 14, de trés nombreux articles, parmi lesquels ceux de Aronson et Wein-
berger [1], Fife et McLeod [8]|, Johnson et Nachbar [18] ou encore Kanel [19] ont été
consacrés a des problémes liés a lexistence, a 'unicité et a la stabilité de telles ondes
planes progressives, en considérant différents types de nonlinéarités et de domaines
despace donnés par la modélisation des situations physiques, chimiques et biologiques
étudiées. De nombreux travaux ont porté sur les systémes en dimension 1 despace (voir
par exemple [31]).

Lorsque le milieu nest plus considéré comme homogene, les coefficients de 1équation,
et en particulier le terme de réaction, dépendent également des variables despace ou
de temps. On ne peut alors plus trouver de solutions en forme donde plane pour les
nouvelles équations considérées, y compris en dimension 1. Cest pourquoi une nouvelle
notion moins exigeante mais plus générale, celle donde progressive pulsatoire, cest-a-
dire donde se propageant dans une direction donnée, au profil variable mais se repro-
duisant périodiquement, a été proposée, dans les milieux périodiques, par Shigesada,
Kawasaki, et Teramoto [26] en 1985 et par Shigesada et Kawazaki [29] en 1997. Hudson
et Zinner [16] ont montré en 1995 lexistence dondes progressives pulsatoires solutions
de léquation en dimension 1. Concernant les fronts progressifs pour des équations de

réaction-diffusion avec de coefficients dependant des variables de temps et d’espace, on
peut voir Fréjacques [10], Nadin [22, 23], et Shen [27, 28|.

1.1 Présentation du cadre hétérogéne périodique et

de quelques résultats connus

Dans les chapitres 2 et 3 on s’intéresse au modéle hétérogéne suivant :

{ u =V - (A(z)Vu) +q(2)-Vut fzu), t € R, z € Q, (L.1.1)

v-AVu(t,z)=0,t € R, z € 09,

ot v(z) est la normale extérieure au point z € 9. La condition au bord v- AVu(z,y) =

0 est équivalente a

> vila,y)Aij(w, )0 ult, z,y) = 0.

1<ij<N

On note que si A = Idys,(r), la condition au bord est alors réduite a la condition de

Neumann usuelle.
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Dans la suite, on va détailler les hypothéses sur le domaine €2, la matrice de diffusion

A, le flot d’advection g et la réaction f qui apparaissent dans ’équation (1.1.1) :

Le domaine € est un ouvert connexe de RV de classe C® qui satifait

JR>0,3d>1€N, Vz = (z,y) e QCRIx RV |y| < R,

d

1.1.2

E|L1>0,"‘ ,Ld>07 V(kl, ,]Cd) € LWZx--- XLdZ, Q = Q—l—ZkZel(, )
k=1

ot (e;)1<i<n est la base canonique de RY. Comme d > 1, le domaine ) est non borné.

Avant d’aller plus loin, on note que ce cadre généralise plusieurs types de configu-
rations géométriques. Le cas ot = RY correspond & d = N ou Ly,--- , Ly peuvent
étre des constantes positives quelconques. Dans ce cadre, on peut aussi considérer le
cas de 'espace RY avec un ensemble périodique de trous. Le cas d = 1 correspond a
des domaines qui sont non bornés dans une seule direction. C’est-a- dire des cylindres
infinis qui peuvent avoir une frontiére oscillante, et qui peuvent contenir un ensemble

périodique de trous.

Définitions 1.1.1 (Cellule de périodicité et champs L-périodiques) FEtant don-

née un ensemble Q) satisfaisant (1.1.2), on définit ’ensemble
C = {(.I,y) € Q) HATS (07L1)7 crr,Xd S (Ou Ld)}

comme la cellule de périodicité de ). De plus, on dit que le champ w : 2 — RP est

L-périodique par rapport a x si
d
Vk = (ki,- - ka) € [ [ LiZ,
i=1
'lU(ZZ'l + kl? T, X+ kd7y) = U)(Zlfl, o 7xd7y) p-p- dans €.

Le terme de diffusion est une matrice symétrique A = A(x,y) = (A;;(2,¥))1<ij<n
de classe C?9(Q) (avec § > 0) qui satisfait

A est L-périodique par rapport a z, et 30 < a; < an tel que (1.1.3)
V(a:,y) S viS S RN>Q1|€|2 < Zlgi,jgN Aij($ay)€i€j < Oé2|€|2. o
L’advection ¢ = (qi1(z,9), -+ ,qn(x,y)) est un champ vectoriel de classe C*?(9)

4



1.1. Cadre hétérogéne périodique, quelques résultats connus

(avec § > 0) tel que

( q est L-périodique par rapport a =z,
V.-q¢=0 dans Q,
q-v =0 surdf2, (1.1.4)

V1i<i<d, /qidxdy:O.
C

\
Finalement, le terme de réaction ( ou la source nonlinéaire) est une fonction positive

f = f(z,y,u) définie dans Q x R telle que

f est globalement Lipschitzienne dans  x R,
V(z,y) € Q, Vs € (—o0,0lU[l,+00), f(s,2,y) =0, (1.1.5)
dpe (0,1), V(z,y) €Q VI—p< s <5 <1, f(x,y,8) > fz,y,5).

On suppose que

f est L-périodique par rapport a x. (1.1.6)

Par ailleurs, on suppose que la fonction f satisfait une des deux propriétés suivantes

Vs (6,1), 3(x,y) € Q tel que f(x,y,s) > 0, o
ou
36 > 0, la restriction de f & Q x [0, 1] est de classe C*°, (118)
Vse (0,1), 3(z,y) € Q such that f(z,y,s) > 0. o

Définition 1.1.2 Si la nonlinéarité f satisfait (1.1.5), (1.1.6) et (1.1.7), on dit que f
est de type “combustion”. La valeur 6 est appelée la temperature d’ignition. St f satisfait
(1.1.5), (1.1.6) et (1.1.8), on dit alors que f est de type “ZFK” (pour Zeldovich - Frank
Kamenetskii).

Y

Si f est une nonlinéairité “ZFK” satisfaisant les conditions

(z,y) = fl(z,y,0) = lir(r)1+ flzyy,u)/u >0, et (1.1.9)
V(z,y,5) €Qx(0,1), 0< f(z,y,8) < fi(z,y,0) x s, (1.1.10)

on dit que f est de type “KPP” (pour Kolmogrov, Petrovsky, et Piskunov).

Dans le cadre hétérogéne périodique décrit ci-dessus, on peut définir les fronts pro-

gressifs pulsatoires :
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Définition 1.1.3 Soient e = (e, -+ ,e?) € RY un vecteur unitaire (le| = 1) et é =
(et~ ,e?0,---,0) € RN. On dit que la fonction u = u(t,z,y) est un front progressif
pulsatoire qui se propage dans la direction de —e avec une vitesse ¢ # 0 si u est une

solution classique de
(

Uy = V- (A(I,y)VU) —f—q(l',y) -Vu + f(x,y,u), t € R? (I?y) € Q7

v-AVu(t,z,y) =0,t € R, (z,y) € 09,
d

_ k-
| ke [[ziz, v(tzy) e R xQ, wt+ 2w y) = u(t,z+ k,y), (1.1.11)
C
=1
Jm u(tzy) =0, and lim u(t,zy) = 1,
\ 0 <u<Ll,

ou les limites ci-dessus sont locales en t et uniformes en y et toutes les directions de

R? qui sont orthogonales a e.

Plusieurs articles et travaux ont été consacrés a ’analyse des phénoménes de pro-
pagation pour des équations de réaction-diffusion ou d’autres types d’équations hété-
rogénes périodiques. Comme résultats d’existence de fronts progressifs (c,u) dans des
milieux hétérogénes nonbornés et périodiques on peut voir Namah, Roquejoffre [24],
Papanicolaou, Xin [25], J. Xin [32], J. Xin [33], et X. Xin [34] dans le cas unidimen-
sionnelle ou dans le cas = RY. Pour I'existence dans des problémes similaires, on
peut voir Brauner, Fife, Namah [4] et Heinze [13]. Dans le cadre hétérogéne périodique
décrit ci-dessus, Berestycki et Hamel [2| ont traité la question d’existence de fronts

progressifs pulsatoires selon la non linéarité f du modeéle (1.1.11) :

Théoréme 1.1.4 (Berestycki, Hamel [2]) Si la nonlinéarité f est de type “Com-
bustion”, alors pour toute direction e de R, il existe une solution classique (c,u) de
(1.1.11). De plus, la vitesse ¢ est positive et unique, et la fonction u = u(t,z,y) est
croissante en t et elle est unique a une translation prés en t. Précisément, si (c',u') et
(%, u?) sont deux solutions classiques de (1.1.11), alors ¢t = ¢* et il existe h € R telle

que u'(t,x,y) = u*(t + h,z,y) pour tout (t,z,y) € R x Q.

Théoréme 1.1.5 (Berestycki, Hamel [2]) Si f est de type “ZFK”, alors il existe
Co.aqs(€) > 0 telle que probleme (1.1.11) n’a pas une solution (c,u), avec uy >0 dans
R x Q, si ¢ < ¢ a44(€). Par contre, pour tout ¢ > ¢ 4, 4(€), il existe une solution

(c;u) avec uy > 0. La valeur cg 4, ;(€) est appelée la vitesse minimale de propagation
du probléme (1.1.11).



1.1. Cadre hétérogéne périodique, quelques résultats connus

Trés recemment, Hamel et Roques [12| ont montré I'unicité de fronts pulsatoires pro-
gressifs, a une translation pres en ¢, pour toute ¢ > ¢g 4, f(e) lorsque la nonlinéarité f
est de type “KPP.”

Le théoreme 1.1.5 s’applique en particuliér dans le cas “KPP”. De plus, Berestycki,
Hamel et Nadirashvili [3] ont montré une formule variationnelle pour la vitesse minimale

Co.a4.(€) dumodeéle (1.1.11) avec une nonlinéarité de type “KPP” :

Théoréme 1.1.6 (Berestycki, Hamel, Nadirashvili [3]) Lorsque la nonlinéarité f
est de type “KPP”, la vitesse minimale CE’A’(I’f(e) de propagation dans la direction de

—e du probléme (1.1.11) est donnée par

" . Koeaqc(A)
Congsle) = min —==E (1.1.12)

0l kq e a,4.c(N) est la valeur propre principale de l'opérateur Lo aqcx défini par

LQ767A7q7<7/\77ZJ = V . (AV¢) + 2>\é . AV’L/} + q- VQ,D

N ~ ; (1.1.13)
+[A\EAE+ AV - (Aé) + A\q - € + (v dans Q,

sur l'ensemble

Ey= {v=1v(z,y) € C*(Q),v L-périodique par rapport i x et
v-AVi(x,y) = —Av- Aéd(z,y) sur 00} .

Dans le cadre homogeéne ou = RY, f = f(u), ¢ = 0 et A = Id, on note que
(1.1.12) implique la formule KPP ¢* = 2,/f(0) (voir [21]). En fait, la fonction propre
principale, qui est positive et unique a multiplication par une constante positive pres,

sera 1) = constante (¢ = f’(0) dans ce cas). Donc, pour tout A > 0, on aura k(\) = A2+
1'(0) et alors r)l\qig @ =24/ f(0). La formule (1.1.12) est trés utile dans I’analyse des
>

comportements asymptotiques et des variations de la vitesse minimale ¢* par rapport
aux coefficients de diffusion, de réaction et d’advection et par rapport aux parameétres
de périodicité et la géométrie du domaine €2 dans le modéle (1.1.11). Utilisant cette
formule, plusieurs articles ont étudié de tels problémes (voir par exemple Berestycki,
Hamel, Nadirashvili [3|, El Smaily [5], El Smaily [7]|, Heinze [14], Ryzhik, Zlatos [30] et
Zlatos [35]).
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1.2 Reésultats principaux

Dans cette thése, nous traitons le probléme de réaction-advection-diffusion dans le
cadre hétérogeéne-périodique de la section 1.1.

Dans toute cette section, e € R? est un vecteur tel que |e| = 1 et &€ = (e,0,---,0) €
RV,

Le chapitre 2 correspond a I’article El Smaily [5]. Il est consacré a ’analyse asymp-
totique des variations de la vitesse minimale de propagation par rapport aux coefficients
de diffusion, de réaction et d’advection et par rapport aux parameétres de périodicité
dans le cas “KPP”.

Concernant la vitesse minimale en présence d’une grande diffusion M A (avec M >

0), on a montré le théoréme suivant

Théoréme 1.2.1 (El Smaily [5]) Soient f de type “KPP” (voir Définition 1.1.2), Q,
A et q satisfaisant (1.1.2), (1.1.3) et (1.1.4) respectivement. Nous supposons aussi que
V.Aé =0 dans Q) et v- Aé =0 sur 0S2. Pour tous M >0 et 0 < < 1/2, considérons

le probleme

{ up = MV - (A(z,y)Vu) + M7 q(z,y) - Vu+ f(z,y,u), t € R, (z,y) € €, (1.2.1)

v-AVu(t,z,y) =0, t € R, (z,y) € 09,

dont la diffusion est la matrice M A. Alors,

. ConmAMgr(€) B ][~ - ][
A — 2 CeAe(w,y)dx dy CC(ﬂc,y)dﬂj dy,

][éAé(x,y)dx dy = ﬁ/ eAé(z,y)dx dy,
c c

ou

et |C| est la mesure de Lebesque de la cellule de périodicité C de §).

Grace a ce théoréme, on a trouvé la limite par homogénéisation de la vitesse mini-
male lorsque la cellule de péiodicité C¢ = eC' devient trés petite. Pour tout € > 0, on

définit A., ¢., et f. comme

Vwy) €D Awy) = A(Z D)) =a (5.
(1.2.2)
et fo(x,y,u) = f (E, g,u) .

g €

8



1.2. Reésultats principaux

Théoréme 1.2.2 (El Smaily [5]) Soit Q un domaine satisfaisant (1.1.2) avec une
cellule de périodicité C. Pour tout € > 0, on pose Q2F = ). Sous les mémes hypotheéses

que dans le Théoréme 1.2.1, on considére le probléme

{ it ,y) = V- (AU (G ay) + o Vi + folayouf), dans Rx Qo o

Ve A Vi (t,e,y) =0, t € R, (x,y) € 00°,

Alors,

EEI(%CQE, A, Qe,fs(e) :2\/][0 eAé(z,y)dx dy \/]{jﬁ(x,y)dx dy. (1.2.4)

Concernant le probléme d’homogénéisation lorsque Q = RY,

w(t,z,y) =V - (A, Vu)(t,z,y) + q, - Vu(t,z,y) + f.(z,y,u),
Ty Ty Ty
=V (A(Z’ Z)VU)(TZ%Z/) + Q(Z’ Z) -Vu(t,z,y) + f(z, E,U),
(1.2.5)

on a obtenu le résultat suivant :
Lorsque f est de type “KPP”, A et q satisfont (1.1.3) et (1.1.4) respectivement. Si
V.Aé =0 dans RY, alors

Lll>11(r)1Jr R (e) = 2\/][C eAé(x,y)dz dy \/]é ((z,y)dx dy. (1.2.6)

Le théoréme suivant donne un équivalent de la vitesse minimale avec une petite
réaction Bf (B > 0) :

Théoréme 1.2.3 (El Smaily [5]) Soient B > 0, v > 1/2 et f une nonlinéarité de
type “KPP”. Supposons que 2, A et q satisfont (1.1.2), (1.1.3) et (1.1.4) respectivement,
V.Aé =0 dans Q et v- Aé = 0 sur 0S). Alors,

. CHhapignr(€) B ][ o ][
Bll_)lr{)l+ —J5 2 g eAé(z,y)dx dy g C(z,y)dzx dy.

Pour le comportement asymptotique de la vitesse minimale de propagation en pré-

sence d’une petite diffusion €A (¢ > 0), nous considérons un cadre moins général que
celui au Théoréme 1.2.1 que nous décrivons ci-dessous.
Dans ce cadre, nous choisissons 2 =R x w € RY, avec w C RY x R¥=4"1 (4 > 0).

Si d = 0 alors w est un domaine borné et connexe de classe C® dans RV~!. Par contre, si

9



Chapitre 1. Introduction générale

1 <d< N-—1, alors w est un domaine (L, ..., Lqg)-périodique dans RY~! qui satisfait
(1.1.2). Donc, € est un domaine de RY qui est (I, Ly,..., Ly)—périodique (pour tout
[ > 0) satisfaisant (1.1.2). Un élément de {2 = R x w aura alors la forme z = (z,y) avec
rE€RetycwCRIx RV-1-4,

Concernant la nonlinéarité f = f(x,y,u), elle est de type “KPP” telle que

f >0, et est de classe CH°(R x w x [0,1]),
fest (I, Ly,..., Ly)-périodique par rapport a (z,41,...,94), lorsque d > 1,(1.2.7)
f est l-périodique par rapport a x, lorsque d = 0,

et

Y(x,y) € Q, f'(x,y,0) ne dépend que de y. Posons ((y) = f'(x,y,0).
V(z,y) € Q=R xw, fi(z,y,0) = ((y) >0, (1.2.8)
V(z,y,s) € Q x (0,1), 0< f(z,y,5) < ((y)s.

Remarquons qu’il est possible de trouver une nonlinéarité f telle que f/(x,y,u) ne

dépend que de y tandis que f(z,y,u) dépend de z, y et wu.

Enfin, la diffusion est une matrice symétrique A(x,y) = A(y) = (Ai;(y))1<ij<n de
classe C%°() (6 > 0) qui ne dépend que de y et qui satisfait

Aest (Ly, ..., Lg)-périodique par rapport & (yi, ..., %),
F0<a; <ap, VyewVE e RV, e < ) Ay(n)&g < alél” (1.2.9)

1<ij<N

Théoréme 1.2.4 (El Smaily [5]) Soit e = (1,0,...,0) € RY et e > 0. Soient Q =
R x w C RN un domaine sous la forme décrite ci-dessus, f une nonlinéarité de type
“KPP” satisfaisant (1.2.7), (1.2.8), et A une matrice satisfaisant (1.2.9). Considérons

I’équation de réaction-diffusion

w(t,z,y) = eV (Aly)Vu)(t,z,y) + f(z,y,u), for (t,z,y) € RxQ, (1.2.10)
v-AVu= 0 on R xR x dw. o
De plus, supposons que A et [ satisfont une des deux alternatives suivantes
3 0, V A =
>0, ¥y € w, (y)e = ae, B (1.2.11)

10
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ou
filx,y,0) = C est constante,
Yy € w, A(y)e = a(y)e, ot (1.2.12)
y — a(y) est une fonction positive et (L, ..., Lg)—périodique dans .
Alors,
ct
lim QEAOf = 2\/maX C\/max eAe. (1.2.13)
e—0t+

Remarque 1.2.5 (En présence d’une advection) Sous les mémes hypothéses du

Théoréme 1.2.4, prenons q¢ = (q,(y),0,...,0) (y €wW) ot q Z 0 dans Rxw et / g1 = 0.
Considérons l’équation de réaction-advection-diffusion ?

{ u = eV (Aly)Vu) + q,(y) dpul(t,z,y) + f(z,y,u), t € R, (z,y) € Q’(1.2.14)

v-AVu(t,z,y) =0, t e R, (x,y) € 09,

Utilisant les mémes techniques que dans la preuve du Théoreme 1.2.4, on peut montrer

que
i co g q,7(€) = max (=g, (y)) = max(—g.e). (1.2.15)

e—0t YyEW

Le Théoréme 1.2.4 implique le théoréme suivant :

Théoréme 1.2.6 (El Smaily [5]) Soit e = (1,0,...,0) € RN w = RVl d =
N—-1,el =Ly = ... = Ly = 1. C’est-a-dire les coefficients de [’équation
sont (1,1,...,1)—périodiques par rapport a y. Un élément z € RY aura la forme
z = (z,y) € R x RN=L. Supposons que f(x,y,u) et A= A(y) satisfont (1.2.7), (1.2.8)
et (1.2.9) avec une des deux alternatives (1.2.11) ou (1.2.12). Pour tous L > 0, et

(v,y) € RY, notons A, (y) = A(7) et £, (v.9,u) = /(. 7

A u). Considérons le probléme

de réaction-diffusion

w(t,z,y) =V (A, V)t x,y) + f(v,y,u), (tzy) € RxRY

(1.2.16)
=V (ADV)(tay) + f(F. 1), (Lay) R xRY,
sont (L,. .., L)-périodiques par rapport a (x,y) € RN. Alors,
dim e a g g (€)= 2\/&3& C(y)\/yg]l@\]xl e. Ae(y). (1.2.17)

11
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Remontant au résultat (1.2.6), on remarque que ce théoréme donne la limite de
CEQN,AL, 0. (e) quand L — 0T sous I'hypothése V.Aé = 0 dans RY. Donc, pour
N =1, ce théoréme s’applique seulement lorsque la diffusion = — a(x) est constante
sur R. Dans le chapitre 4 qui correspond a l'article [7], nous étudions, sans I'hypothése

de diffusion constante, le modéle

Ou_ 0 (am@) T fuw,u), tER, zeR,

ot Ox ox
kL
VkeZ, Y (t,x) € R x R, u(t—i-?’g;) = u(t,x + kL), (1.2.18)
lim w(t,z) =0 et lim wu(t,z) = 1,
T — —00 r— +00

les limites ci-dessus étant locales par rapport a t.

Le terme de diffusion a;, satisfait
ag(x) = a(z/L),
a est une fonction 1-périodique de classe C??(R) (avec d > 0) qui satisfait
d0<a <ag, Ve eR, a3 <a(z) < as. (1.2.19)

Le terme de réaction est la fonction fr(z,:) = f(z/L, ), on f:= f(x,s) :RxR; - R
est 1-périodique par rapport a x, de classe C*° en (z,s) et C? en s. Donc, ay et fr

sont L-périodiques par rapport a z. De plus, on suppose que

VzeR, f(z,0)=0,
HMZO,VSEM,VI'ER, f(:C?S)SOa (122())
VreR, s f(x,s)/s est décroissante par rapport a s > 0.

On pose
p(x) == lim f(z,s)/s,

s—0t

et
pn(@) = Timy frfe,s)/s = p(F).

s—0t L
Le taux de croissance u peut étre positif dans quelques régions (régions favorables) ou

négatif dans d’autres (régions défavorables). De plus, nous supposons que

/l,u(ac)d:v > 0. (1.2.21)
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Dans le cadre décrit ci-dessus, nous avons montré les théorémes suivants (voir Chapitre
4) qui généralisent des résultats donnés par Kinezaki, Kawasaki, Takasu, et Shigesada
[20] :

Théoréme 1.2.7 (El Smaily, Hamel, Roques [7]) Dans le cadre décrit ci-dessus,

SupPposons que C]Tz{ a 0, f est la vitesse minimale du modele (1.2.18). Alors,
? J L

lim c*

=2 1.2.22
Jmoce o f V<a>yg <p>a, ( )

o
1

<pU>y = /Olu(x)dx et <a>pg = </01(a(x))_1d1:> =<a'>)!

sont, respectivement, la moyenne arithmétique de p et la moyenne harmonique de a

sur lintervalle [0, 1].

Concernant les variations de L — c% a0 f nous avons obtenu le résultat suivant :
LY Y J L

Théoréme 1.2.8 (El Smaily, Hamel, Roques [7]) Sous les hypothéses du Théo-
reme 1.2.7, la fonction L — c’ est de classe C™ dans un intervalle (0, L)
r,a,,0, f,

pour certain Ly > 0. De plus,

dc*
lim MdL—];O’fL =0 (1.2.23)
et e
c*
lim, R’;—;% — Y >0, (1.2.24)

Enfin, v > 0 si et seulement si la fonction

il +<G>H

<WU>4 a
n’est pas identiquement égale a 2.

Corollaire 1.2.9 Avec les notations de Théoréme 1.2.8, si pu est constante et a n’est
pas constante, ou si a est constante et u n’est pas constante, alors v > 0 et donc L —

o a .0, f est strictement croissainte sur un intervalle |0, Ly| pour certain Ly > 0.
»YLY Y J L

Dans le chapitre 3, on donne des formules min-max et max-min pour les vitesse
d’ondes progressives dans le cadre hétérogéne périodique. Ces formules généralisent
celles données par Hamel [11]|, Heinze, Papanicolaou, Stevens [15], et A.I Volpert, V.A
Volpert, V.A Volpert [31].
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Notations 1.2.10 Notons

E={p=¢(s,x,y), ¢ est de classe C*"(R x Q) pour tout p € [0,1),
Flg] € C(R x Q), ¢ est L—périodique par rapport a x, @(s,2,y) > 0
dans R x Q, p(—00,.,.) =0, ¢(+00,.,.) = 1 uniformément dans <,
et v-A(Vyyp+eps) =0 surR x 00} .

Pour tout ¢ € E, nous notons Ry € C(R x Q) la fonction telle que

Y (s,7,y) € R x Q,
F[QO](S,{L‘,y) + q : v$7y90<87x7y) + f(l‘,y,(,o)

+q(z,y) - e.
Osp(s,2,Y) 4@y)

Ro(s,z,y) =

Théoréme 1.2.11 (El Smaily [6]) Soient e un vecteur de R? tel que le|] = 1, Q un
domaine satisfaisant (1.1.2) et f une nonlinéarité satisfaisant (1.1.5) et (1.1.6). De
plus, nous supposons que A et q satisfont (1.1.3) and (1.1.4) respectivement. Si f est
de type “combustion” satisfaisant (1.1.7), alors la vitesse unique c(e) qui correspond au

probléme (1.1.11) est donnée par

cle) = min sup Rep(s,x,y), (1.2.25)
pel (s,2,y) ERXQ
= max inf Re(s,z,y). (1.2.26)

PEE (s,2,y)ERXQ

(voir Notations 1.2.10).
De plus, le min dans (1.2.25) et le max dans (1.2.26) sont atteints par, et seulement

S§—I-€

par, la fonction ¢(s,x,y) = u ( Ty ) et ses translations ¢(s + T, x,y) pour tout

T € R, ot (c(e),u) est la solution de (1.1.11) qui se propage avec la vitesse c(e), dont
Uezistence et lunicité (u est unique & une translation en t) ont été montrés dans le
Théoréme 1.1.4 de Berestycki et Hamel [2].

Théoréme 1.2.12 (El Smaily [6]) Utilisons les notations 1.2.10 et supposons que la
nonlinéarité f est de type “ZFK” (satisfaisant (1.1.8)). Alors, la vitesse minimale de

propagation cq 4, s(€) dans la direction de —e est donnée par

CQ,A,q,f(e)Zggg( sup  R(s, 2,y). (1.2.27)
$,2,y)ERXQ

En particuliere, le Théoreme 3.1.9 s’applique lorseque la non linéarité f est de type
MKPP”‘

Remarque 1.2.13 Dans le Théoreme 1.2.11, le min et le max sont atteints par, et
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seulement par, le front pulsatoire ¢(s,z,y) et ses translations ¢(s + 7,x,y) pour tout
7 € R. Dans le Théoréme 3.1.9, le min est réalisé par le front pulsatoire ¢*(s,z,y) qui
se propage avec la vitesse c*(e) et toute ses translations ¢*(s + T,z,y). Actuellement,
st le front pulsatoire ¢* est unique a translation prés, alors ¢* et ses translations en
s sont les seules minimiseurs dans la formule (1.2.27). Nous rappelons que l'unicité
de ¢* était récemment montrée par Hamel et Roques [12] dans le cas “KPP”, mais elle

n’est pas encore montrée dans le cas “ZFK” général.

1.3 Problémes ouverts, perspectives

Cette thése propose une piste pour étudier plusieurs questions ouvertes concernant

les équations de réaction-advection-diffusion :

I. Quelques questions concernant les analyses asymptotiques des vitesses

de propagation dans un cadre hétérogéne périodique :

1. Dans l'article El Smaily [5], nous avons étudié le comportement asymptotique de

M = CQ,MA, M7q, f

trouvé que 'advection n’a pas d’influence sur la limite, lorsque M — 400, de

(e) lorsque M — +o0 sous I'hypothése 0 < v < 1/2. Nous avons

C?z,MA,MW q,f(e)

VM

Il sera intéressant d’étudier le comportement asymptotique de

M = g pra q,f(e)

dans le cas ot 7 > 1/2 et f est du type “KPP.”

2. Nous notons que la formule variationnelle de Berestycki, Hamel et Nadirashvili
(1.1.12) a été 'outil essentiel pour étudier les asymptotiques de la vitesse minimale
par rapport aux coefficients de ’équation de réaction-advection-diffusion dans le cas
“KPP”. Cette formule n’est plus valable lorsque f est de type “ZFK”. Dans un cadre
hétérogene et périodique comme celui de la section 1.1, si la nonlinéarité f est de type

“ZFK” qui satisfait la condition

f(ﬂj, y7 u)

> 0,
u—0t u

alors il existe deux nonlinéarités g et h de type “KPP” telles que g < f < h dans R x €.
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La formule min-max (1.2.27) donée par El Smaily [6] implique que
C;Z,A, q,g(e) < C;Z,A,q,f(e) < C*Q,A,q,h(e)a

VM > 0,97 € R, ¢ pra i go(€) < conrangr(€) < €oaranmgn(e),

et

VB >0, ¢ apy q,Bg(e) < Ay q,Bf(e) < Co.a,B7 q,Bh(e)'

Gréace a ces estimations pour les vitesses minimales et aux limites données par El Smaily
[5], il sera ensuite important d’étudier les comportements asymptotiques de la vitesse
minimale dans un cadre hétérogéne périodique lorsque la nonlinéarité f est de type
“ZFK” satisfaisant f/(z,y,0) > 0 dans Q.

II. Problémes d’optimisation : la formule min-max (1.2.27) de El Smaily [6]
implique que P'application ® : e € S — ¢ 4, ((e), S! étant la sphére unitaire
de RY, est continue lorsque f est de type “ZFK” et en particulier lorsque f est de
type “KPP”. En outre, dans le cas “KPP”, la formule (1.1.12) de Berestycki, Hamel,
Nadirashvili [3] implique aussi la continuité de I'application ®. D’autre part, la formule
(1.2.25) de El Smaily [6] implique que D'application ¥ : e € S*! — ¢, ,

continue lorsque f est de type “combustion”. Suite & la continuité de ® et U sur le

e) €st

compact S%! de R, il sera intéressant de trouver les directions e € S ot1 ® et W
atteignent leur maximum et minimum, et de les caractériser en fonction des coefficients
de diffusion, d’advection et de réaction, et en fonction de la géométrie du domaine {2
lorseque Q # RV,
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Abstract. This paper is concerned with some nonlinear propagation phenomena
for reaction-advection-diffusion equations with Kolmogrov-Petrovsky-Piskunov (KPP)
type nonlinearities in general periodic domains or in infinite cylinders with oscillat-
ing boundaries. Having a variational formula for the minimal speed of propagation
involving eigenvalue problems ( proved in Berestycki, Hamel and Nadirashvili [3]), we
consider the minimal speed of propagation as a function of diffusion factors, reaction
factors and periodicity parameters. There we study the limits, the asymptotic behav-
iors and the variations of the considered functions with respect to these parameters.
Section 2.9 deals with homogenization problem as an application of the results in the
previous sections in order to find the limit of the minimal speed when the periodicity

cell is very small.
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

2.1 Introduction

This paper is a continuation in the study of the propagation phenomena of pulsating
travelling fronts in a periodic framework corresponding to reaction-advection-diffusion
equations with heterogenous KPP (Kolmogrov, Petrovsky and Piskunov) nonlineari-
ties. We will precisely describe the heterogenous-periodic setting, recall the extended
notion of pulsating travelling fronts, and then we move to announce the main results.

Let us first recall some of the basic features of the homogenous KPP equations.

Consider the Fisher-KPP equation:
uy — Au = f(u) inRY. (2.1.1)

It was introduced in the celebrated papers of Fisher (1937) and in [19] originally moti-

vated by models in biology. Here, the main assumption is that f is, say, a C! function

satisfying
f(0) = f(1)=0, f(1) <0, f/(0) >0, (2.1.2)
#>0in(0,1), f < 0in(L, +00), .
f(s) < f(0)s,Vs € [0,1]. (2.1.3)

As examples of such nonlinearities, we have: f(s) = s(1 —s) and f(s) = s(1 — s?).
The important feature in (2.1.1) is that this equation has a family of planar trav-

elling fronts. These are solutions of the form

(2.1.4)

V(t,z) e R xRN, u(t,x) = ¢(x-e+ct),
¢(—o0) =0 and ¢(+o00) =1,

where e € RY is a fixed vector of unit norm which is the direction of propagation, and
¢ > 0 is the speed of the front. The function ¢ : R — R satisfies

{ _¢//+C¢ :f<¢>7 (215>

¢(—00) =0 and ¢(+o0) = 1.

In the original paper of Kolmogorov, Petrovsky and Piskunov, it was proved that,
under the above assumptions, there is a threshold value ¢* = 24/f'(0) > 0 for the
speed c. Namely, no fronts exist for ¢ < ¢*, and, for each ¢ > c¢*, there is a unique

front of the type (2.1.4-2.1.5). Uniqueness is up to shift in space or time variables.

Later, the homogenous setting was extended to a general heterogenous periodic one.

22



2.2. The periodic framework

The heterogenous character appeared both in the reaction-advection-diffusion equation

and in the underlying domain. The general form of these equations is

(2.1.6)

up =V - (A(2)Vu) +q(z) - Vu+ f(z,u), t € R, z € Q,
v-AVu(t,z)=0,t € R, z € 09,

where v(z) is the unit outward normal on 0f2 at the point z.

The propagation phenomena attached with equation (3.1.1) has been widely studied
in many papers. Several properties of pulsating fronts in periodic media and their speed
of propagation were given in several papers ( Berestycki, Hamel [2], Berestycki, Hamel,
Nadirashvili [3], and Berestycki, Hamel, Roques [5, 6] and Xin [36]). In section 2.2, we
will recall the periodic framework and some known results which motivate our study.

The main results of this paper are presented in sections 2.3 to 2.6.

2.2 The periodic framework

2.2.1 Pulsating travelling fronts in periodic domains

In this section, we introduce the general setting with the precise assumptions. Con-
cerning the domain, let N > 1 be the space dimension, and let d be an integer so
that 1 < d < N. For an element z = (x1, 29, - , %4, Tqy1, - ,2n) € RY, we call
x = (r1,29, - ,xq4) and y = (Tgq1, -+ ,xn) so that z = (x,y). Let Ly,---, Ly be
d positive real numbers, and let © be a C® nonempty connected open subset of RY

satisfying

AR =>0;V(z,y) € Q |yl < R,

d (2.2.1)
V(ki, o+ ka) € LiZx -+ x LyZ, Q = Q+ Y ke,
k=1

where (e;)1<;<n is the canonical basis of RY. In particular, since d > 1, the set  is
unbounded.

In this periodic situation, we give the following definitions:

Definition 2.2.1 (Periodicity cell) The setC ={(x,y) € Q; x1 € (0,Lq), -+ ,x4 €
(0, Ly)} is called the periodicity cell of €.

Definition 2.2.2 (L-periodic flows ) A field w : Q@ — RY is said to be L-periodic

with respect to x if w(xy + ki, ,xq+ka,y) = w(x1, - ,xq,y) almost everywhere in
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

d
Q, and for all k= (ky,- - kq) € [ [ LiZ.

=1

Before going further on, we point out that this framework includes several types
of simpler geometrical configurations. The case of the whole space RY corresponds to
d = N, where Ly, ..., Ly are any positive numbers. The case of the whole space RY
with a periodic array of holes can also be considered. The case d = 1 corresponds to
domains which have only one unbounded dimension, namely infinite cylinders which
may be straight or have oscillating periodic boundaries, and which may or may not

have periodic holes. The case 2 < d < N — 1 corresponds to infinite slabs.

We are concerned with propagation phenomena for the reaction-advection-diffusion
equation (3.1.1) set in the periodic domain ). Such equations arise in combustion
models for flame propagation (see [27], [31] and [37]), as well as in models in biology
and for population dynamics of a species (see [14], [11], [20] and [28]). These equations
are used in modeling the propagation of a flame or of an epidemics in a periodic
heterogenous medium. The passive quantity u typically stands for the temperature
or a concentration which diffuses in a periodic excitable medium. However, in some

sections we will ignore the advection and deal only with reaction-diffusion equations.

Let us now detail the assumptions concerning the coefficients in (3.1.1). First, the
diffusion matrix A(z,y) = (Ai(7,y))i<ij<n is a symmetric C*9(Q) (with § > 0)

matrix field satisfying

A'is L-periodic with respect to x,

30 < ay < ap,¥(z,y) € QVE € RY, (2.2.2)
alé < Y Ayle &g < alél”
1<ij<N

The boundary condition v-AVu(x,y) = 0 stands for Z vi(z,y)Aij(z,y)0z,ult, 2,y),
1<ij<N
and v stands for the unit outward normal on 92. We note that when A is the iden-

tity matrix, then this boundary condition reduces to the usual Neumann condition
o,u = 0.

The underlying advection q(z,y) = (¢1(z,y), -, qn(z,9)) is a CH¥(Q) (with § > 0)
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2.2. The periodic framework

vector field satisfying

( q is L— periodic with respect to x,
V-g=0 inQ,
g-v=0 onodf, (2.2.3)
Vi< <d, /qidxdy:().
c

\

Concerning the nonlinearity, let f = f(x,y,u) be a nonnegative function defined
in Q x [0,1], such that

(f >0, fis L-periodic with respect to o, and of class C1%(2 x [0,1]),
V(z,y) € Q,  f(z,y,0) = f(z,y,1) =0,

y)
pe (0,1), Y(z,y) € Q V1—p< s <5 <1, flz,y,5) > fz,y,5), (2.24)
Vse (0, ) J(x,y) € Q such that f(x,y,5) > 0,
/ o Sy
| V(z.y) € fulz,y,0) = lm ——=— >0,

with the additional assumption
V(z,y,8) € QAx (0,1), 0< f(z,y,5) < fi(2,9,0) x s. (2.2.5)

We denote by ((z,y) := f/(z,y,0), for each (z,y) € Q.

The set of such nonlinearities contains two particular types of functions:

— The homogeneous (KPP) type: f(z,y,u) = g(u), where g is a C19 function that
satisfies:
g(0) =g(1)=10, g >0o0n (0,1), ¢(0) >0, ¢'(1) <0 and 0 < g(s) < ¢'(0)s in
(0,1).
— Another type of such nonlinearities consists of functions f(z,y,u) = h(z,y).f(u),
such that f is of the previous type, while & lies in C19(Q), L -periodic with re-
spect to x, and positive in Q.

Having this periodic framework, the notions of travelling fronts and propagation
were extended, in [2], [3], [11], [26] [28], [29], and [34] as follows:

Definition 2.2.3 Lete = (e!,--- ,e?) be an arbitrarily given vector in RY. A function

u=u(t,z,y) is called a pulsating travelling front propagating in the direction of e with
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an effective speed ¢ # 0, if u is a classical solution of

;

Uy = V- (A(x,y)Vu) +Q('xay) -Vu + f($7y7u)7 t e Rv (may> € Qa

v-AVu(t,z,y) =0, t € R, (x,y) € 09,
d

_ k-
Vk e HLZZ, V(t,z,y) € R x Q, u(t— —e,x,y) = u(t,z+k,y), (2.2.6)
c
i=1
lim w(t,z,y) =0, and lim wu(t,z,y) = 1,
T-e — —00 x-e— 400
\ 0 <u<l,

where the above limits hold locally in t and uniformly in y and in the directions of R?

which are orthogonal to e .

2.2.2 Some important known results concerning the propaga-

tion phenomena in a periodic framework

Under the assumptions (3.1.2), (3.1.3), (3.1.4), (2.2.4) and (4.1.5) set in the previous
subsection, Berestycki and Hamel [2] proved that: having a pre-fixed unit vector e € R,
there exists ¢*(e) > 0 such that pulsating travelling fronts propagating in the direction
e (i.e satisfying (4.1.8)) with a speed of propagation ¢ exist if and only if ¢ > c¢*(e);
moreover, the pulsating fronts (within a speed ¢ > ¢*(e)) are increasing in the time t.
The value ¢*(e) = ¢ 4, f(e) is called the minimal speed of propagation in the direction
of e. Other nonlinearities have been considered in the cases of the whole space RY or
in the general periodic framework (see [2], [28], [29], [32], [33], [34], [35]).

Having the threshold value cj, 4 , ((e), our paper aims to study the limits, the asymp-
totic behaviors, and the variations of some parametric quantities. These parametric
quantities involve the parametric speeds of propagation of different reaction-advection-
diffusion problems within a diffusion factor € > 0, a reaction factor B > 0, or a
periodicity parameter L. Thus, it is important to have a variational characterization
which shows the dependance of the minimal speed of propagation on the coefficients
A, g and f and on the geometry of the domain €2. In this context, Berestycki, Hamel,
and Nadirashvili [3] gave such a formulation for ¢, , , ;(e) involving elliptic eigenvalue

problems. We recall this variational characterization in the following theorem:

Theorem 2.2.4 (Berestycki, Hamel, and Nadirashvili [3]) Let e be a fized unit
vector in R, Let é = (e,0,...,0) € RY. Assume that Q, A and f satisfy (3.1.2),(3.1.3),
(2.2.4), and (4.1.5). The minimal speed c*(e) = c 4, ;(€) of pulsating fronts solving
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2.2. The periodic framework

(4.1.8) and propagating in the direction of e is given by

k()

c(e) =chaqsle) = min —=, (2.2.7)

where k(X) = kg a,q4c(N) is the principal eigenvalue of the operator Lo e a4 which is
defined by

LQ737A’q7<’)\¢ = V- (AV@D) —2)\é - AVl/) + q - VID

(2.2.8)
+[AN2EAE — AV - (A&) — \q - € + (]

acting on the set
E= {4 € C*Q),1 is L-periodic with respect to x and v - AVY = N(vA&p) on 0N }.

The proof of formula (3.1.18) is based on methods developed in [2], [7] and [9].
These are techniques of sub and super-solutions, regularizing and approximations in
bounded domains.

We note that in formula (3.1.18), the value of the minimal speed c¢*(e) is given
in terms of the direction e, the domain €2, and the coefficients A, ¢ and fu/(., . 0).
Moreover, it is important to notice that the dependence of ¢*(e) on the nonlinearity f
is only through the derivative of f with respect to v at u = 0.

Before going further on, let us mention that formula (3.1.18) extends some earlier
results about front propagation. When Q = RY, A = Id and f = f(u) (with f(u) <
f(0)u in [0,1]), formula (3.1.18) then reduces to the well-known KPP formula ¢*(e) =
2\/f'—(0) . That is the value of the minimal speed of propagation of planar fronts for
the homogenous reaction-diffusion equation: u; — Au = f(u) in RY.?

The above variational characterization of the minimal speed of propagation of pul-
sating fronts in general periodic excitable media will play the main role in studying
the dependence of the minimal speed c¢*(e) = c5, 4, ¢(e) on the coefficients of reaction,

diffusion, advection and on the geometry of the domain. In this context, we have:

Theorem 2.2.5 (Berestycki, Hamel, Nadirashvili [3]) Under the assumptions (3.1.2),
(8.1.3), and (3.1.4) on Q, A, and q, let f = f(x,y,u) [respectively g = g(x,y,u)] be

2. In fact, the uniqueness, up to multiplication by a non-zero real number, of the first eigenvalue
function of LRN’E,MJ/(O)AQZJ = k(\)v together with this particular situation, yield that the principal

eigenfunction ¢ is constant and k(\) = A2 4+ f'(0) for all A > 0. Therefore by (3.1.18), we have
oy = IO\ _ o /i
c*(e) = min <>\+)\ = 24/17(0).
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

a nonnegative nonlinearity satisfying (2.2.4) and (4.1.5). Let e be a fized unit vector
in RY where 1 < d < N,
a) If f.(x,y,0) < g.(x,y,0) for all (x,y) € Q, then

C;Z,A,q,f (6) S CE,A,q,g(e) :

Moreover if — f,(2,y,0) <, % g,(2,9,0) in Q, then cg‘ZAqf(e) < CE’qu’g(e).
b) The map B~ c§ 4, ps(€) is increasing in B >0 and

ct e
lim sup —Q’A’q’Bf< )

B — +o00 \/E

< +00.

e
Furthermore, if Q = RN orif vAé = 0 on 09, then hmlnfM > 0.
B — 400 \/E
c)
c57A’q7f(e) < |1(q-€) ||loo + 2,/ max ((x,y) | max €éA(x,y)é, (2.2.9)
(:E,y) € (:v,y) e
where |[(q.€)” ||oo = max (q(z,y).€)” and s~ = max(—s,0) for each s € R. Fur-

(z,y)eR

thermore, the equality holds in (2.2.9) if and only if €Aé and ¢ are constant, q.6 =
V.(46) =0 in Q and v.Aé = 0 on 08 (in the case when QY # ().

d) Assume furthermore that f = f(u) and ¢ = 0 in Q, then the map 3 — Capan.r(€)

s increasing in 3 > 0.

¢ e
As a corollary of (2.2.9), we see that lim sup —Q’MA’q’f( )

M—+oc0 V M

constant. Furthermore, part d) implies that a larger diffusion speeds up the propagation

< C where C' is a positive

in the absence of the advection field.

We mention that the existence of pulsating travelling fronts in space-time periodic
media was proved in Nolen, Xin [23, 24|, Nolen, Rudd, Xin [25] and recently in Nadin
[21, 22]. In [22]|, Nadin characterized the minimal speed of propagation and he studied
the influence of the diffusion, the amplitude of the reaction term and the drift on the
characterized speed.

After reviewing some results in the study of the KPP propagation phenomena in
a periodic framework, we pass now to announce new results concerning the limiting
behavior of the minimal speed of propagation within a small (resp. large) diffusion and
reaction coefficients (in some particular situations of the general periodic framework)

and we will study the minimal speed as a function of the period of the coefficients in
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the KPP reaction-diffusion-advection (or reaction-diffusion) equation in the case where
Q0 = RY. The proofs will be shown in details in section 2.8. The announced results
will be applied to find the homogenization limit of the minimal speeds of propagation.
We believe that this limit might help to find the homogenized equation in the “KPP”

periodic framework (see section 2.9 for more details).

2.3 The minimal speed within small diffusion factors

or within large period coefficients

In this section, our problem is a reaction-diffusion equation with absence of advec-

tion terms:

{ u = BV (Alw,y)Vu) + f(z,y,u), t € R, (z,y) € Q, (2.3.1)

v-AVu(t,z,y) =0, t € R, (z,y) € 09,

where § > 0.

We mention that (2.3.1) is a reaction-diffusion problem within a diffusion matrix
BA. Let e be a unit direction in R%. Under the assumptions (3.1.2), (3.1.3), (2.2.4) and
(4.1.5), for each 8 > 0, there corresponds a minimal speed of propagation c{, 54 f(€)
so that a pulsating front with a speed ¢ and satisfying (2.3.1) exists if and only if
¢ 2 cqpan.re)

Referring to part c) of Theorem 2.2.5, one gets 0 < cqgags(e) < 2/ B/ MoM,

for any 8 > 0, where My = max ((z,y) and M = max éA(z,y)eé.
(z,y) €Q (z,y) €Q
Consequently, there exists C' > 0 and independent of 3 such that

c e
pansl®) C. (2.3.2)

VG >0,0< /3 <

C?),,BA,o,f(e)

The inequality (2.3.2) leads us to investigate the limits of as  — 0 and

as  — +oo. The following theorem gives the precise limit when the diffusion factor
tends to zero. However, it will not be announced in the most general periodic setting.
We will describe the situation before the statement of the theorem:

The domain will be in the form Q = Rxw C RY, where w C RIxRY=4-1 (4 > 0).
If d =0, then w is a C® connected, open bounded subset of RY~!. While, in the case
where 1 <d < N—1, wisa (Ly,..., Lg)-periodic open domain of RY~! which satisfies
(3.1.2); and hence, Q is a (I, Ly, ..., Lg)—periodic subset of RY that satisfies (3.1.2)
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with [ > 0 and arbitrary. An element of 2 = R X w will be represented as z = (z,y)
where x € R and y € w C R% x RV—1-4,

The nonlinearity f = f(z,y,u), in this section, is a KPP nonlinearity defined on
Q x [0, 1] that satisfies

(£ >0, and of class CO(R x @ x [0,1]),
fis (I, Ly, ..., Lg)-periodic with respect to (z,y1,...,yq), when d > 1,

f is l-periodic in x, when d = 0,

V(z,y) € Q=R xw, f(z,y,0) = f(z,y,1) = 0,

pe (0,1), V(z,y) €Q,V1—p< s <5 <1, f(z,y,8) > flz,,5),
| Vs€ (0,1), 3F(x,y) € Qsuch that f(z,y,s) > 0,

(2.3.3)

together with the assumptions

fl(x,y,0) depends only on y; we denote by ((y) = fl(x,y,0), ¥Y(x,y) € Q.
V(r,y) € Q=R xw, fi(z,9,0) = ((y) >0, (2.34)
V(z,y,s) € 2 x (0,1), 0< flz,y,5) < ((y)s

Notice that f!(z,y,u) is assumed to depend only on y, but f(x,y,u) may depend on

x.

Lastly, concerning the diffusion matrix, A(z,y) = A(y) = (Ai;(y))i<ij<n 1s a
C?*°(Q) (with § > 0) symmetric matrix field whose entries are depending only on
y, and satisfying

Ais (Ly, ..., Lg)-periodic with respect to (yi,...,va),
I0< oy <y, Vy€w,VE € RV, (2.3.5)
arl€]? < 30 Ai(y)& < azl¢f

Theorem 2.3.1 Let e = (1,0,...,0) € RN and e > 0. Let Q =R x w C RY satisfy
the form described in the previous page. Under the assumptions (2.3.3), (2.3.4), and

(2.3.5), consider the reaction-diffusion equation

{ w(t,z,y) = eV-(Aly)Vu)(t,z,y) + flz,y,u), for (t,z,y) € RxQ, (2.3.6)

v-AVu= 0 on R xR xJw.
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2.3. The cases small diffusion factors or large period coefficients

Assume, furthermore, that A and f satisfy one of the following two alternatives:

Ja >0, Yy € w, A(y)e = ae,
, . (2.3.7)
ful@,y,0) = C(y), for all (z,y) € €,
or
fi(x,y,0) = C is constant,
Yy € w, A(y)e = a(y)e, where (2.3.8)
y — a(y) is a positive, (L, ..., Lq)—periodic function over @.
Then,
.G A0 f
Ell>0+ = 2\/maX g\/max eAe. (2.3.9)

Before going further on, we mention that the family of domains for which The-
orem 2.3.1 holds is wide. An infinite cylinder R X Bgn-1(yo, R) (where R > 0, and
Bgn-1(yo, R) is the Euclidian ball of center y, and radius R) is an archetype of such do-
mains. In these cylinders, w = Brn-1(yo, R), [ is any positive real number, and d = 0.
The whole space R” is another archetype of the domain Q whered = N—1, w = RV 1,

and {l, Li,..., Ly} is any family of positive real numbers.

Remark 2.3.2 In Theorem 2.3.1, the domain 2 = R X w is invariant in the direction
of e=(1,0...,0) which is parallel to Ae ( in both cases (2.3.7) and (2.3.8)). Also, the
assumption that the entries of A do not depend on z, yields that V.(Ae) = 0 over .
On the other hand, it is easy to find a diffusion matrix A and a nonlinearity f which
satisfy, together, the assumptions of Theorem 2.3.1 while one of eAe(y) and ((y) is

not constant. Referring to part ¢) of Theorem 2.2.5, one obtains:

e 2
M g 92 /max C(y) max eAe(y).

\/E YyEW yeEw

However, Theorem 2.3.1 implies that

Ve >0, 0<

. Cheao f(e)
lim ——2=—— =2 Ae(y).
TV jex cw)y e A

On the other hand, if © = R x w as in Theorem 2.3.1, A = Id and f = f(u),
Theorem 2.2.5 yields that ¢}, (e) = 2/ f/(0), for all e > 0. O

In the same context, one can also find the limit when the diffusion factor goes to
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zero, but in the presence of an advection field in the form of shear flows:

Theorem 2.3.3 Assume that e = (1,0,---,0) € RY, the domain Q2 = R x w has
the same form as in Theorem 2.5.1, and the coefficients f and A satisfy (2.3.3-2.5.4)
and (2.3.5) respectively. Assume, furthermore, that for all y € @, there ezists a(y)
positive so that A(y)e = a(y)e in w. Consider, in addition, an advective shear flow
q=1(q,(y),0,...,0) (y € @) which is (L1, - , Lg)—periodic with respect to y. Assume
that € is a positive parameter and consider the parametric reaction-advection-diffusion

problem

Uy = SAVAR (A(y>vu) + %(y) &Eu(t,a:,y) + f(xayau)a NS R? ('Tay) € Q<72 3 10)
v-AVu(t,z,y) =0, teR, (x,y) € 09, o

where ¢ Z 0 over R X W and q has a zero average. Then,

lim cq 4, s(€) = max (= ¢ (y)) = mwax(— q.e). (2.3.11)

e—0t ’ ’ Yyew

Moreover, in the same setting together with the additional assumptions: eAe and ( are both co

one has

Core /e (e)
Elir(r){r % = mwax(—q(y).e) + 2v/a/Co, (2.3.12)

where ((y) = (o and eA(y)e = « for all y € @.

The situation in this result is more general than that considered in part b) of
Corollary 4.5 in [4]. In details, the coefficients A and f can be both non-constant.
Meanwhile, in the result of [4], the coefficients considered were assumed to satisfy the
alternative (2.3.7).

fon e
After having the exact value of lim M
e—07+ £

limit of the minimal speed of propagation, considered as a function of the period of

, we move now to investigate the

the coefficients of the reaction-diffusion equation set in the whole space R, when the
periodicity parameter tends to +0o. By making some change in variables, we will find
a link between this problem and Theorem 2.3.1:

Theorem 2.3.4 Let e = (1,0,...,0) € RY. An element = € RY is represented as
2z = (z,y) € R x RN"L Assume that f = f(z,y,u) and A = A(y) satisfy (2.5.5),
(2.3.4) and (2.3.5) withw =RY"1 d=N—1, and l=L,=...=Ly_; = 1. (That
is, the domain and the coefficients of the equation are (1,1,...,1) periodic with respect
to y). Assume furthermore, that A and f satisfy either (2.3.7) or (2.8.8). For each
L >0, and (z,y) € RV, let A, (y) = A(%) and f,(x,y,u) = f(%, %,u) Consider the
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2.3. The cases small diffusion factors or large period coefficients

reaction-diffusion problem

w(t,z,y) =V - (A, Vu)(t,z,y) + f,(z,y,u), (t,z,y) € RxRY

2.3.13
v AVt + FE L), Gy eRxRY, T
L L L

whose coefficients are (L, ..., L) periodic with respect to (x,y) € RN. Then,
LETOO v, A0, f, (e) = \/y?ﬁﬁv}il g(y)\/y?ﬁ@& e.Ae(y). (2.3.14)
The above theorem gives the limit of the minimal speed of propagation in the
direction of e = (1,0,---,0) as the periodicity parameter L — +oo. The domain is
the whole space RY which is (L, -, L)—periodic whatever the positive number L.

However, one can find

LEIEOO CRN, AL7 LQLa fL (6) and LETOO CRNv AL? qr> fL (6)

whenever ¢ is a shear flow advection. Namely, in the same manner that Theorem 2.3.1

implies Theorem 2.3.4, one can prove that Theorem 2.3.3 implies

Theorem 2.3.5 Let e = (1,0,...,0) € RY. Assume that f = f(z,y,u) and A = A(y)
satisfy (2.3.3), (2.3.4) and (2.5.5) withw = RNV d=N—1, and | =L, = ... =
Ly_1 = 1. (That is, the domain and the coefficients of the equation are (1,1,...,1

periodic with respect to y in RN™1). Assume, furthermore, that for all y € RN=1 there
exists a(y) positive so that A(y)e = a(y)e in RN7L Let ¢ = (q,(y),0,...,0) for all
y € RN=Y such that q; £ 0 over RN=Y ¢ is (1,--- ,1)—periodic with respect to y and

q1 has a zero average. Then,

Jm cooapg p (€)= Jmax, (—a.(y) = ygggl(— q(y).e). (2.3.15)

Moreover, if eAe and ¢ are both constant over RN=1, then

lim C*N’AL’QL7fL(6) = max (—q(y).e) + 2v/a\/G, (2.3.16)

L+ R yeRN -1
where (o = ((y) and o = eA(y)e for all y € RVN~L,

In the proof of Theorem 2.3.3 (which implies Theorem 2.3.5), the assumption that
the advection ¢ is in the form of shear flows plays an important role in reducing the

elliptic equation involved by the variational formula (2.8.13) below. Namely, since ¢ =
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

(q1(y),0,---,0) and since e = (1,0, - - - ,0), then the terms ¢(z,y)- V., and ¢(x,y) e
(in the general elliptic equation) become equal to ¢;(y)0,1 and ¢i(y) respectively.
As a consequence, and due the uniqueness of the principal eigenfunction @ up to
multiplication by a constant, we are able to choose ' independent of x, and hence,
obtain a symmetric elliptic operator (without drift) whose principal eigenvalue was

given by the variational formula (2.8.15) below (see section 2.8 for more details).

Remark 2.3.6 After the above explanations, we find that the techniques used to prove
Theorem 2.3.3 which tmplies 2.3.5, will no longer work in the presence a general peri-
odic advection field satisfying (3.1.4).

Concerning the influence of advection, we mention that the limit of M as
B — +0o0 (in the general periodic setting) is not yet given explicitly as a function of
the direction e and the coefficients A, ¢ and f. For more details one can see Theorem
4.1 in [4]. However, the problem of front propagation in an infinite cylinder with an
underlying shear flow was widely studied in Berestycki [1|, Berestycki and Nirenberg
[8]. In the case of strong advection, assume that = R X w, where w is a bounded
smooth subset of RY"! ¢ = (¢,(y),0,---,0), ¥y € w, and f = f(u) is a (KPP)

nonlinearity. It was proved, in Heinze [16], that

0.4, 0.5 (€) (2.3.17)

lim =7,

B—+00 B

where

v = SUP/ ¢, (y) ¥ dy,

Ye D

Dz{wefﬂ(w), [ vy < 70, ma [ wczy:l}.

2.4 The minimal speed within large diffusion factors

or within small period coefficients

After having the limit of ¢, . 4 o ;(€)/V/€ as e — 07, and after knowing that this limit
depends on max ((y) and max eAe(y), we investigate now the limit of ¢f) /4 M(e)/m
as the diffusion factor M tends to 400, and we try to answer this question in a situation
which is more general than that we considered in the previous section (in the case where
the diffusion factor was going to 0%). That is in the presence of an advection field and

in a domain 2 which satisfies (3.1.2) and which may take more forms other than those
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2.4. The cases of large diffusion factors or small period coefficients

of section 2.3. We wﬂl find that in the case of large diffusion, the hmlt will depend on
][C z,y)dr dy := €] /Cx y)dx dy and ][eAe(x y)dx dy = €] / eAé(z,y)dx dy,
where C denotes the periodicity cell of the domain Q.

Theorem 2.4.1 Under the assumptions (3.1.2) for Q, (3.1.4) for the advection q, (2.2.4)
and (4.1.5) for the nonlinearity f = f(x,y,u), let e be any unit direction of RY. Assume
that the diffusion matriz A = A(z,y) satisfies (3.1.3) together with V - Aé = 0 over
Q, and v - Aé = 0 over Q. For each M > 0 and 0 <y < 1/2, consider the following

reaction-advection-diffusion equation

ut:MV(A(ZE,y>VU) + qu(x,y)Vu + f(x7y7u)7 t e ]R7 (xvy) € Qa
v-AVu(t,z,y) =0,t € R, (z,y) € 09.

Then

ct e

) ama, M7 q f() e

lim . =2 eAé(x,y)dxd x,y)dx dy,
A Nl 710 (z,y)dx dy CC( y)dx dy

where C' 1s the periodicity cell of €.
Remarks 2.4.2

— The setting in Theorem 2.4.1 is more general than that in Theorem 2.3.1, where:
Q =Rxw,é&=(10,...,0), and Aé = a(y)é. Under the assumptions of
Theorem 2.3.1, the domain §2 is invariant in the direction of Aé, which is
that of €. Consequently, if v denotes the outward normal on 92 = R x dw,
one gets v - Aé = a(y)v - é = 0 over 92, while V - (A¢é) = %a(y) = 0 over €.
Moreover, in Theorem 2.3.1, we have only reaction and diffusion terms. That is
q = 0. Therefore, considering the setting of Theorem 2.3.1, and taking SA as a

C;,ﬁA,O,f (6)

VB

parametric diffusion matrix, one consequently knows the limits of

as f — 0% (Theorem 2.3.1) and as  — +oo (Theorem 2.4.1).

— The other observation in Theorem 2.4.1 is that the limit does not depend on the
advection field ¢. This may play an important role in drawing counterexamples
to answer many different questions. For example, the variation of the minimal
speed of propagation with respect to the diffusion factor and with respect to
diffusion matrices which are symmetric positive definite.

— Another important feature, in Theorem 2.4.1, is that the order of M in the

C;,MA, M7q, f(€>

vV M
of v. Consequently, the case where the advection is null and there is only

denominator of the ratio

is equal to 1/2. It is independent
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

a reaction-diffusion equation follows, in particular, from the previous theorem.
That is

< (e)
lim 2207 7 _ 9 ][ eAé(x,y)dx d ][ z,y)dz dy.
B AT \/ ) (z,y) y\/ CC( y)dx dy

— The previous point leads us to conclude that the presence of an advection
with a factor M7, where 0 <~ < 1/2, will have no more effect on the ratio
“ama, M7 q, f(e)

as soon as the diffusion factor M gets very large.

As far as the limit of the minimal speed of propagation within small periodic co-
efficients in the reaction-diffusion equation is concerned, the following theorem, which

mainly depends on Theorem 2.4.1, treats this problem:

Theorem 2.4.3 Let Q) = RY. Assume that A = A(x,y), ¢ = q(z,y) and f = f(z,y,u)
are (1,...,1)—periodic with respect to (x,y) € RN and that they satisfy (5.1.3), (3.1.4),
(2.2.4),and (4.1.5) with Ly = ... = Ly = 1. Let e be any unit direction of RY, such

that V-Aé =0 over RN. For each L > 0, let A, (z,y) = A(%, %), q,(x,y) = q(%, %),
and f, (z,y,u) = f(%, %,u), where (z,y) € RY. Consider the problem

w(t,z,y) =V-(A,Vu)t,z,y) + q, - Vult,z,y) + f(z,y.u), (t,z,y) € R x R,

(2.4.1)
Ty Ty

=V AG DVt + 7Y Lo

)-Vu(t,x,y)—l—f(L,z,u

whose coefficients are (L, ..., L) periodic with respect to (x,y) € RN. Then,

Jim oA g p (€)= 2\/][C6Ae(w, y)dz dy \/]ﬁé(x, y)dx dy,

where, in this setting, C = [0,1] x --- x [0,1] C R".

The above result gives the limit in any space dimension. It depends on the as-
sumption V - (Aé) = 0 in RY. However, if one takes N = 1, and denotes the diffusion
coefficient by a = a(z), x € R, then the previous result holds under the assumptions
that a satisfies (3.1.3) and da/dz = 0 in R. In other words, it holds when «a is a posi-
tive constant. Thus, it is be interesting to mention that, in the one-dimensional case,
the above limit was given in [13| and [17] within a general diffusion coefficient (which
may be not constant over R). In details, assume that f = f(z,u) = ({(z) — w)u is a
1-periodic (KPP) nonlinearity satisfying (2.2.4) with (4.1.5), and R 2 z +— a(z) is a
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2.5. The minimal speed within small or large reaction coefficients

1—periodic function which satisfies 0 < oy < a(z) < ap, for all z € R, where a; and s

are two positive constants. For each L > 0, consider the reaction-diffusion equation

B, u(t, ) = % (@%)%) (t,z) + [c(%) —u(t,xﬂ u(t,z) for (t,z) € R x R.

(2.4.2)
It was derived in [13] and, formally, in [17] that

1
Lh;& c;‘& ay, 07fL(e) =2 \/< a>, ./0 ((z), (2.4.3)

where < a >, denotes the harmonic mean of the map x +— a(x) over [0, 1].

2.5 The minimal speed within small or large reaction

coefficients

In this section, the parameter of the reaction-advection-diffusion problem is the
coefficient B multiplied by the nonlinearity f. In fact, it follows from Theorem 1.6
in Berestycki, Hamel and Nadirashvili [3| (recalled via Theorem 2.2.5 in the present
paper) that the map B — c}‘Lqu,Bf(e)/\/E remains, with the assumption v.A€ = 0 on
0%), bounded by two positive constants as B gets very large. Therefore, it is interesting
to find the limit of 057147,173]0(6)/\/? as B — 400 even in some particular situations.
Moreover, it is important to find the limit of the same quantity as B — 0*. We start
with the case where B — +00 and then we move to that where B — 0%,

Theorem 2.5.1 Let e = (1,0,...,0) € RY and B > 0. Assume that Q@ = R x w C
RN, A, and f satisfy the same assumptions of Theorem 2.3.1. That is, f and A satisfy
(2.3.3), (2.3.4), and (2.3.5), and one of the two alternatives (2.3.7)-(2.3.8). Consider

the reaction-diffusion equation

w(t,zr,y) = V- (Aly)Vu)(t,z,y) + B f(z,y,u), for (t,z,y) € RxQ, (25.1)
v-AVu= 0 on R xR x Jw. o
Then,
lim M = 2 /max ((y), /max eAe(y) (2.5.2)
B—+00 VB - YEW y YEW Y- o

We mention that one can find the coefficients A, and f and the domain €2 of the
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

problem (2.5.1) satisfying all the assumptions of Theorem 2.5.1, which are the same of
Theorem 2.3.1, including one of the alternatives (2.3.7)-(2.3.8) while one of ¢ and eAe

is not constant. Owing to Theorem 1.10 in [3], it follows that

VB >0, cqaopyle 2\/_\/max ((y) , /max eAe(y),

Yyew YEW

which is equivalent to saying that

CQ’LV%JC(Q) S 2, /max ((y), /max ede(y).
Therefore, there are heterogeneous settings in which the result found in Theorem
2.5.1 does not follow trivially.
We move now to study the limit when the reaction factor B tends to 0. However,
the situation will be more general than that in Theorem 2.5.1 because it will con-
sider reaction-advection-diffusion equations rather than considering reaction-diffusion

equations only:

Theorem 2.5.2 Under the assumptions (3.1.2) for Q, (3.1.4) for the advection q, (2.2.4)
and (4.1.5) for the nonlinearity f = f(x,y,u), let e be any unit direction of R%. As-
sume that the diffusion matriv A = A(x,y) satisfies (3.1.3) together with V - Aé = 0
over Q, and v - Aé = 0 over 0S). For each B > 0 and v > 1/2, consider the following

reaction-advection-diffusion equation

ut:V(A(x,y)Vu) + B,YQ(‘I7y)vu + Bf(ac,y,u), t e ]R7 (fﬁ,y) S Qa
v-AVu(t,z,y) =0, t e R, (x,y) € 0N

Then

c* e
: QvAv B’y q7 Bf( ) — f A5 f
Jim, 7B =2 CeAe(I, y)dz dy cC(fv,y)dw dy,

where C' 1s the periodicity cell of €.

Having the above result one can mark a sample of notes:
The order of B in the denominator of the ratio C;, 4 B7q.B f(e) /V/B is indepen-

dent of 7 (it is equal to 1/2). Thus, whenever the advection is null, one gets

. Haonsle) ][~ _
lim ————— =2 eAé(x,y)dx d x,y)dx dy.
A s \/ ) (z, y)dzx dy CC( y)da dy

Therefore, one concludes that the presence of an advection with a factor B”, where
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2.6. Variations of the minimal speed of propagation

v > 1/2, will have no more effect on the limit of the ratio C;,A, B, Bf(e)/\/E as the
reaction factor B gets very small.

On the other hand, it is easy to check that the assumptions in Theorem 2.5.2 are
more general than those in Theorem 2.5.1. Consequently, once we are in the more

strict setting, which is that of Theorem 2.5.1, we are able to know both limits of
C*Q,A,O,Bf(e)/\/g as B — +oo and as B — 0.

2.6 Variations of the minimal speed with respect to
diffusion and reaction factors and with respect to

periodicity parameters

After having studied the limits and the asymptotic behaviors of the of the functions
€= Chenosle)/Ve, M — C;,MA, Mg, f(e)/m (for very large M and for 0 < v <
1/2), B~ 0;2714737% Bf(e)/\/E (y > 1/2) and L — C]EN’AL’qL’fL(G), where L is a
periodicity parameter, we move now to investigate the variations of these functions with
respect to the diffusion and reaction factors and with respect the periodicity parameter
L. The present section will be devoted to discuss and answer these questions.

We sketch first the form of the domain.  C RY is assumed to be in the form R x w
which was taken in section 2.3. As a review, Q = Rxw C RY, where w C R% x RVN—¢-1
(d > 0). If d = 0, the subset w is a bounded open subset of R¥~1. While, in the case
where 1 < d < N —1, wis a (Ly,...,Ly)-periodic open domain of R¥~! which
satisfies (3.1.2); and hence, Q is a (I, Ly, ..., Lg)— periodic subset of R" that satisfies
(3.1.2) with [ > 0. An element of Q@ = R x w will be represented as z = (x,y) where
y € w C R? x R¥=1=4 With a domain of such form, we have:

Theorem 2.6.1 Let e = (1,0,...,0) € RYN. Assume that Q has the form R x w which
is described above, and that the diffusion matriv A = A(y) satisfies (2.3.5) together
with the assumption

A(z,y)e = A(y)e = a(y)e, for all (z,y) € R X ; (2.6.1)

where y — a(y) is a positive (Ly, ..., Lg)— periodic function defined over w. The
nonlinearity f is assumed to satisfy (2.53.3) and (2.3.4). Moreover, one assumes that,
at least, one of € - Aé and ( is not constant. Besides, the advection field q (when it

exists) is in the form q(z,y) = (q,(y),0,...,0) where q, has a zero average over C, the
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

periodicity cell of w. For each 8 > 0 consider the reaction-advection-diffusion problem

Uy :Bv (A(y)vu) + \/B(h(y)axu + f(xay’u)a t e Ra (x,y) €R X W,
v-AVu(t,z,y) =0, t € R, (z,y) € 0.

0,54./Fa.s(©)

VB

Jim_ CW—{%J‘@ - 2\/ ][ £ A%(y)dy \/ ][ C(y)dy,

where C' 1s the periodicity cell of w.

Then the map [ +— 1s decreasing in > 0, and by Theorem 2.4.1,

one has

Remark 2.6.2 In the same setting of Theorem 2.6.1 but with no advection, that is

ce e
q, =0, we still have B+ M

of the alternatives (2.5.7)-(2.3.8) holds and there is no advection, Theorem 2.5.1 yields
that

as a decreasing map in 3 > 0. Moreover, if one

lim C;z,ﬁA,o,f( e)
g-0t /B

The preceding result yields another one concerned in the variation of the minimal

=2 max c¢Aé(y \/max C(y

speeds with respect to the periodicity parameter L. In the following, the domain will
be the whole space RY. We choose the diffusion matrix A(z,y) = A(y), the shear
flow ¢ and reaction term f to be (1,...,1)-periodic and to satisfy some restrictions.
For each L > 0, we assign the diffusion matrix Ap(z,y) = A( the advection
field ¢, (z,y) = q(%,%) and the nonlinearity f; = f(%,%, u)
study the variation, with respect to the periodicity parameter L, of the minimal speed

Y
L’ L)
and we are going to

CRN A, . fL(e), which corresponds to the reaction-advection-diffusion equation within
) Ay
the (L,--- , L)—periodic coefficients 4, , ¢, and f, :

Theorem 2.6.3 Let e = (1,0,...,0) € RN, An element z € RY is represented as
z = (z,y) € RxRNL Assume that A(x,y) = A(y) (for all (z,y) € RY) and f(x,y,u)
satisfy ( (2.3.8), (2.8.4) and 2.3.5) withw =R¥"1 d=N -1, andl =L, = ... =
Ly_1 = 1. Assume furthermore, that for all y € RN"1 A(x,y)e = A(y)e = a(y)e,
where y — a(y) is a positive (1,...,1)-periodic function defined over RN=! and that,
at least, one of € - Aé and ( is not constant. Let q be an advection field satisfying
(3.1.4) and having the form q(x,y) = (¢,(y),0...,0) for each (x,y) € RY. Consider

the reaction-advection-diffusion problem,

V(t,x,y) € R x RV,

(2.6.2)
w(t,z,y) =V (A, (y)Vu)(t,z.y9) + (), (y)dult, z,y) + f, (2,9, u),
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2.6. Variations of the minimal speed of propagation

whose coefficients are (L, ..., L)—periodic with respect to (x,y) € RY.

Then, the map L — cpn 4 o 5 (e) is increasing in L > 0.

Remark 2.6.4 The assumptions of Theorem 2.6.3 can not be fulfilled whenever N = 1.
However, assuming that N =1 and that the function

¢ <a>pg
< (> a

is not identically equal to 2 (where a(x) is the diffusion factor, < a >g and < >4
are, respectively, the harmonic mean of x — a(x) and arithmetic mean of x — ((x)
over [0,1]), it was proved, in [13], that L — CRN 0, q,.1, (e) is increasing in L when L
1s close to 0. In particular, if a is constant and ¢ is not constant, or if p is constant

and a is not constant, then L — cpn , . (e) is increasing when L is close to 0.
LY HALY L

Concerning now the variation with respect to the reaction factor B, we have the fol-

lowing;:

Theorem 2.6.5 Assume that 2 = R X w and the coefficients A, q and f satisfy the
same assumptions of Theorem 2.6.1. Let e = (1,0...,0) and for each B > 0, consider

the reaction-advection-diffusion problem

w=V-(Ay)Vu) + VBq,(y) u + Bf(z,y,u), t € R, (z,y) € Rxw,
v-AVu(t,z,y) =0, teR, (x,y) € 0N

C;z,A,\/Eq,Bf(e)

VB

As a first note, we mention that Theorem 2.6.5 holds also in the case where there is

Then, the map B 1$ 1ncreasing i B > 0.

no advection. On the other hand, Berestycki, Hamel and Nadirashvili 3] proved that
the map B + ¢ 4 , py(e) is increasing in B > 0 under the assumptions (3.1.2), (3.1.3),
(3.1.4), (2.2.4), and (4.1.5) which are less strict than the assumptions considered in our
present theorem. However, the present theorem is concerned in the variation of the
Coan/Bans )

VB

Remark 2.6.6 Owing to the same justifications given after Theorem 2.3.5, one con-

map B — rather than that of B~ c 4 , ps(e).

cludes the importance of taking, in section 2.6, an advection in the form of shear flows.
To study the variations of the minimal speeds as in Theorems 2.6.1, 2.6.3 and 2.6.5,
but in a more general framework (general advection fields, general diffusion, etc...),

formula 3.1.18 remains an important tool. However, we will no longer have variational
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

formulations as (2.8.65) below. These problems remains open in the general periodic

framework.

2.7 The minimal speed as a function of the positive

definite diffusion matrix, Counterexamples

Co,54./Bq.s(€)

VB

R xw, qis a shear flow of the form ¢(z,y) = (q1(y),0,...,0) on Q, while A and f satisfy

We studied the variation of the function g+ in the case where ) =

ct e
(2.3.5), (2.6.1), (2.3.3) and (2.3.4). We obtained that the map 3 — %f;ﬂ” is

decreasing with respect to § > 0 in both cases: ¢; Z 0 or ¢; = 0 over w.

On the other hand, Berestycki, Hamel, and Nadirashvili [3] proved ( in part 2 of
Theorem 1.10) that: having any periodic domain Q2 C R¥ satisfying (3.1.2), ¢ = 0 and
[ = f(u), then the map B+ ¢ 54 ¢(€) is increasing in 3 > 0.

Having the two preceding results, there arise naturally the following two questions:

— First: Do we still have the increasing behavior of the minimal speed with re-
spect to the diffusion factor § in the presence of an advection, even if the
nonlinearity is homogenous?

— Second: Owing to Theorem 3.1.11 (Theorem 1.1 in [3|), the map D : A —
Ch.aqs(€), where A describes the ordered family of positive definite matrices
satisfying (3.1.3)(we say that A = A(z,y) < B = B(x,y) if and only if for
each (z,7) € Q and for each z € RY, we have zA(x,y)z < 2B(x,y)z. Also,
we say that A < B if and only if for each (z,y) € Q and for each 2 € RY,
we have zA(x,y)z < zB(z,y)z.) is well defined (provided that €2, ¢ and f
satisfy (3.1.2), (3.1.4), (2.2.4) and (4.1.5)). We investigate the variation of the
minimal speed of propagation with respect to that of the matrix of diffusion.
More precisely, if A = A(z,y) and B = B(z,y) are two positive definite matrices
satisfying (3.1.3) and if A < B, do we still have cg, 4, ¢(e) < ¢ g, s(€)?

In fact and as it was mentioned above, we have: 3+ ¢{ 534 ((€) is increasing in

B > 0. In other words, the map D restricted to the sub-family PD4 = {S A, § > 0}
which is generated by a prefixed matrix A is increasing. So the question becomes now:
Does the previous conclusion remain true over the sub-family PD, in the presence of
an advection ?

The answer of the two preceding questions is negative in general. First, we prove

that the answer to the second question is negative in general for matrices A and B such
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that A < B. We then prove, in section 2.7.2 that, actually, the answer is negative, in

general, even when the diffusion matrices A and B are proportional.

2.7.1 A counterexample devoted to answer the second question

Notation 2.7.1 For each real number b, let A, denote the N x N matrixz having the
form

1 0 0
0 b

Ay =
0O ... ... 0 b

Proposition 2.7.2 Let e = (1,0,...,0) € RY, Q =R x w C RN, where w may or
may not be bounded, and let ¢ = (q,(y),0,...,0) be a shear flow with a zero average
where g, Z 0 on w. Assume that the nonlinearity f depend only on y. For each € > 0,
consider the reaction-diffusion-advection problem

w(t, z,y) = 0Ozou+bAyu+q,(y)0pult, ,y) + f(y,u) in R x Q,
=V (A4Vu) + ¢ (y)0u + f(y,u), (2.7.1)
vo(z,y) - AtV u(t,z,y) =v,(y) - Vyu(t,z,y) =0 for (t,z,y) € R x R X dw,

where v,(y) denotes the outward unit normal on Ow at the point y € dw (v, (z,y) =
(0,v,(y)) is the outward unit normal on 0S) at the point (x,y)) and A, is the matriz
introduced in Notation 2.7.1. Then,

where C' s the periodicity cell of w.

— Moreover, if € is constant over w (say ( = (o), then

lim ¢}, 4 o p(6) = max (—q,(1) + 21/

b0+ £

— In particular, if f = f(u), then

lim CQ,Ab,q,f(e) = 24/f(0) and

b—+4o0
gy 0 = a0+ 2700
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Proof. Consider the following change of variables:

V(t,z,y) e Rx R xw, v(t,z,y)=u(t,—,vy).
(t,z,y) (t, 2, y) (\/By)

One then has:  V(t,z,y) € R xR x w,
vt ) = wlt, = ), Ot 2, ) = —=0y u(t, = y)
t\b 7y t 7\/1—)7:1/’ T ) 7?/ \/B x a\/57y

1(9,”u(

OpzV(t, 2, y) = 2

x
,y) and Ayu(t,z,y) = A, u(t, —,y).
7 y) yV(t7,y) = Ay u( 7 y)

Owing to the invariance of (2 in the x—direction, we have the boundary condition:
V(t,z,y) e Rx0Q, v,(x,y) Vy,o(t,z,y) =0. Consequently, the problem (2.7.1) is

equivalent to the problem

V(t,z,y) e Rx R x w
vty ,y) = b8 v+ DA + Vb (y)dv(t, z,y) + f(y,v),
=00,y v+ Voqi(y)dv + f(y,v) inR X R x w,
vo(x,y) - Va,u(t,z,y) =0 for (¢,z,y) € R xR x dw.

(2.7.2)

\

Let 0422 b1d Vb ( ) denote the minimal speed of propagation corresponding to
problem (2’ 2). Referrmg to Theorem 2.4.1, and choosing v = 1/2, one gets

ar (€)
_ bId Vb, f
Jim 7 =2 ][ LWy (2.7.3)

( ) = \/BCQ Ay, q, f(€)- Together with (2.7.3),

On the other hand, on bId Vi ba. f

b—+o0

we obtain that lim cQ A, 1, f =2 1/][ C(y)dy.
For the limit as b — 0T, it follows from (2.3.12) in Theorem 2.3.3 that

O b1dhg f
lim CQ Ab,q,f(e> = lim 7 = max )+ 2v/Co

b—0+ b—0+

whenever ( = (y ({p is a positive constant).
In particular, if f = f(u) is a homogenous KPP nonlinearity, then ((y) = {, = f'(0)
for all y € w. O
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Conclusion: Let e = (1,0,...,0) and 2 = R X w. Choose f = f(u), and ¢ =
(q,(y),0,---,0) with / q,(y)dy = 0, and so that there exists ¢ > 0 satisfying
c

2V f(0) +0 <max(—q,(y)) +2 v f(0) -0

It follows, from Propositions (2.7.2), that there exist £g > 0 and My > 0 such that:

VO<e<ey ¢ Ag f(e)>max (—q,(y))+2+/f'(0)—¢ and

yEw

VM > M, >0, c Anrnq f(e)< 2/ f'(0) +4.

Consequently, choosing € small enough and M large enough, it follows that Ay, > A.

in the sense of the order relation on positive definite matrices; however,

cgv AManf(e) < C*QyAaa(Lf(e)‘

Therefore the answer of the second question is negative, in general, even when the

non linearity f is homogenous.

2.7.2 A counterexample devoted to answer the first question

In this subsection, we will show an example of a reaction-advection-diffusion prob-
lem whose diffusion matrix varies in the sub-family of positive definite matrices PDyy4
={p1d, 5 > 0}, where Id stands for the N x N identity matrix. In this example, we
will apply an advection field which will destruct, even if the nonlinearity f is homoge-
nous, the increasing behavior of the minimal speed with respect to 8 > 0 (part (d) of
Theorem 2.2.5).

The counterexample

Let e=(1,0,...,0) € RY, Q =R x w C RY, where w may or may not be bounded,
and let ¢ = (q,(y),0,...,0) be a shear flow with a zero average where ¢, # 0 on @.

Assume that the nonlinearity f = f(u) is a homogenous “KPP” nonlinearity so that
0<2 \% f/(()) +0 < meagc <_q1 (y)) - 57 (274>
YEW

for some § > 0.
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Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

Step 1. Using Theorem 2.4.1, with v = 1/2, we have

 Comra Vg £
lim
M—+oco ‘/M

Thus, there exists My := My(d) > 0 such that

— 2 \/F(0).

VM2 M), 0<éh ) f(e)<m<2\/f’(0)+5>

Step 2. We fix M; > max(1, My(d)). Then,

0<% v 10 T g, 1O VM (2, /70 + 5). (2.7.5)

Step 3. For the fixed number M;, we also have /M ¢ in the form of shear flows.
Theorem 2.3.3 yields that

18 e 1, g, £ 7 BV ) = VA ()

yew

Consequently, there exists g = £¢(d) > 0 such that

Ve<e ¢ VM - — 48| >0. 2.7.6
S0 € g JiT g, pO 7 VML max(zaly) 0] > (2.7.6)

Step 4. Choosing 0 < £; < min(1, &g), and owing to (2.7.4), (2.7.5) and (2.7.6), one
then gets

c* e) > c* e),
Qaglld7VM1QJf<) QaMIIda\/MIQ7f()
with 0 <e; < M;.
This shows that the result of part 4 in Theorem 2.2.5 is no longer valid in the

presence of an advection field, even if one chooses the nonlinearity f as f = f(u).

Remark 2.7.3 To meet with the motivation done in the beginning of section 2.7, we
mention that there appears two tmportant features in the two counterezamples which
were announced in this section. In the counterexample of subsection 2.7.1, the two
matrices A = Ay and B = A., with M (resp. €) chosen sufficiently large (resp.
sufficiently small), satisfy the properties A > B and cg 4, ¢(€) < ¢ g, ¢(€); however,
they are not proportional (that is: there exists no real number « such that A = aB).

Meanwhile, in the counterezample of subsection 2.7.2, the matrices A = Id and B =
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eld (e sufficiently small) are proportional and, in addition, they satisfy: A > B and

C?z,A,q,f(e) < CaB,q,f(e)'

2.8 Proofs of the announced results

In this section, we are going to demonstrate the Theorems announced in sections
2.3, 2.4, 2.5, and 2.6. We will proceed in 4 subsections, each devoted to proving the

results announced in a corresponding section.

2.8.1 Proofs of Theorems 2.3.1, 2.3.3 and 2.3.4

Proof of Theorem 2.3.1. Under the assumptions of Theorem 2.3.1, we can apply

the variational formula (3.1.18) of the minimal speed. Consequently,

k (A)
. Qe, €A, 0,
CQ,eA,O,f(e) = 1nin ¢

min > , (2.8.1)

where kqeca0c(A) is the first eigenvalue (for each A, e > 0) of the eigenvalue

problem

{ L., cA, 0,C, A v o=k, A, 0, C()\) Y(z,y) over R X w; (282)

v-AVY =0 onR X Ow,

and

LQ@ gA’ 07 C7 )Jﬁ(% y) = eV (A(y)Vw(x, y)) —2e e V¢(x,y) +
[e NeA(y)e — XeV - (A(y)e) + C(y)] ¥(x,y),

for all (z,y) € R x w.

Initially, the boundary condition in (2.8.2) is v- AVi = Av- Ae on 92 = R x dw;
where v(x,y) is the unit outward normal at (z,y) € 0. However, Q@ = R X w is
invariant in the direction of e which is that of Ae in both alternatives (2.3.7) and
(2.3.8). Consequently, v - Ae = 0 on 0f).

We recall that for all A\ > 0, and for all £ > 0, we have ko cA, 0, C(/\) > 0. Also,
the first eigenfunction of (2.8.2) is positive over {2 = R x @, and it is unique up to
multiplication by a non zero constant.

In our present setting, whether in (2.3.7) or (2.3.8) and due to the assumption
(2.3.4), one concludes that the coefficients in L, . A, 0,¢, ) are independent of z.
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Moreover, in both alternatives (2.3.7) and (2.3.8), the direction of Ae is the same of
e=(1,0,---,0). On the other hand, since 2 = Rxw, then for each (z,y) € 09, we have
v(z,y) = (0;v,(y)), where v,(y) is the outward unit normal on dw at y. Consequently,
the first eigenfunction of (2.8.2) is independent of x and the eigenvalue problem
(2.8.2) is reduced to

Lo, eA,0,¢, 200 =eV-(Ay)Ve(y)) + [ NeAy)e + ()] d(y)
= kg, e, 0, C(/\) ¢ over w; (2.8.3)
v(z,y) - AW)Vely) = (0vu(y)) - Aly)Ve(y) =0 onR x Ow,

where ¢ = ¢(y) is positive over w, L—periodic (since the domain w and the coefficients
of L. 240 ¢, )\ are L—periodic), unique up to multiplication by a constant, and
belongs to C'?(w).

In the case where d > 1, let C' C RV~ denote the periodicity cell of w. Otherwise,
d = 0 and one takes C' = w. In both cases, C' is bounded. Multiplying the first line of
(2.8.3) by ¢, and integrating by parts over C, one gets

/ Vo Aly)Védy — /C [eN%eA()e + ()] F(y) dy
—k
Qe, €A, 0, ( /C(bz(y)dy

(2.8.4)

One also notes that, in this present setting, the operator L. .40, is self-adjoint
and its coefficients are (Lq, ..., Lg)—periodic with respect (yi,...,yq). Consequently,

— ko, eA, 0, C(/\) has the following variational characterization:

/ Ve Aly)Vedy - / [eN%eA()e + ()] () dy
— k.. A, 0><(/\) = eHIlnln\{o} c :
’ /C ©*(y) dy
(2.8.5)

In what follows, we will assume that (2.3.7) is the alternative that holds. That is,
eAe = « is constant. The proof can be imitated easily whenever we assume that (2.3.8)
holds.

The function y — ((y) is continuous and (Li, ..., Lg)—periodic over w, whose
periodicity cell C' is a bounded subset of RV~ (whether d = 0 or d > 1). Let yy €
C C w such that max C(y) = C(yo) (trivially, this also holds when ( is constant).

YyEW
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Consequently, we have

el Ve AV%—/(MA2 + ¢(y)¢?
Ve H'(O)\ {0}, =< <

> — [eaX? + ((wo)] -

/ ¥*(y) dy
c
This yields that
Ve>0,VA>0, kg, -4 O,C()‘) > — [eaX® + ((yo)] - (2.8.6)
Consequently,
Fo . ()
Ve>0,VA>0, ””5AA’O’C < \ae +<(§/0>. (2.8.7)
However, the function A — lae + C(i()) attains its minimum, over Rt at A\(e) =
§(y€o)' This minimum is equal to 24/((yo) X v/ae. From (2.8.7), we conclude that
o
k (Ale))
Qe, A, 0,
£ )\(g)C < 2y ae\/((yo).
ko . ()
Finally, (3.1.18) implies that ¢4 ¢(€) = 1}11% & ,5A),\ 0.¢ < 2vaer/((y),
I >
or equivalently
ce e
Ve >0, enns(©) < 2v/a/C(yo). (2.8.8)

NG

) ) . CE,EA,o,f(e)
We pass now to prove the other sense of the inequality for lim inf ———=——

e—0t \/E

will consider formula (2.8.5), and then organize a suitable function ¢ which leads us

ct e
to a lower bound of lim inf M.

e—0t \/g
We have ((yo) > 0. Let d be such that 0 < d < ((yo). Thus 0 < ((yp) — 0 < max ((y).

The continuity of ¢, over C' C @, yields that there exists an open and bounded set
U C C such that

. We

Vye U, ((yo) — 0 <<C(y). (2.8.9)

Designate by 1, a function in D(C') (a C*(C) function whose support is compact),
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with supp C U, and / 1? = 1. One will have,
U

VA >0,Ve >0,
kg a0, (N < / Vi A(y) Ve dy — / [eNeA@)e + ¢(y)] ¥() dy
< /U Vi A(y) Vi dy — [N + C(yo) — 9] /U W (y) dy

< 5/ | VY[> — [eX’a + ((yo) — 4], by (2.3.5),
U

or equivalently

Ko, () 1
2664, 0.7 5 Nae + = B(e), (2.8.10)
A A
— 2 : C(yo) — 0 . .
where 5(g) = ((yo)—d—¢ | a2|Ve|". Choosing 0 < ¢ < ——=*—— (thisis possible),
v 042/ |VQ/)|2
U
we get B(e) > 0.
1 o N _[Be)
The map A — laes + X f(e) attains its minimum, over RT, at A(e) = 0
a
This minimum is equal to 2v/e av/ ().
Now, referring to formula (2.8.10), one gets
er gA, 0 <<)\)
For € small enough, — ;\ : > 2y/eay/f(e) forall A > 0.
Together with (3.1.18), we conclude that
CE,EA,D,f(e)
for ¢ small enough, — > 24/B(e)Va. (2.8.11)
Consequently,
1iminfM > liminf 2\/B(s)va
e—0t \/g B e—0t
= 2v/C(yo) — dv/a (since ¢ is independent of ),
and this holds for all 0 < § < ((yo). Therefore, one can conclude that
.. C*Q,EA,O,f (6)
liminf === > 2y/a/C(yo)- (2.8.12)

e—0t \/g
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. . .. . . C;Z €A,0 f(e)
Finally, the inequalities (2.8.8) and (2.8.12) imply that lim —=—=

Jim S
2v/an/C(yo) = 2\/mwax eA(y)e\/mwax C(y).

exists, and

it is equal to

We note that the same ideas of this proof can be easily applied in the case where
the assumption (2.3.8) holds. In (2.3.8), we have ( is constant; however, eAe is not
in general. Meanwhile the converse is true in the case (2.3.7). The little difference is
that, in the case of (2.3.8), we choose the subset U (of the proof done above) around
the point yy where eAe attains its maximum and then we continue by the same way

used above. O

Proof of Theorem 2.3.3. We have

kQ,e, gA, q, C()‘)

Coenqs(€) = min X : (2.8.13)
where (due to the facts that ¢ is a shear flow, e = (1,0,--- ,0) and e is an eigenvector

of the matrix A(y) for all y € ©) k,_ -4 q C()‘> is the principal eigenvalue of the

problem

LQ,e,eA, q,C,A¢($a y) = kQ,e, EA,q,C(/\) ’QZ)(fL’, y) over R x Wy
v- AV =0 onR x Jw,

with

Loecageny = eV - (A(y)VY) —2eda(y) 0.9 + ¢,(y)0x

(2.8.14)
+[e N2eA(y)e — Mg, (y) + C(y)] ¥ over R X w.

The uniqueness of the principal eigenfunction ) up to multiplication by a constant,
yields that one can choose 1 independent of z. Hence, the elliptic operator Lo cca, 4,2

can be reduced to the symmetric operator

Locenqert =V - (A(y) Vi) + [e NeA(y)e — Mg, (y) + C(y)] ¥
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Consequently,

VA > O Ve > O —er cA q,C()‘) =
/ Vi Aly)Vidy + A / (W) — / (NeeAW)e + ()] ) dy
mln & ¢ .

H1 0
pE C)\{0} / SOQ(Q) dy
C

(2.8.15)
Formula (2.8.15) yields that

VA >0, Ve >0, —kgecagc(A) > —Amax (—q(y)) — NemaxeA(y)e — max ((y),

yew YyEW YyEW
or equivalently
ke e gc(A max ((y)
VA >0, Ve >0, kac.erach) < max (—q1(y)) + Ae max eA(y)e + = :
A yew YEW A

Putting A = \(e) = \/ maxyes G(y) > 0 into the last inequality yields that
€ maXyEUe-A(y)e

k (A)
n Q.e, 814, q,C

<
min X < max (—q, +2f\/maxe Aly)e, fmax((y).
and hence,
limsup ¢ 4,4 ¢(€) < max (—qi(y)) - (2.8.16)

e—0t yew

Now, we take yo € C' (C is the periodicity cell of w) such that maxyez (—q1(y)) =
—q1(yo) > 0 (since ¢ is periodic with respect to y, g1 £ 0 and ¢; has a zero average)
and we take § > 0 such —q;(yo) —9 > 0. It follows, from the continuity of ¢, that there
exists an open subset U C C such that yg € U and

VyeU, —qi(y) > max (—a1(y)) — 0.

Let v be a function in D(C) with suppy C U, and / 1? = 1. Referring to (2.8.15),
U
it follows that

VA > 0,Ve > 0,

ko, (A)
e €4, ¢,C > —q1(yo) — 0 + Aemine - Ae + — 5( ), (2.8.17)

)\ YyEWw
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where ((g) = rneigC(y) - 5/ as|V1|? > 0 for a small enough ¢ > 0 (ay > 0 is the
ycw U

constant appearing in (2.3.5)).
It follows from (2.8.17) that

kQ,e, 814, q, C()\>

VA > 0,Ve >0, 3

> —qi(yo) — 6+ Qﬁ\/gleige - Aer/Be).

Together with (2.8.13), and since 0 > 0 is arbitrary, one gets

liminfeh 4, (€) > —qi(yo) = max(—qi(y)). (2.8.18)

e—0t yEW
Finally, (2.8.16) and (2.8.18) complete the proof of (2.3.11).

Similarly, one can use the above technics to prove (2.3.12). However, we will do the

proof for the sake of completeness. First, one can easily check that

koe A e
2.4, vEac(M) < max (—q1(y)) + \VemaxeA(y)e + =

YA>0,Ve>0 —_—
Ve A\e yew yew A\e

maxyes ((y)

Putting \ = > 0 into the last inequality yields that
maXyege-A(y)e
k (A)
min 2 f;C < max (—q1(y)) +2, /maxe - A(y)e, /maxC(y).

Having eAe and ( as constants, one then gets

e e
lim sup M < max (—q1(y)) + 2v/a\/Co. (2.8.19)
e—07t \/E Yyew

On the other hand, we take yy € C so that —q;(yo) = maxgz(—q1(y)). Also we take
any positive number § so that 0 < d; < —q1(yo). It follows, from the continuity of ¢
with respect to y, that there exist three subsets U 3 1y of C' such that

—q1(y) = (—q1(yo)) =6 >0 forall y € U.

Let 1 be a function in D(C') so that / Y? =1and vy =0on C\U. For each € > 0,
c

we have
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where (owing to the same above justifications)

Y > 0 Ye > O _kﬂe cA \/Eq,g()\) =
/ Vo - A(y)Vedy + X / 0. (y)e* — / [(NeeA(y)e + C(y)] ¢*(y) dy
C C

Hllnll’l

0
peH(C)\{0} / @2@) dy

C
/ V- A(y)Vedy + X / 0. (y)¢° — / [Nea + (o] ©*(y) dy
HI1IHH ¢ c
0

PEITLONO) /C 0 (y) dy

(2.8.20)
since eAe and ( are constants. Having ¢ € H'(C) \ {0}, it follows that

k () 1
VA > 0, Ve > 0, 2eEA: f“ > Ve(=ai(w) = 0) + Aea+ 16(e).  (2.8.21)
where B(e) = (o — 6/ as|Vp|? > 0 for € > 0 small enough. Thus,
U

Ve >0, cgou zqr(€) 2 Ve(=a(yo) — 6) + 2v/evar/B(e).

Since 6 was arbitrarily chosen, one the concludes that

o Coeaegare)
llgégf% > —q1(yo) + 2va/Go.

Together with (2.8.19), the proof of (2.3.12) is complete. O

Proof of Theorem 2.3.4. Consider the change of variables
v(t,z,y) = u(t, Lz, Ly), (t,z,y) € R xR x R¥"1
The function wu satisfies (2.3.13) if and only if v satisfies

v(t,x,y) = V- (A(y)Vo)(t,z,y) + f(z,y,v) over R x R x RN"! (2.8.22)

L2
Consequently,
VL > O, C];N,AL,O, fL (6) = LC[EN,L%A,U,]”(6> (2823)
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Taking € = 1/L2, and applying Theorem 2.3.1 to problem (2.8.22), one then has

C]TQN,LA,OJ(G) c e
Llim — 2 = lim Mo’f() = 2\/ max C(y)\/ max eA(y)e.
—+00 1 e—07T \/E yeRN-1 yeRN-1
L’

(2.8.24)
Finally, (2.8.23) together with (2.8.24) complete the proof of Theorem 2.3.4. [

Proof of Theorem 2.3.5. Under the same change of variables considered in the

proof of Theorem 2.3.4 above, one gets

VL>0, Lc (e) and

*
RN:%Aquf
L

&
Lc]R

%~ A, Lq,, f,(¢) =

CRN7AL7qL7fL (e) - N’L%A’%%f(e).

1
Taking ¢ = I and using (2.3.11), then (2.3.15) follows. On the other hand, (2.3.12)

implies (2.3.16) whenever eAe and ¢ are constant over RV 1. O

2.8.2 Proofs of Theorems 2.4.1 and 2.4.3

Proof of Theorem 2.4.1. The proof will be divided into three steps:
Step 1. According to Theorem 3.1.11, and since v - Aé = 0 on 0f2, the minimal

speeds Conta Mg, f(e) are given by:

k (A)
, kgl ma Mg
VM >0, ¢4\ M7 g, () = 0 A ’

where k., . avrA MY q C()\) and Y denote the unique eigenvalue and the positive

L-periodic eigenfunction of the problem

MY - (AVYPIMY = 2M N - AVYIM - Mg - VMM 4 [NEM EAE — AM g - é + (™M
= kQ,e, MA, M7 q C()\)w)"M in Q,
with v - AVYM =0 on 0.

For each A > 0 and M > 0, let A" = AWM, and let k,_ a74 Mg C()\) =
(X', M). Consequently,

c, v £(€) N M
VM > 0’ Q,mA, M q, f — min ,U,(—,/)7 (2825)
v M As0 A
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where ,u()\', M) and wk/’M are the first eigenvalue and the unique, positive L—periodic

(with respect to x ) eigenfunction of

MYV - (AVY M) — X'V ME - AV M 4 Mg - VM

2 N : , , (2.8.26)
+ [ NTede — ——q-e+ | MM = p(N, M)pM M in Q,
M?

with v - AV M = 0 on 9Q.

Owing to the uniqueness, up to multiplication by positive constants, of the first

eigenfunction of (2.8.26), one may assume that:

VA >0, VM >0, [[0N Y| = 1. (2.8.27)
N M ,
Moreover, for each M > 0, min ’u(—’,) is attained at \,, > 0. Thus,
A'>0
Caa Mg /O M) p, M)
VM >0, ——= ’ = min L M (2.8.28)
V M A'>0 A )\M

The above characterization of C;Z, wa, Mg, f(e) /v M will be used in the next steps

M —+o00

in order to prove that lim inf C;,MA, M7q, f(e)/vM (resp. lﬁisﬁf C;,MA, M7q, f(e)/\/M

) is greater than (resp. less than) 2\/][ e¢Aé(x,y)dx dy \/][C(:E,y)dx dy; and hence,
C C

complete the proof.

Step 2. Fix A" > 0 and M > 0. We divide (2.8.26) by z/1>‘/7M then, using the facts
V.A¢ =0in Q and v- Aé = 0 on 012, we integrate by parts over the periodicity cell C.
It follows from (3.1.4) and the L—periodicity of A, ¢ and ¢* ™ that

NoM | A7 N M ) ,
/Vw VT Ly 2/6Aé+/§:u()\ L M)|C], (2.8.29)
C C C

(1)’

where |C| denotes the Lebesgue measure of C. Let

1
mo :][éAé = —/ ¢A(xz,y)éderdy and m :][((;E,y) dx dy.
c ’C| C c
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One concludes that

YA >0,YM >0, p(\,M) > A’Q][éAé+][<:A’2mo+m,
C C

whence

N, M ,
PALM) oy (2.8.30)

VA >0, VM >0
> 0, > 0, 2 3

The right side of (2.8.30) attains its minimum over R* at Ay = , / "™ This minimum
Mo
is equal to 2y/mgm.

Consequently, for any M > 0,
yields that

c, g ()
lim inf 224 MMq’ / > 2\/][éAé(ac, y)dx dy \/][C(x, y)dx dy. (2.8.31)
C C

¢ () "M
oA, M7 g, f u(N, M) |
; = min ————= > 2/mom. This
VM A0 A - ’

M —+o00 \/

Step 3. Fix A" > 0 and M > 0. Multiply (2.8.26) by w)‘,’M and integrate by parts
over C. Owing to the L—periodicity of €2, A, ( and @/JA/’M, and due to the facts that
’ 2
/ (¢A ’M) =1,V-Aé=01in Q, and that v - Aé = 0 on 012, together with (3.1.4),
o

one gets

_M/Cvl/)A',M,A/vwkl,M—i—/\/2/CéAé (¢A"M)2+/CC(¢AI’M>2 aa

whence

!

YA > 0,YM >0, 0<pu(\, M) < A a+ g+ 1(q-€) ||ses

1

where o« = max éAé(z,y) and = max ((z,y). Together with (2.8.30), one gets
(z,y)€Q (z,y)EN

/

! I ! ! >\
VA > 0,YM >0, 0 <A mg+m < p(N M) <A Cat B+ (a9 ||
M Y
(2.8.33)

/

1 A /
If v = 3 then ——1[(¢-€)" |loo = A || (¢ €)™ ||oo- On the other hand, if 0 < v <

M
o7
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1
—, th
5 then

/

A

I

(@ €) |lo— 0 as M — +oo.

Consequently, the right side of (2.8.33) is bounded above by a positive constant B
which does not depend on M and ~. This yields that

YA >0, 0<limsuppu(\, M) < +oo.
M—+o00

On the other hand, it follows from (3.1.3) and (2.8.32) that YA" > 0,VM > 0,
0 < al/ va)\/,MP < / Vw)\/,M ‘Avw)\/,M
c c

< % {—M(X,MHAQ/CéAé (¢AI’M)2+/CC(¢X’M>2— ME_W/CQ'é@X’M)z}
B

A
<

: : B
Meanwhile, Mligloo i 0, one then gets

YA >0, lim /|V¢A"M|2 — 0,

o, (2.8.34)
YA >0, VM >0, / (W vM) —1.
C

Fix A" > 0, and let (M,), be a sequence converging to +oo as n — +oo
and such that pu(X\,M,) — MO0 a5 n o oo, Tt follows, from (2.8.34), that
||1ZJ’\,’M”||H1(C) — 1 as n — +oo. Thus, the sequence (@/}A/’M”)n is bounded in H'(C).
Therefore, there exists a function ¥ € H L(C) such that, up to extraction of some
subsequence, the functions (w’\,’M")n converge in L?*(C) strong, H'(C) weak and al-
most everywhere in C, to the function wAI’DO. Consequently, and owing to (2.8.34),

/
Y > satisfies

/C<¢A'v°°>2 — 1, and (2.8.35)

(/ \VW/‘X’F) < lim inf (/ yw*an\?) = 0. (2.8.36)
C My, —+o00 c

From (2.8.36), it follows that for all A" > 0, the function 1/1’\,"’0 is almost every-
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2.8. Proofs of the announced results

where constant over C. On the other hand, the elliptic regularity applied on equation
(2.8.26) for M = M, implies that VA" > 0, the function ¥* ** is continuous over C.
Consequently, referring to (2.8.35), one gets

VA >0, N = over C. (2.8.37)

1
Vil

Consider now equation (2.8.26). Fix )\, take M = M,, and integrate by parts
over C. It follows, from (3.1.3), (3.1.4) and the assumptions V.Aé = 0 over §2 with

uAé:OonaQJmm:/AQXW(AVW&MQ:Oh/-%MHU%&-AvwXanommd
C C

/ q- V@Z/\I’M" = 0. Hence,
c

/

A
MET

Ja-ewraman® [ooaepton o [ cpan —u o) [ ¥
c c c c

(2.8.38)
Meanwhile, the functions w)‘/’M" converge to the constant function wk/’oo in L*(C)
strong; and hence, in L'(C) strong ( C' is bounded, so L*(C) is embedded in L'(C)).
Let M,, — +o0 in (2.8.38):

In case v = 1/2, one has

A/ / ’ / / 4
u/qéwk’M’l:A /q-éw%MwAw*m/q-ézo,
M? c c c

n

as n — 400 (from (3.1.4)). Also, in the case 0 < < 1/2, one trivially has

/

A
MET

/q-éwk’M”%O as n — +00.
c

Moreover, éAé and ¢ are in L>°(C). Thus, as M,, — +oo in (2.8.38), we get

X%MW/a%+¢Wm/f=4*WH¢*ﬂq.
C (&

One concludes that

¢

)\/ l)\ (M) )\/ A c )\/ m
A 0 = eAe = —. 2.8.39
> 0, v ]{6 e + v mo + v ( )

99



Chapter 2. Pulsating fronts: Asymptotics and homogenization regimes

’ ’ m lAz)’(Mn)
Whence for X = Ay = |/ —, one gets = 2y/mom.
mo 0

On the other hand, for all M,

Cotua, M q, f<€) (N M) (g, M)
n = inf - < ; .
M, N'>0 A Ao

(2.8.40)

¢ (€) ()
WA M7 q, [0
Passing M,, — 400, one gets limsup i nd [

< — = 2y/mgm, and
Mp—++00 V Mn a )\0 ’

this holds for all sequences {M,,},, converging to +o0c. Thus,

lim sup CQ’MA’%Q’ f(e) < 2\/][éAé(ac, y) dxdy \/][C(x, y) dzdy. (2.8.41)

M—+o00

Having (2.8.31) together with (2.8.41), the proof of Theorem 2.4.1 is complete. [

Proof of Theorem 2.4.3. We will consider the change of variables similar to that

made in the proof of Theorem 2.3.4:

v(t,z,y) = u(t, Lz, Ly), (t,z,y) € R x RY.

After the same calculations done there, one gets that u satisfies (2.4.1) if and only

if v satisfies
1 1
v(t,x,y) = FV (A(z,y)Vo)(t,x,y) + T4 Vo(t,z,y) + f(x,y,v) over R x R2'8.42)
Consequently,

VL>0, C]%N’A (€) = Lcgn 1 q1,40€) (2.8.43)

L7qL7fL ? YLD

On the other hand, the coefficients and the domain of problem (2.8.42) satisfy all
the assumptions of Theorem 2.4.1. Taking M = 1/L° and v = 1/2, then (2.8.42) can

be rewritten as
vi(t, 2, y) = MV - (A(z,y)Vo)(t,z,y) + M2 g Vo(t,2,y) + f(z,y,v) over R x RV
In this situation, the periodicity cell of the whole space RY is C' = [0,1] x - -+ x [0, 1].
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It follows, from Theorem 2.4.1, that

c € .
- RN,L%A%QJ() — lim CRN,MA,M%q,f(e)

L—0+ 1 M —+o00 A /M
7z (2.8.44)

=2 \/]géAé(x, y)dz dy \/]{((:1:, y)dx dy.

Having (2.8.43) together with (2.8.44), the proof of Theorem 2.4.3 is complete. [

2.8.3 Proofs of Theorems 2.5.1 and 2.5.2

Proof of Theorem 2.5.1. The main ideas of this proof are similar to those in
the demonstration of Theorem 2.3.1. Applying the variational formula (3.1.18) of the

minimal speed, one gets

. ko 4,0 Bc(N)
CQ,A,O,Bf(e) = min —S RN PC0

min . , (2.8.45)

where ko a05c(A) is the first eigenvalue (for each A, B > 0) of the eigenvalue

problem:
LQ,@,A,O,BC,)\ ¢(l’>y) = kQ,e‘A,0’B<<>\) w(xa y) over R x w; (2846)
v-AVY =0 onR x Jw,
and
Loeaopcat(ry) = V- (A@Y)Vi(z,y)) — 2 Ae-Vi(z,y) +

[NeA(y)e — AV - (Ay)e) + BC(y)] v(z, ),

for each (z,y) € R x w.
We recall that for all A > 0, and for all B > 0, we have k,  , , BC(/\) > 0. Also,

the first eigenfunction of (2.8.46) is positive over Q = R x @, and it is unique up to

multiplication by a non zero constant.

Moreover, whether in (2.3.7) or (2.3.8) and due to (2.3.4), one concludes that the

coeflicients in LQ’& A0, BC, )\ are independent of x. Hence, the first eigenfunction of
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(2.8.46) is independent of x and the eigenvalue problem (2.8.46) is reduced to

Lo ao BC, 2O = V- (Aly)Vely)) + [NeA(y)e + BC(y)] o(y)
= ke a08c(A) @ over w; (2.8.47)
vz, y) - Aly)Voly) = (0;vu(y)) - A(y)Ve(y) =0 onR x dw,

where ¢ = ¢(y) is positive over w, L—periodic (since the domain w and the coeffi-
cients of LQ’& a0, BC, )\ &€ L—periodic), unique up to multiplication by a constant, and
belongs to C'?(w).

In the case where d > 1, let ¢ C R¥~! denote the periodicity cell of w. Otherwise,
d = 0 and one takes C' = w. In both cases, C' is bounded. Multiplying the first line of
(2.8.47) by ¢, and integrating by parts over C, one gets

/ Vo Ay)Vody — / \2eA(y)e + BC(y)] 6(y)dy
) = Lo -

C
¢ (y) dy
C

- kQ,e, A,0, BCO‘

(2.8.48)

One also notes that, in this present setting, the operator L, _ , , B¢, is self-adjoint
,&y 4, 9
and its coefficients are (Lq,..., Ly)—periodic with respect (yi,...,yq). Consequently,

—kge o BC()\) has the following variational characterization:

/ Ve Aly)Vedy — / eA(y)e + BC(y)] ¢(y)dy
_ : C C
ke a0 Bc(N) = _ min

HL(C)\{0
e (O)\{0} / (y) dy
c
(2.8.49)
In what follows, we will assume that (2.3.7) is the alternative that holds. That is,

eAe = « is constant. The proof can be imitated easily whenever we assume that (2.3.8)
holds.

The function y — ((y) is continuous and (L, ..., Lg)—periodic over @, whose
periodicity cell C'is a bounded subset of RY~! (whether d = 0 or d > 1). Let yy €
C C w such that max ((y) = ((yo) (trivially, this also holds when ( is constant).

yew

Consequently, we have

V- AV@O—/(QV + B{(y)¢?
< > — [aX® + B((y)] -

/C ¥ (y) dy
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This yields that

VB>0,YA>0, ko, 4o pc(A\) = —[aX + B((w)]. (2.8.50)
Consequently,
Ko (A) B
VB >0,VA>0, ””A";BC < Ao +@. (2.8.51)

However, the function A\ — Aa + (B ((yo)/A) attains its minimum, over RT, at

B
A(B) = M. This minimum is equal to 2/B((yo) X v/a.
a
ko e (A(B))
From (2.8.51), we conclude that: & ’A’O)’\(BBC) < 2V Bav/((yo)-

Finally, (3.1.18) implies that

k A
CE,A,O,Bf(e) = min Qﬁ,A’O’BC( ) < 2V B av/((y),

A>0 A

or equivalently

VB >0, % < 2/ C(yo). (2.8.52)

) . .. CB,A,O,Bf(e)
We pass now to prove the other sense of the inequality for liminf ————=——. We

B—+o00 \/E

will consider formula (2.8.5), and then organize a suitable function ¢ which leads us
.. CE,A,O,Bf(e)
to a lower bound of lim inf ———=———-.

B—+o0 \/E

We have ((y9) > 0. Let § be such that 0 < 6 < ((yo). Thus 0 < ((yo) — ¢ < max ((y).

The continuity of {, over C' C @, yields that there exists an open and bounded set
U C C such that

C(yo) =0 <((y), Yy e U. (2.8.53)

Designate by 1, a function in D(C') (a C*(C) function whose support is compact),
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with supp C U, and / 1? = 1. One will have,
U

VA>0,VB >0,

a0 B < / Vo Aw)Vedy— [ [PeAle + B ) dy
< / AWV dy — [Na + B(C(yo) - 9)] (by (28.53))
< / |V — [Na + B (C(yo) — 6)] by (2.3.5),

or equivalently

B B
kQ,e,Aa (;\7 C(A) > )\Oﬁ + X p(B) (2854)

1
where p(B) = ((yo) — 0 — E/ a3|V1|%. Choosing B large enough, we get p(B) > 0
U

(this is possible since ((yo) — ¢ > 0 and also /a2|VzM2 > 0). The map A —
U
B p(B)
«

B
Ao + 5\ p(B) attains its minimum, over R, at A(e) = . This minimum is

equal to 2V B a+/p(B).

Now, referring to formula (2.8.54), one gets:

k
for B large enough, Q’G’A’OS\Bq)\) > 2vVBay/p(B) forall A > 0.

Together with (3.1.18), we conclude that

for B large enough, % > 2/ p(B)v. (2.8.55)

Consequently,

... 940, Bf o
14y >
i inf === — lllnglran\/p(B)\/a

lim inf
= 2v/C(yo) — 6v/a (since 1 is independent of B),

and this holds for all 0 < § < ((yo). Therefore, one can conclude that

lim inf % > 2v/av/C(yo). (2.8.56)

B—+400
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cé e
Finally, the inequalities (2.8.52) and (2.8.56) imply that _lim a0

—+00 \/E
and it is equal to 2v/a\/((yo) = 2\/mgx eA(y)e\/m@xg(y).

The above proof was done while assuming that the alternative (2.3.7) holds. The

exists,

same ideas of this proof can be easily applied in the case where alternative (2.3.8)
holds. In (2.3.8), we have ( is constant; however, eAe is not in general. Meanwhile
the converse is true in the case (2.3.7). The little difference is that, in the case of
(2.3.8), we chsose the subset U (of the proof done above) around the point y, where

eAe attains its maximum and then we continue by the same way used above. ([l

Proof of Theorem 2.5.2. According to Theorem 3.1.11, and since v - A¢ = 0 on
0%, the minimal speeds c;’A’ B'q. B f(e) are given by:

k (A)
£ _ : dez A7 B’y q7 BC
VB =0 o B g, B = p X ’

where k., ., pv q BC()\) and ? denote the unique eigenvalue and the positive L-

periodic eigenfunction of the problem

V- (AVYMP) —2xé - AVYNE + BYq - VNP + [N2EAE — ABYq - é+ B(] NP
= koo a BYg, B¢N) M in Q, with v AVY = v - AVYM =0 on 99.

For each A > 0 and B > 0, let A" = \/V' B, and let Koo a Bq, BC(/\) = u(\, B).
Consequently,
0B q BfC) u(\.B)
= min ———=,
VB A'>0 A B

where p(\’, B) and w’\,’B are the first eigenvalue and the unique, positive L—periodic

VB > 0, (2.8.57)

(with respect to x) eigenfunction of

V- (AVYN B) — 2XVBE - AV P 4+ BYg . Vg B

, . , , , (2.8.58)
+|N°BeAe —NB?q-é+ BCl N B = (N, BN P in Q,

with v - AVy* -2 = 0 on 99).
Owing to the uniqueness, up to multiplication by positive constants, of the first

eigenfunction of (2.8.58), one may assume that:
YA >0, YB >0, [V 8]0 = 1. (2.8.59)
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N, B :
Moreover, for each B > 0, min % is attained at Az > 0. Thus,
A'>0
o B (e) A B AL, B
vB >0, 4B BFT o pNB) g, B) (2.8.60)
VB x>0 A B B X\g

Having the above characterization, one can now imitate the steps 2 and 3 in the

proof of Theorem 2.4.1 to prove that

liminfc*yA Bq. Bf(e)/\/g

Boot+ €

(resp. lim sup C;’A, By, Bf(e)/\/E ) is greater than (resp. less than)

B—0t
2\/][éAé(x, y)dx dy \/][C(m, y)dz dy;

and hence, complete the proof of Theorem 2.5.2. 0

2.8.4 Proofs of Theorems 2.6.1, 2.6.3, and 2.6.5

Proof of Theorem 2.6.1. Referring to Theorem 3.1.11, it follows that for each
£ > 0, we have:

*
CQ7ﬁA7\/Bqaf(e) — min kﬂ’evﬂA7\/Bq7C()\)

\/B A>0 )\\/B

where kg . 54 54c(A) is the first eigenvalue of the problem

{ Lo pa, vaac ¥(@9) = kaepa vaecN) ¥(2,y) over R X w; (2.8.61)

v.AVY =0on R x Ow,
where

Locpaniaca = BV (A@)VY) = 28)a(y) 0ot + /B ¢, (y)0:0
+ [BNeAy)e — A\/Ba () + C(y)] Y over R x w.
The boundary condition follows so from the facts that Q = R x w, e = (1,0,...,0)
and that A(y)e = a(y)e over w. These yield that v - Ae = 0 over 992 and V - Ae = 0.
Moreover, for each (x,y) € 99, we have v(z,y) = (0; 1, (y)), where v, (y) is the outward

unit normal on Jw at y.
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On the other hand, the function ¢ is positive , (L, .. ., Lg)—periodic with respect to
y, and unique up to multiplication by non-zero constants. Meanwhile, the coefficients
A, q and ( are independent of . Thus the eigenfunction 1 will be independent of x

and our eigenvalue problem is reduced to

BV - (A(y)Vip(y)) + [BX2eA(y)e — ABq, (y) + C(y)] ¥ (y)
= ke pa vagcNY(y) for all y € w, (2.8.62)
v(z,y) - Aly)Vi(y) = (0;v.(y) - Aly)VY(y) = 0 on R X dw.

For each A > 0 and 8 > 0, let \' = \\/, and let Koe ga vagc(A) = u()\ B). Since

kQ,e, BA, \/Bq,C()\>
A

for each g > 0, r/{lig is attained at A(f), it follows that
>

/

cy e A
VB3>0, —Q’“ﬁq’f()— o MO B) (2.8.63)

min

VB CNso N

where ;(\’, B) is the first eigenvalue of the problem:

Lo =BV - (A)Ve) + [N eA(y)e = Na,(y) + ()] ¢ = p(N, B)¢ in w,
(2.8.64)
v-AVyY =0 on dw.

The elliptic operator Lf, in (2.8.64) is self-adjoint. Consequently, the first eigenvalue

p(X', B) has the following characterization: >

!’

VA >0,V8>0, —ul\,p)=
12
ﬁ/Vso VsodyJM/ (y)sOQ—/ [A eA(y)e +¢(y) | ¢*(y)dy
min ¢ ¢ 2.8.65
: {2:8.65)
peH(C)\{0} / S (y)dy
C
= min R\, B, ¢).
peH(C)\{0} ( b 90)

For each A" and B > 0, ¢ — R()\, 3, ) attains its minimum over H'(C) \ {0} at
Y P, the eigenfunction of the problem (2.8.64). On the other hand, 8 — R(X, 3, ¢)

is increasing as an affine function in 3. Consequently, fixing A" > 0 and taking 3 >

3. To have an idea, multiply (2.8.64) by the positive, (L1, ..., Ly)—periodic function ¢ and integrate
by parts over the periodicity cell C' of the the domain w.
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/

B >0:
—u(N,B) =R\, 8,4 ) > RN, B, N )

> min  RW\,5.,¢)=—u(\,
. A (A, B p) =—n(X, B

/

) (2.8.66)

In other words, for all A > 0, the function 3+ (X', 3) is decreasing. Concerning
now the function 8 cgﬂA’\/Bq’f(e)/\/B, one takes randomly 8 > " > 0, hence

VB X0 N ()

PN, B) _ Copavies(©)

Nso AN VB ’

“praviar® N (E).8) | pX(5).5)

which means that the function 3+ cg 54 \/quf(e)/\/g is decreasing.
Finally, when 8 — +o00, one can easily check that the hypothesis of Theorem 2.4.1

are satisfied; hence, one has the limit at +o00, and that completes the proof of Theorem
2.6.1. Il

Proof of Theorem 2.6.3. Consider the change of variables v(¢, x,y) = u(t, Lz, Ly),
for any  (t,z,y) € R x RY. One consequently has,

VL>0, CEQN’A (€) = Ly qu,f(e)' (2.8.67)

L7qL7fL 2 I
Taking 5 = 1/L2, then

vtz y) = BV - (A(y)Vo)(t, z,9) + /B¢ (y) Oz v(t, z,y) + fz,y,v) over R x RY.

Owing to Theorem 2.6.1, the function § — ¢ e B is decreasing in
wva /B, f VB

B > 0. Besides, L + 1/L? is decreasing in L > 0. Together with (2.8.67), one obtains

that the function L — ¢ A (e) is increasing in L > 0 which completes the
R ’ L QL7 fL

proof of Theorem 2.6.3. O

Proof of Theorem 2.6.5. Referring to Theorem 3.1.11, it follows that for each
B > 0, we have:
CE,A,\/Eq,Bf(e) i kg 4 vBqanc(N)

n
VB 0T B

Owing to the same justifications explained in the proof of Theorem 2.6.1, kQ,e,A,\/Eq,Bc(/\)
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is the first eigenvalue of the problem

V- (Ay)Ve(y)) + [Ve - Ae = AW Bq, (y) + BC) | ©(y) = kg s vBenc MY in (“5’8 3)
vz, y) - Aly)Vi(y) = (0;v.(y) - A(y)Vi(y) =0 on R x dw.

For each A > 0 and B > 0, let A" = \/V/B and Kae avBenc(A) = w(X, B). The

first eigenvalue (A, B) has the following characterization:

!

/ o ,u()‘ 7B) _
VA >0,VB >0, Y =
/ V- Aly)Vedy , / ()¢ (y) dy
min ¢ - +/q1gp2—)\/eAeg02— C -
v e HY(C)\ {0} \N'B c c A (2.8.69)
||90||L2(C) =1
= 11’nin R()\/, B, ).
p € H(C)\ {0}
||90||L2(c) =1

On the other hand, B — R()\', B, ¢) is decreasing in B > 0. Consequently, fixing
A >0 and taking 0 < B < B,

A B / 4 / / / ’ !
OB B B P > BN B ) > min R(V.BL)
o € HY(C)\ {0);
loll 2y = 1
_u(\,B)
NB

In other words, for all X' > 0, the function B — u(\, B)/)\/B is increasing in B > 0.
Now, we take randomly 0 < B < B". Thus,

c* (& / ’ / /
oot N B) a0y, B)
VB Nso ANB Ny X B
M(AB/’B) > min /~L<)\I,B) _ C;Z,A,\/Eq,Bf(e)
Ay XxB “ x>0 NB vB
which means that B — ¢, , Bf(e)/\/E is increasing in B > 0. O
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2.9 Applications to homogenization problems

The reaction-advection-diffusion problem set in a heterogenous periodic domain {2
satisfying (3.1.2) generates a homogenization problem:

Let e € R? be a vector of unit norm. Assume that Q, A, ¢, and f are (L1, ..., Lq)—
periodic and that they satisfy (3.1.2), (3.1.3), (3.1.4), (2.2.4) and (4.1.5).

For each € > 0, let 2 =) and consider the following re-scales:

Ty Ty Ty
v ) QE) Aé‘ ) :A<_a_) ) ) = <_7_> ) d 9 = <_7_>'
(z,y) € (z,y) =2 ) @y =a(Z 7)), and fo(wy)=f(Z 2
The coefficients A, g, and f, together with the domain O are (¢ L1, .. ., € Lg)—periodic,
and they satisfy similar properties to those of A, ¢, f and (2.

Consider the parametric reaction-advection-diffusion problem

ui(t,z,y) = V- (A Vud)(t,z,y) + ¢ - Vu© + fo(z,y,u), t € R, (z,y) € OF,
(F)
VoA Vui(t,x,y) =0, t €R, (x,y) € 00°,

where v°(z,y) denotes the outward unit normal on 9€2° at the point (z,y).

Owing to the results found by Berestycki and Hamel in section 6 of 2], and since
the coefficients A, f. and ¢, together with the domain ¢ satisfy all the necessary
assumptions, it follows that the problem (P.) admits a minimal speed of propagation
Coe. ..q...(€) > 0 such that (F.) has a solution u® in the form of a pulsating front
within a speed c if and only if ¢ > ¢ 4, ;. (e) > 0.

In this section, we investigate the limit of the parametric minimal speeds - 4_,_ 1. (€)
(whose parameter is €) of the problems (P.).-¢ as € — 07. In other words, we search
the limit of these minimal speeds as the periodicity cell C® = ¢C becomes a very
small size. On the other hand, we study although not the most general setting, the

variation of the map ¢ — ¢f. 4, ;(e) ine>0.

Theorem 2.9.1 Let e € R? be a unit vector, and let Q C RN be a domain which
is L—periodic and satisfying (3.1.2). Assume that A = A(z,y), ¢ = q(x,y), and
f = f(z,y,u) are L—periodic and that they satisfy (3.1.3), (3.1.4), (2.2.4) and (4.1.5)
together with the assumptions V.Aé = 0 on Q and v.Aé = 0 on 0N). For each ¢ > 0,

consider the problem

up(t,z,y) = V- (A Vuo)(t,z,y) + ¢ - Vu© + fo(z,y,u®), t €R, (z,y) € QECQ 9.1)
VoA Vu'(t,x,y) =0, t € R, (x,y) € 9, o
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where A., f. and q. are the coefficients defined in the beginning of this section. Then,

the minimal speed Cbs A g, f (e) of pulsating travelling fronts propagating in the
) £y 1€y JE

direction of e and solving (2.9.1) satisfies

Elféi cQg A, qg,fs e —2\/][€A6 x,y)dx dy \/][C x,y)dx dy, (2.9.2)

where C is the periodicity cell of Q and é = (e,0,---,0) € RY.

Proof. As a first notice, we mention that the domain 2° is the image of € by the
a dilation whose center is the origin O(0,...,0) and whose scale factor is equal to e.

Consequently,
for each € > 0, (ex, ey) € Q° if and only if (z,y) € 2, and

(ex, ey) € 0Q° if and only if (z,y) € 0.

Moreover,
Ve >0, Y(z,y) € 09, v°(ex, ey) = v(x,y).

Consider now, for each € > 0, the following change of variables
vi(t,x,y) = u(tex,ey);  (t,x,y) € R x Q.

One gets
V(t,x,y) € R x Q, vi(t,x,y) = ui(t, ez, ey),
Vg (Alz,y) Vo) (t, 2,y) = Vay, - (A VW) (t, ez, y) = eV - (A V) (t, g2, ey),
and
ve(ex,ey) - [A VU] (t,ex,ey) =v(z,y)- A (5_x _y) Vu(t,ex, ey)

€ ¢ 2.9.3
= é v(z,y) - A(z,y) Vo (t,z,y) on R x 9. ( )

The boundary condition in (2.9.1) yields that v.(ex,ey) - [A.Vu®] (t, ez, ey) = 0, for all
(t,z,y) € R x 09 (which is equivalent to say: for all (t,ez,ey) € R x 9QF). It follows
from (2.9.3) that

V(t,z,y) e Rx 09, v- AV (t,z,y) = 0.

One can now conclude that: for each € > 0, u® satisfies (2.9.1) if and only if v°
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satisfies

c 1 £ 1 1> €
vt e,y) = 5V (AVE)(Ea,y) + Zq- Voo + flz,y,0%), tER, (z,y) € Q(2.9.4)

v-AVoi(t,z,y) =0, t € R, (z,y) € 0N.

Having the assumptions (3.1.2), (3.1.3), (3.1.4), (2.2.4), and (4.1.5) on 2, A, ¢, and
f, one gets that problem (2.9.4) admits, for each € > 0, a minimal speed of propagation
(é)QAéq,f(e)'

Moreover, due to the change of variables between u® and v°, it follows that for each

denoted by c;

e > 0, u® is a pulsating travelling front propagating in the direction of e within a speed
¢ and solving (2.9.1) if and only if v° is a pulsating travelling front propagating in the
¢
direction of e within a speed — and solving (2.9.4). This yields that
€

Ve>0, e g g p(0) =eq (€) = ¢ . varq f(€)/ VM, (2.9.5)

(1) A tes

where M = (1/¢)”.
1
As € — 07, the variable M — +o0. Applying Theorem 2.4.1, with v = 3 one gets

that
lim 0,004,331 5.5() =2 ][éAé’(x y)da dy ][C(w y)dz dy
M—4o0 N o ’ o ’ '

Therefore, lim cbg7 A q€7f€(e) = 2\/][éAé(:z:,y)d:1: dy \/][C(:E,y)dx dy, and the
C C

e—0t+

proof of Theorem 2.9.1 is complete. 0

Remark 2.9.2 [t is worth noticing that, in formula 2.9.2, the homogenized speed de-
pends on the averages of the diffusion and reaction coefficients, but it does not depend

on the advection.

We move now to study the variation of the map ¢ — ¢ *957 A oo fo (e) with respect
to e > 0. In other words, we want to check the monotonicity behavior of the parametric
minimal speed of propagation, whose parameter € > 0, as the periodicity cell of the
domain of propagation shrinks or enlarges within a ratio €. In this study, we will
consider the same situation of Theorem 2.6.1 and also the same notations introduced

in the beginning of section 2.9:

Theorem 2.9.3 Let e = (1,0...,0). Assume that Q@ has the form R x w where w may

or may not be bounded (precisely described in section 2.3) and that the diffusion matriz
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A = A(y) satisfies (2.3.5) together with the assumption that e is an eigenvector of A(y)
for all y € w, that is

A(z,y)e = A(y)e = a(y)e, for all (z,y) € R X ; (2.9.6)

where y — «(y) is a positive (Ly,...,Lqs)— periodic function defined over w. The
nonlinearity f is assumed to satisfy (2.3.3) and (2.3.4). Assume further more that
the advection field q (when it exists) is in the form q(z,y) = (¢,(y),0,...,0) where q,
has a zero average over C, the periodicity cell of w. For € > 0 consider the reaction-
advection-diffusion problem

VteR, V(z,y) € ¥ =R X cw,
ui(tay) = V- (A tay) +g- ViE 4 floyad)  (297)
ve- A Vui(t,x,y) =0, t € R, (x,y) € 0F.

Then, the map € — cpe 4 . f (e) is increasing in € > 0.
) €y 1€y JE

Proof of Theorem 2.9.3. For each € > 0, we consider the change of variables
v (t,x,y) = u(tex,ey);  (t,x,y) € R x Q.

Owing to the justifications shown in the proof of Theorem 2.9.1, one consequently
obtains

Ve > 0, Cbtf? A, que(e) = EC;V(%)QA ;q,f(e) = Cg,ﬁA,ﬁq7f(e)/\/_7 (2.9.8)

e

where 3(e) = (1/¢)”.

Applying Theorem 2.6.1, it follows that the map n, : C*Q,BA,\/Bq,f(e)/\/B is
decreasing in 8 > 0. On the other hand, the map 7, : &+ () is also decreasing in

e > 0. Therefore, € +— c’ha7 A (e), which is the composition 7, o n,, is increasing

€9 QE7 fE
in € > 0 and this completes our proof. 0

Other homogenization results, concerning reaction-advection-diffusion problems,

were given in the case of a combustion-type nonlinearity f = f(u) satisfying

{ 360 € (0,1), f(s)=0forall s € [0,0], f(s)>0forallse (0,1), f(1) = O’(2.9'9)

dp € (0,1 —6), fisnon-increasing on [1 — p, 1].
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Consider the equation
ui(t,x) =V - (Ale 1 2)Vus) + e q(e P o) Vo + f(uf) inRY, (2.9.10)

where the nonlinearity f satisfies (2.9.9), and the drift and diffusion coefficients ¢ and
A satisfy the general assumptions (3.1.3) and (3.1.4), with periodicity 1 in all variables
T1,...,oy. Fix a unit vector e of RY. From Berestycki and Hamel [2], it follows that

for each € > 0, problem (2.9.10) admits a unique pulsating front (c., u®) such that
ut(t,x) = ¢°(x - e + ct, x)

where ¢ (s, x) is (e,...,e)—periodic in x that satisfies ¢°(—o0,.) = 0 and ¢°(+00,.) =
1. The functions v are actually unique up to shifts in time, and one can assume that
r%%x¢ 0,.) =0.

Concerning problem (2.9.10), Heinze [15] proved that

as € — 0%, c. = ¢o >0, and u®(t,7) — up(w - e + cot) weakly in Hj.,

where (cg, ug) is the unique solution of the one-dimensional homogenized equation

{ a* uy — coug + f(ug) = 0 in R, (2.9.11)

up(—00) = 0 < up < up(+00) = 1in R, uy(0) =46

and a* is a positive constant determined in [15].
In Theorem 1 of Caffarelli, Lee, Mellet [10], the homogenization limit was combined
with the singular high activation limit for the reaction (one can also see [11] in this con-

text) while the diffusion matrix was taken A = I'dpy. More precisely, the nonlinearity

1
had the form f.(u) = B Io4 (g) with B(s) a Lipschitz fucntion satisfying
B(s) > 01in (0,1) and B(s) = 0 otherwise.

These nonlinearities approach a Dirac mass at u = 1.

2.10 Open problems

In all the results of this paper, we deal with nonlinearities of the “KPP” type. In
the periodic framework of this paper, pulsating travelling fronts exist also with other

types of nonlinearities (see Theorems 1.13 and 1.14 in [2]). Namely, they exist when
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f = f(z,y,u) is of the “combustion” type satisfying:

f is globally Lipschitz-continuous in Q x R,
V(z,y) € Q, Vs € (—o0,0|U[1,+00), f(s,2,y) =0, (2.10.1)
dpe (0,1), V(z,y) € V1—p<s <s <1, flz,y,s) > flx,y,5),

and

f is L—periodic with respect to x,
30 € (07 1)7 \V/(.’E,y> € ﬁ? Vs e [07‘9]7 f<x7y7 S) = 07 (2102)
Vse (0,1), 3(x,y) € Q such that f(x,y,s) > 0,

or when f = f(x,y,u) is of the “ZFK” (for Zeldovich-Frank- Kamenetskii) type satis-
fying (2.10.1) and

f is L—periodic with respect to =,
38 > 0, the restriction of f to Q x [0,1] is of class C'9, (2.10.3)
Vs e (0,1), 3(z,y) € Q such that f(z,y,s) > 0.

In particular, the “KPP” nonlinearities are of the “ZFK” type.

Recently, El Smaily [12] gave min — max and max — min formulee for the speeds
of propagation of problem (4.1.8) taken with a “ZFK” or a “combustion” nonlinearity.
These formulee, together with the results of this paper, can give important estimates for
the parametric minimal speeds of the problem (4.1.8) when f is a “ZFK” nonlinearity
which is not of the “KPP” type. Indeed, if f is a “ZFK” nonlinearity, one can find a
“KPP” function h = h(z,y,u) such that

V(z,y,u) € A xR, f(z,y,u) < h(z,y,u).
Referring to formula (1.17) in El Smaily [12], one can conclude that

VM > 07VB > 07 VV € R, C;,MA, M7 C],Bf(e) S C;LMA, M7 q, Bh(@)
Moreover, if f is a “ZFK” nonlinearity satisfying the additional assumption
V(z,y) € Q, fi(z,y,0) >0, (2.104)
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then one can find a “KPP” function g = g(z,y,u) such that ¢ < f in Q x R, and thus

VM > 0,VB >0, Vy € R,
(2.10.5)

Conta, M7 g, B¢\ = Conia M g, BF) = Gura M7 g, BRE)-

As a consequence, under the assumptions that 0 < v < 1/2, v- Aé = 0 on 0f2, and
V-Aé =0in 2, Theorem 2.4.1 implies that

: o, A Mg, £ (€) ][~ _ ][ ,
lim su <2 eAé(x,y)dx d (2, y, 0)dz dy, 2.10.6
im sup i =21 (z,y)dx dy 9 (z,y,0)dz dy ( )

and

.. C;Z,MA,M’Yq,f(e) o ~ p~ /
}\ngirg Nivi =2 CeAe(x,y)da:dy Chu(x,y,O)dxdy >0. (2.10.7)

If f is a “combustion” nonlinearity, then problem (4.1.8) admits a solution (c,u)
where ¢ = ¢, , _ ;(€) > 0 is unique and u = u(t, z,y) is increasing in ¢ and it is unique

up to a translation in ¢. Taking g as a “KPP” nonlinearity such that ¢ > f in Q x R
and using Theorem 2.4.1, it follows that

¢ ()
lim sup —MAMIe 2 Z <9 ][éAé x,y)dx dy ][g; x,y,0)dx dy
c

e
together with lim inf M > 0.

M—+o0o v M -

(2.10.8)

Similarly, one can get several estimates concerning the case of a small diffusion fac-

tors, small (resp. large) reaction factors, or small (resp. large) periodicity parameters.

The above motivation gives several upper and lower estimates for the parametric
speeds of propagation. However, the exact limits are not known. This leads us to ask
about the asymptotics of the minimal speeds of propagation with respect to diffusion,
reaction and periodicity factors in the “ZFK” case and about the asymptotics of the
unique parametric speed of propagation in the “combustion” case. These studies should
help, as it was done in section 2.9, in solving some homogenization problems in the
“ZFK” case.

Besides, Theorem 2.9.1 gives the limit of ce 4 0. f (e) as ¢ — 0". However,
) €y 1€y JE
finding the homogenized equation of (2.9.1) in the “KPP” remains an open problem.
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2.11 Conclusions

As we mentioned in the beginning of this paper, our first aim was to give a complete
and rigorous analysis of the minimal speed of propagation of pulsating travelling fronts
solving parametric heterogeneous reaction-advection-diffusion equations in a periodic
framework. In the paper of Berestycki, Hamel and Nadirashvili [3], several upper
and lower estimates for the parametric minimal speed of propagation were given (see
Theorems 1.6 and 1.10 in [3]). However, the exact asymptotic behaviors of the minimal
speed with respect to diffusion and reaction factors and with respect to the periodicity
parameter L were not given there. In this paper, we determined the exact asymptotes
of the minimal speed in the “KPP” periodic framework. In sections 2.3, 2.4 and 2.5,
we proved that (under some assumptions on A, ¢, f and Q) the asymptotes of the

parametric minimal speed are either

2\/mgxq\/mgxeAe or 2\/][éAé(a:,y)dxdy\/][C(x,y)dxdy.

(see Theorems 2.3.1, 2.3.4, 2.4.1, 2.4.3, 2.5.1 and 2.5.2 above). Moreover, we found

in section 2.3 that the presence of an advection field, in the general form or in the

form of shear flows, changes the asymptotic behavior of the minimal speed within
a small diffusion (see Theorem 2.3.3 and Remark 2.3.6). Conversely, we proved in
section 4 that the presence of a general advection field M7q (where ¢ satisfies (3.1.4))
¢ gl (e)
has no effect on lim o4, M7, |

M —s+o00 v M
Furthermore, we studied, in a particular periodic framework, the variations of the maps

8 C;k),gA,\/quf(e) C*Q,A,\/Eq,Bf(e)

whenever 0 < v < 1/2 (see Theorem 2.4.1).

and L ey 4 o f (e) and B with respect to

the positive variables §, L and B respectively. Roughly speaking, we found that the
first and the third maps have opposite senses of variations (see Theorems 2.6.1 and
2.6.5). On the other hand, Theorem 2.6.3 and Theorem 2.9.3 yield that the minimal
speed increases when the medium undergoes a dilation whose scale factor is greater
than 1.

The second aim was to find the homogenized “KPP” minimal speed. We achieved
this goal in section 2.9 (Theorem 2.9.1) under the assumptions of free divergence on
A(z,y)é and invariance of the domain in the direction A(z,y)é. This was an application
to the results obtained in section 2.4. The found homogenized speed should play an
important role in finding the homogenized reaction-advection-diffusion equation in the

“KPP” case. In a forthcoming paper [13|, we find also the homogenized speed in the one
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dimensional case but in a more general setting (in fact, the assumption of divergence
free is equivalent to the assumption that the diffusion term = — a(z) is constant over
R in the case N = 1).

All the mathematical results obtained in this paper can be applied to study some
spreading phenomena. Referring to the results of Weinberger [30], one can conclude
that the spreading speed is equal to the “KPP” minimal speed of propagation in the pe-
riodic framework under some assumptions on the initial data ug := ug(x,y) = u(0, z,y)
which is defined on a periodic domain 2 of RY. In such a setting, all our results can be
applied to give rigorous answers on the asymptotic behavior of the parametric spreading
speed with respect to diffusion and reaction factors and with respect to the periodicity

parameter.
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CHAPTER 3

Min-Max formula for the speeds of pulsating

travelling fronts in periodic excitable media

Mohammad El Smaily !

Université Aix-Marseille 111, LATP, Faculté des Sciences et Techniques,
Avenue Escadrille Normandie-Niemen, F-13397 Marseille Cedex 20, France.

Abstract. This paper is concerned with some nonlinear propagation phenomena for
reaction-advection-diffusion equations in a periodic framework. It deals with travelling
wave solutions of the equation

u =V - (A2)Vu) +q(2)-Vu+ f(z,u), t € R, z € Q,

propagating with a speed c. In the case of a “combustion” nonlinearity, the speed ¢
exists and it is unique, while the front w is unique up to a translation in ¢. We give a
min — max and a max — min formula for this speed c. On the other hand, in the case
of a “ZFK” or a “KPP” nonlinearity, there exists a minimal speed of propagation ¢*. In

this situation, we give a min — max formula for ¢*.
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Chapter 3. Min-Max formulse for the speeds of pulsating travelling fronts

3.1 Introduction and main results

3.1.1 A description of the periodic framework

The goal of this paper is to give some variational formulee for the speeds of pul-
sating travelling fronts corresponding to reaction-diffusion-advection equations set in
a heterogenous periodic framework. In fact, many works, such as Hamel |7|, Heinze,
Papanicolaou, Stevens [10], and Volpert, Volpert, Volpert [17] treated this problem in
simplified situations and under more strict assumptions. In this paper, we treat the
problem in the most general periodic framework. We are concerned with equations of

the type

{ up =V - (A(z)Vu) +4q(2)-Vu+ f(z,u), teR, z€Q, (3.1.1)

v-AVu(t,z) =0, t e R, z¢€ 09,

where v(z) is the unit outward normal on J2 at the point z. In this context, let us

detail the mathematical description of the heterogeneous setting.

Concerning the domain, let N > 1 be the space dimension, and let d be an integer

sothat 1 < d < N. For an element z = (21,2, , %4, Tay1, - ,2n) € RY, we denote
by z = (x1,x9, -+ ,x4) and by y = (2441, -+ ,2n) the two tuples so that z = (z,y).
Let Ly,---, Ly be d positive real numbers, and let Q be a C® non empty connected

open subset of RV satisfying

JR>0;V(z,y) € Q |y < R,

d (3.1.2)
V(kyooooka) € LiZx - x LaZ, Q = Q+ Y ke,
k=1

where (e;)1<i<n is the canonical basis of RY.

As d > 1, one notes that the set {2 satisfying (3.1.2) is unbounded. We have
many archetypes of such a domain. The case of the whole space RV corresponds to
d = N, where Ly, ..., Ly are any positive numbers. The case of the whole space RY
with a periodic array of holes can also be considered. The case d = 1 corresponds to
domains which have only one unbounded dimension, namely infinite cylinders which
may be straight or have oscillating periodic boundaries, and which may or may not

have periodic perforations. The case 2 < d < N — 1 corresponds to infinite slabs.

In this periodic situation, we give the following definitions:
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Definition 3.1.1 (Periodicity cell) The set
C ={(z,y) €Q; 1€ (0,Ly), - x4 € (0,Lq)}

1s called the periodicity cell of €.

Definition 3.1.2 (L-periodic fields) A field w : Q@ — RY is said to be L-periodic

with respect to x if

w(xl‘f‘kla"' 717d+k7d7y) = w(xlw"' 7$d’y)

almost everywhere in ), and for all k = (ky,--- ,kq) € H L;Z.

i=1

Let us now detail the assumptions concerning the coefficients in (3.1.1). First, the
diffusion matrix A(z,y) = (Ay(2,vy))i1<ij<n is a symmetric C2°(Q) (with § > 0)

matrix field satisfying

A is L—periodic with respect to x,
30 < g < ag;¥(m,y) € QVE € RY,
alé < Y Ayle &g < alél”

1<ij<N

(3.1.3)

The underlying advection q(z,y) = (q1(z,y), -, qn(z,9)) is a CY*(Q) (with § > 0)
vector field satisfying:

(¢ is L—periodic with respect to x,
V-¢g=0 in Q,

qg-v =0 onof, (3.14)

V1i<i<d, /qidxdy:().
C

Lastly, let f = f(z,y,u) be a function defined in Q x R such that

f is globally Lipschitz-continuous in Q x R,
V(z,y) € Q, Vs € (—o0,0lU[l,+00), f(s,2,y) =0, (3.1.5)
dpec (0,1), V(z,y) €, V1I—p< s <s <1, f(x,y,s) > fla,y,s).
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One assumes that

f is L—periodic with respect to z. (3.1.6)

Moreover, the function f is assumed to be of one of the following two types: either

Vs (6,1), 3(x,y) € Q such that f(z,y,s) > 0, o
or
36 > 0, the restriction of f to Q x [0,1] is of class C1?, (3.18)
Vse (0,1), 3(z,y) € Q such that f(z,y,s) > 0. o

Definitions 3.1.3 A nonlinearity f satisfying (3.1.5), (3.1.6) and (3.1.7) is called a
“combustion” nonlinearity. The value 0 s called the ignition temperature.

A nonlinearity f satisfying (3.1.5), (3.1.6), and (3.1.8) is called a “ZFK” (for Zeldovich-
Frank- Kamenetskii) nonlinearity.

If f is a “ZFK” nonlinearity that satisfies

Fi(2,5,0) = Tim f(z,y,u)/u >0, (3.1.9)
u—0t
with the additional assumption
V(z,y,5) € Qx(0,1), 0< f(z,y,5) < filz,y,0) % s, (3.1.10)

then f is called a “KPP”(for Kolmogorov, Petrovsky, and Piskunov, see [12]) nonlin-
earity.

The simplest examples of “combustion” and “ZFK” nonlinearities are when f(z,y,u) =
f(u) where: either

f is Lipschitz-continuous in R,

360 € (0,1), f(s)=0for all s € (—o0,0] U[1,+00),
and f(s) > 0for all s € (6,1),

dp€ (0,1 —0), fisnon-increasing on [1 — p, 1],

(3.1.11)

or
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fis defined on R, f=0in R\ (0,1),

36 > 0, the restriction of f on the interval [0, 1] is C19([0, 1]),
f(0)= f(1) =0, and f(s) >0 for all s € (0,1),

Jp >0, fisnon-increasing on [1 — p,1].

(3.1.12)

If f = f(u) satisfies (3.1.11), then it is a homogeneous “combustion” nonlinearity.
On the other hand, a nonlinearity f = f(u) that satisfies (3.1.12) is homogeneous of
the “ZFK” type. Moreover, a KPP homogeneous nonlinearity is a function f = f(u)
that satisfies (3.1.12) with the additional assumption

Vs e (0,1), 0< f(s) < f(0)s. (3.1.13)

As typical examples of nonlinear heterogeneous sources satisfying (3.1.5-3.1.6) and

either (3.1.7) or (3.1.8), one can consider the functions of the type

flz,y,u) = hz,y) g(u),

where h is a globally Lipschitz-continuous, positive, bounded, and L—periodic with
respect to z function defined in €2, and g is a function satisfying either (3.1.11) or
(3.1.12).

Definition 3.1.4 (Pulsating fronts and speed of propagation) Lete = (e!,---  e?)
be an arbitrarily given unit vector in RY. A function u = u(t,x,y) is called a pulsating
travelling front propagating in the direction of —e with an effective speed ¢ # 0, if u is

a classical solution of:

( Uy = V- (A(l‘,y)VU) +Q<x7y) -Vu + f(x,y,u), (S Ra (l‘,y) € Qa

v-AVu(t,z,y)=0,t € R, (z,y) € 09,
d — k-e
Ve [[LzZ V(tzy € R x Q, u(t+ == 2.y) = ult.z +ky), (3.1.14)

=1

lim wu(t,z,y) =0, and lim wu(t,z,y) =1,

T-e——00 T-e—+00

L 0<u <1,

where the above limits hold locally in t and uniformly in y and in the directions of R?

which are orthogonal to e .

Several works were concerned with pulsating travelling fronts in periodic media (see
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1], 2], [11], [13], [15], [16], and [19]).
In the general periodic framework, we recall two essential known results and then

we move to our main results.

Theorem 3.1.5 (Berestycki, Hamel [1]) Let Q be a domain satisfying (3.1.2), let e
be any unit vector of R? and let f be a nonlinearity satisfying (3.1.5-3.1.6) and (3.1.7).
Assume, furthermore, that A and q satisfy (3.1.3) and (3.1.4) respectively. Then, there
exists a classical solution (c,u) of (4.1.8). Moreover, the speed c is positive and unique
while the function w = u(t,x,y) is increasing in t and it is unique up to a translation.

2

Precisely, if (c',u') and (c*,u?) are two classical solutions of (4.1.8), then ¢! = ¢* and

there exists h € R such that u(t,x,y) = u*(t + h,z,y) for all (t,x,y) € R x Q.

In a periodic framework, Theorem 3.1.5 yields the existence of a pulsating travelling
front in the case of a “combustion” nonlinearity with an ignition temperature 6. It im-
plies, also, the uniqueness of the speed and of the profile of u. For “ZFK” nonlinearities,

we have

Theorem 3.1.6 (Berestycki, Hamel [1]) Let Q be a domain satisfying (3.1.2), let
e be any unit vector in R and let f be a nonlinearity satisfying (3.1.5-3.1.6) and
(3.1.8). Assume, furthermore, that A and q satisfy (3.1.3) and (3.1.4) respectively.
Then, there exists cg 4, ¢(€) > 0 such that the problem (4.1.8) has no solution (c,u)
such that uy > 0 in R x Q if ¢ < ¢ 4, 4(e) while, for each ¢ > c§ 4, ¢(€), it has a

solution (c,u) such that u is increasing in t.

In fact, the existence and the monotonicity of a solution u* = u*(¢,z,y) of (4.1.8)
for ¢ = ¢g 4, (e) > 0 holds by approaching the “ZFK” nonlinearity f by a sequence
of combustion nonlinearities (fy), such that fy — f uniformly in R x Q as 6 N\, 0"
(see more details in step 2 of the proof of formula (3.1.17) below, section 3.4). It
follows, from Theorem 3.1.5, that for each § > 0, there exists a solution (cg,ug) of
(4.1.8) with the nonlinearity fy such that ug is increasing with respect to t. From
parabolic estimates, the functions ug, converge up to a subsequence, to a function u*
in C2 (R x Q) as § — 0T. Moreover, Lemmas 6.1 and 6.2 in [1] yield the existence of
a constant c*(e) = ¢ 4, ¢(e) > 0 such that ¢y  c¢*(e) as 6 N\, 0. Hence, the couple
(c*(e),u*) becomes a classical solution of (4.1.8) with the nonlinearity f and one gets
that u* is nondecreasing with respect to ¢t as a limit of the increasing functions wyg.
Finally, one applies the strong parabolic maximum principle and Hopf lemma to get
that w is positive in R x Q. In other words, u* is increasing in ¢ € R. Actually, in the
“ZFK” case, under the additional non-degeneracy assumption (3.1.9), it is known that

any pulsating front with speed c¢ is increasing in time and ¢ > c¢*(e) (see [1]).
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The value ¢, 4, ¢(e) which appears in Theorem 3.1.6 is called the minimal speed of
propagation of the pulsating travelling fronts propagating in the direction —e (satisfying
the reaction-advection-diffusion problem (4.1.8)).

We mention that the uniqueness of the pulsating travelling fronts, up to shifts in
time, for each ¢ > ¢ 4, ;(e), has been proved recently by Hamel and Roques [8] for
“KPP” nonlinearities. On the other hand, a variational formula for the minimal speed
of propagation cg, 4, ¢(€), in the case of a KPP nonlinearity, was proved in Berestycki,
Hamel, Nadirashvili [2]. This formula involves eigenvalue problems and gives the value
of the minimal speed in terms of the domain 2 and in terms of the coefficients A, ¢,
and f appearing in problem (4.1.8). The asymptotic behaviors and the variations
of the minimal speed of propagation, as a function of the diffusion, advection and
reaction factors and as a function of the periodicity parameters, were widely studied
in Berestycki, Hamel, Nadirashvili [3]|, El Smaily [5], El Smaily, Hamel, Roques [6],
Heinze [9], Ryzhik, Zlatos [14], and Zlatos [21].

3.1.2 Main results

In the periodic framework, having (in Theorems 3.1.5 and 3.1.6) the existence results
and some qualitative properties of the pulsating travelling fronts propagating in the
direction of a fixed unit vector —e € R?, we search a variational formula for the unique
speed of propagation ¢ = c¢(e) whenever f is of the “combustion” type, and for the
minimal speed ¢* = cg, 4, ¢(e) whenever f is of the “ZFK” or the “KPP” type. We will
answer the above investigations in the following theorem, but before this, we introduce

the following

Notation 3.1.7 For each function ¢ = ¢(s,x,y) in CYO(R x Q) (for some 6 € [0, 1)),
let

F[¢] = va:,y ' (Avx,y¢) + (éAé)¢SS + vx,y : (Aé¢8) + as(éAV$7y¢) Z,n’ D,(R X Q)?

where € = (e,0,---,0) € RY and e denotes a unit vector of R%.

The first main result deals with the “combustion” case.

Theorem 3.1.8 Let e a unit vector of R%. Assume that §) is a domain satisfying (3.1.2)
and f is a nonlinear source satisfying (3.1.5) and (3.1.6). Assume furthermore that A
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and q satisfy (3.1.8) and (3.1.4) respectively. Consider the set of functions

E = {gp = (s, x,y), ¢ is of class C**(R x Q) for each u € [0,1), Flp] € C(R x Q),
¢ is L—periodic with respect to x, p, >0 in R x Q, ¢(—o00,.,.) =0,
o(+00,.,.) = 1 uniformly in Q, and v- A(V,, 0+ éps) =0 on R x 90} .

For each ¢ € E, we define the function Rp € C(R x Q) as, for all (s,z,y) € R x Q,

Flol(s,2,y) + q- Vaeyp(s,z,y) + f(x,y,0)
Dsip(s, 2, y)

Roy(s,z,y) = + q(z,y) - e

If f is a nonlinearity of “combustion” type satisfying (3.1.7), then the unique speed c(e)
that corresponds to problem (4.1.8) is given by

cle)=min sup Rp(s,z,y), (3.1.15)
pEE (s,2,y)ERXQ
cle) =max inf Re(s,z,y). (3.1.16)

PEE (s,2,y)cRxQ

Furthermore, the min in (3.1.15) and the max in (3.1.16) are attained by, and only

by, the function ¢(s,z,y) = u (Sc_(’g)'e, x, y) and its shifts ¢(s + 1,x,y) for any T € R,
where u is the solution of (4.1.8) with a speed c(e) (whose existence and uniqueness up

to a translation in t follow from Theorem 3.1.5).

The second result is concerned with “ZFK” nonlinearities.

Theorem 3.1.9 Under the same notations of Theorem 3.1.8, if f is a nonlinearity of
“ZFK” type satisfying (3.1.5-3.1.6) and (3.1.8), then the minimal speed cg 4, ¢(€) is
given by

CQ,A,q,f(@:glelg( sup Rep(s,z,). (3.1.17)
$,z,y) ERXQ

Furthermore, the min is attained by the function ¢*(s,x,y) = u* (i:éf,x,y) and its

shifts ¢*(s+T,x,y) for any T € R, where u* is any solution of (4.1.8) propagating with
the speed c*(e) = cq 4, s(€)-

In particular, Theorem 3.1.9 yields that formula (3.1.17) holds in the “KPP” case
(3.1.10) as well.
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Remark 3.1.10 In Theorem 3.1.8, the min and the max are attained by, and only
by, the pulsating front ¢(s,x,y) and its shifts ¢(s + 7,z,y) for all T € R. In Theorem
3.1.9, the min is achieved by the front ¢*(s,x,y) with the speed c*(e) and all its shifts
¢ (s + 7,x,y). Actually, if the pulsating front ¢* is unique up to shift, then ¢* and its
shifts are the unique minimizers in formula (3.1.17). The uniqueness is known in the
“KPP” case (see Hamel, Roques [8]), but it is still open in the general “ZFK” case.

We mention that a max-min formula of the type (3.1.16) can not hold for the
minimal speed ¢*(e) in the “ZFK” or the “KPP” case. A simple justification is given in
section 3.2.

The variational formulations of the speeds of propagation which are given in Theo-
rems 3.1.8 and 3.1.9 are more general than those in Hamel 7] and Heinze, Papanicolaou,
Stevens [10]. In Theorems 3.1.8 and 3.1.9, we consider nonhomogeneous nonlinearities
f = f(x,y,u) and the domain € is in the most general periodic situation. However, in
[7], the domain was an infinite cylinder of RY and the advection q was in the form of
shear flows. Moreover, in this paper, the nonhomogeneous operator V- (AVu) replaces
the Laplace operator Au taken in [7]. On the other hand, in [10], the domain 2 was
an infinite cylinder in RY with a bounded cross section. Namely, Q2 = R x w C RY
where the cross section w is a bounded domain in RV~!. Moreover, the authors did not
consider an advection field in [10]. Finally, concerning the nonlinearities, they were
depending only on u (i.e f = f(u) and is satisfying either (3.1.11) or (3.1.12)) in both
of [7] and [10].

Besides the fact that we consider here a wider family of diffusion and reaction coef-
ficients, our assumptions are less strict than those supposed in [10] and [17]. Roughly
speaking, the authors, in [10] and [17], assume a stability condition on the pulsating
travelling fronts. We mention that such a stability condition is fulfilled in the homoge-
nous setting; however, it has not been rigorously proved so far that this condition is
satisfied in the heterogenous setting. Meanwhile, the assumptions of the present paper
only involve the coeflicients of the reaction-advection-diffusion equation (4.1.8), and
they can then be checked easily.

Actually, in the “KPP” case, another “simpler” variational formula for the minimal
speed c*(e) = cq 4, ¢(€) is known. This known formula involves only the linearized

nonlinearity f at u = 0. Namely, it follows from [2] that

Theorem 3.1.11 (Berestycki, Hamel, Nadirashvili [2]) Let e be a fived unit vec-
tor in RY and let € = (e,0,...,0) € RN, Assume that f is a “KPP” nonlinearity and
that Q, A and q satisfy (3.1.2), (3.1.3) and (3.1.4) respectively. Then, the minimal
speed c*(e) of pulsating fronts solving (4.1.8) and propagating in the direction of e is
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given by
. ) k(A
c'(€) = ca.a,(€) = min — >, (3.1.18)

77777

defined by

LQ@’A’q’C’)\@Z} = V- (AV'(#) + 2)é - AV@Z) + q- v¢

FIN26AE + AV - (A8) + Aq- &+ (] (3.1.19)

acting on the set

E, = {¢ € C*(Q),¢ is L-periodic with respect to x andv - AV = —\(v - Aé)y on 0N} .

3.2 Main tools: change of variables and maximum

principles

In this section, we introduce some tools that will be used in different places of this

paper in order to prove the main results.

Throughout this paper, é will denote the vector in RY defined by

where e!, -+ | e? are the components of the vector e.

Our study is concerned with the model (4.1.8). Having a “combustion”, a “ZFK”,
or a “KPP” nonlinearity, together with the assumptions (3.1.3) and (3.1.4), problem
(4.1.8) has at least a classical solution (¢, u) such that ¢ > 0 and u; > 0 (see Theorems
3.1.5 and 3.1.6). The function u is globally C**(R x Q) and C** with respect to (z,v)
variables (for every pu € [0,1)). It follows that V,,.(AVu) € C(R x Q). Having a
unit direction e € R, and having a bounded classical solution (c,u) of (4.1.8) with
¢ = c(e) (combustion case) or ¢ > ¢*(e) (ZFK or KPP case), we make the same change
of variables as Xin [20]. Namely, let ¢ = ¢(s,x,y) be the function defined by

S—XT-€

o(s,x,y) =u ( ,x,y) for all s € R and (z,y) € Q. (3.2.1)

92



3.2. Main tools: change of variables and maximum principles

One then has

V(s,2,y) ERXQ, [V (AVay®) + (EAE)dss + Vay - (AEDs) + 05(EAV . ,0)] (s,2,)

= v:c,y ' (AVU') (t’ 1', y)a

where s = x - e + ct. Consequently,
F[¢](S, Z, y) = Vx,y ’ (Avx,y¢) + (éAé)¢ss + vaz:,y : (Aé¢s> + as(ész,y¢)

is defined at each point (s,7,y) € R x Q and the map (s, z,y) — F[¢](s,z,y) belongs
to C(R x Q).

In all this paper, L = L. will denote the operator acting on the set F (given in
Theorem 3.1.8) and which is defined by

VoeE, Lo = Vi (AV.yp) + (EAC)pss + Vauy - (Alps) + 05(EAV, 40)
+q-Vaeyp + (g€ — c)p, in C(R x Q) (3.2.2)
= Flgl+q-Voyp+(q-¢ = c)p, in CRx Q).

It follows from above that if ¢ = ¢(s, x,y) is a function that is given by a pulsating
travelling (c,u) solving (4.1.8) (under the change of variables (3.2.1)), then F[¢| €
C(R x ), ¢ is globally bounded in C1#(R x Q) (for every p € [0,1)) and it satisfies

the following degenerate elliptic equation

Lo(s,x,y) + f(,y,¢) = Flol(s,2,4) + ¢ Vay (s, 2,y)

- . — (3.2.3)
+(q-€ = )os(s,z,y) + fz,y,¢) =0 in RxAQ,
together with the boundary and periodicity conditions
¢ is L—periodic with respect to z, (3.2.4)
v A(Vyyd +éps) =0on R x Q. o

Moreover, since u(t,z,y) — 0 as - e — —oo and u(t,z,y) — 1 as x - e — +oo locally
in ¢ and uniformly in y and in the directions of R? which are orthogonal to e, and since

¢ is L—periodic with respect to x, the change of variables s = - e+ ¢t guarantees that

#(—00,.,.) = 0 and ¢(+oc0,.,.) = 1 uniformly in (z,y) € Q. (3.2.5)
Therefore, one can conclude that ¢ € F.

Remark 3.2.1 It is now clear that a maz-min formula of the type (3.1.16) can not
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hold for the minimal speed c*(e) > 0 in the “ZFK” or the “KPP” case. Indeed, for each
speed ¢ > c*(e), there is a solution (c,u) of (4.1.8) such that uy > 0, which gives birth
to a function ¢ = ¢(s,x,y) under the change of variables (3.2.1). Owing to the above

discussions the function ¢ € E and it satisfies
c=Ro(s,x,y) forall (s,2,y) € R x Q.
Therefore

sup inf  Rp(s,z,y) > c.
pEE (s,2,y)ERXQ

Since one can choose any ¢ > c¢*(e), one concludes that

sup inf  Rep(s,z,y) = +o0
pEE (s,x,y)ERXQ

in the “ZFK” or the “KPP” case.

Remark 3.2.2 (The same formula of Theorems 3.1.8 and 3.1.9, but over a
subset of F)

If the restriction of the nonlinear source f in (4.1.8) is C*?(Q2 x [0,1]), one can then
conclude that (see the proof of Proposition 6.3 in [1]) any solution u of (4.1.8) satisfies:

V(t, z, y) €eRx ﬁ? |attu(t7 z, y)| < Matu(t7 z, y) (326)
for some constant M independent of (t,x,y). In other words, the function
¢(S7$7 y) = U((S - 6)/0, xay)

(where ¢ = c(e) in the “combustion” case, and ¢ = c*(e) in the “ZFK” or the “KPP”

case) satisfies
V(s,z,y) ER x Q, |0s0(s,1,y)| < (M/c) 0:0(s,x,7).
Let E' be the functional subset of E defined by
E' = {90 € E, 3C >0, |0ss(s,z,y)| < C 0sp(s,x,y) for all (s,z,y) € R x ﬁ}

The previous facts together with the discussions at the beginning of this section imply
that the functions ¢ and ¢* of Theorems 3.1.8 and 3.1.9 are elements of E' C E. These

theorems also yield that the max-min and the min-max formule can also hold over the
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subset E' of E.

Namely, in the case of a “combustion” nonlinearity

cle)=min sup Rp(s,x,y) (3.2.7)
peE’ (5,2,y) ERXQ

and

cle) =max inf Re(s,z,y). (3.2.8)
peE’ (s,z,y) ERXQ

Moreover, the min and the max are attained at, and only at, the function ¢(s,z,y) and
its shifts ¢(s + 7, x,y) for any T € R.
On the other hand, only a min-max formula holds in the case of “ZFK” or “KPP”

nonlinearities. That s

c(e) =min  sup Roy(s,z,y). (3.2.9)
oeR’ (8,2,y) ERXQ

Moreover, the min is attained at the function ¢*(s,x,y) and its shifts ¢*(s+1,x,y) for
any T € R.

In the proofs of the variational formulae which were given in Theorem 3.1.8 and The-
orem 3.1.9, we will use two versions of the maximum principle in unbounded domains
for some problems related to (3.2.2-3.2.4) and (3.2.5). Such generalized maximum

principles were proved in Berestycki, Hamel [1] in a slightly more general framework:

Lemma 3.2.3 ([1]) Let e be a fized unit vector in R Let g(z,y,u) be a globally
bounded and globally Lipschitz-continuous function defined in Q x R and assume that
g is non-increasing with respect to u in Q x (—o0, 6] for some § > 0. Let h € R and
3, = (—o00,h) X Q. Let ¢ # 0 and ¢*(s,x,y), ¢*(s,z,y) be two bounded and globally
CchH (E_}:) functions (for some > 0) such that

( Lot +g(z,y,0') > 0 in D'(%),
Le*+g(z,y,¢%) < 0 in D'(X;),
A[E(9L — 62) + Vay (6! — ¢9)] < 0 on (—o0,h] x 99, (3210)
lim sup (¢ (s, 2, y) — &P (s,2z,y)] < 0,
[ %07 T {s<s0, ()€}
where
L ¢ = Vx,y : (Avx,y¢) + (éAé)¢ss + vm,y : (Aé¢s> + 8s(ész,y¢) (3211>

+Q'vx,y¢ + (qé - c)¢57
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Chapter 3. Min-Max formulse for the speeds of pulsating travelling fronts

and € denotes the vector (e,0,---,0) € RY.
If o <6 inS, and ¢ (h,x,y) < ¢*(h,z,y) for all (z,y) € Q, then

Pt < d? in 2

Remark 3.2.4 Note here that ¢', ¢, q, A and g are not assumed to be L—periodic in
x and that q is not assumed to satisfy (3.1.4).

Proof. Since ¢! and ¢? are globally bounded, one has ¢! — e < ¢? in Z_,: for e >0

large enough. Let us set
e :inf{5>0, o — e < ¢ inz_,;} > 0.

By continuity, one has ¢' — * < ¢? in Z_; Thus, to complete the proof of Lemma
3.2.3, it suffices to to prove that * = 0.
Assume €* > 0. There exist a sequence {g,} converging to £*, with 0 < ¢,, < ¢ for

all n, and a sequence of points (s,, T, Yn) € E_,: such that

le(Snaxn;yn) —€&n Z ¢2(5n;xn;yn)-

Owing to the assumption that lim sup [ (s, 2,) — ¢*(s,7,y)] <0, the
S0—>—00 {s<s0, (z,y)€Q}
sequence (s,) is bounded from below (if not, there exists a subsequence denoted by

(sn) such that s, — —o0 as n — +00. One consequently has

0 > lim sup (0" (50, 2, y) — 0% (5, 2, Y)]

ST (5<s, (2,y)€Q)

. 1 2
nl_lﬁ{loo[ﬂﬁ (Smxmyn) ¢ (Smx’myn)]
lim ¢,

n—-+0o

= £.

v

Y]

It follows that ¢* = 0 and this contradicts with the assumption that ¢* > 0). Moreover,
the sequence (s,) is also bounded from above (s, < h) and hence, one can assume,

up to extraction of some subsequence, that s, — 5 € (—o0, h] as n — +00. On the
d

other hand, let z,, be in H L;Z such that (z, — Z,,y,) € C. Up to extraction of some
i=1
subsequence, one can also assume that (z,, — Z,,y,) — (Z,7) € C as n — +o0.

Set
¢ (s,2,y) = ¢'(s,x + T, y) for all (s,2,7y) € E_,:, i=1,2.
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3.2. Main tools: change of variables and maximum principles

The above functions are defined in the same set Z_,; = (—00, h] x Q because of the
choice of the Z,, and the L—periodicity of 2 with respect to x. From the regularity
assumptions for ¢' and ¢? and up to extraction of some subsequence, the functions
¢! converge, in C} , to two functions ¢’ € C’L“(E_;). Similarly, since ¢ and A are
globally C? (¢ and A are C*(Q) and C?*%(Q) respectively), one can assume that the
fields q,(z,y) = q(x + Zn,y) and A, (z,y) = A(x + Z,,y) converge locally in Q to two
globally bounded and Lipschitz fields ¢, and A,, as n — +00. The matrix satisfies the
same ellipticity condition (given in (3.1.3)) as A.

The functions ¢! satisfy
Ly = L ¢y > —g(x + Ty, S (s, 2,9)) + 9(2 + Zn,y, fr(s,2,7)) in D'(S,),

where

Ln ¢ = vx,y : (Anvx7y¢) + (éAné)¢ss + va:,y . (Ané¢s) + as(éAnvx,y¢)
+Qn ' V:Jc,y(b + (Qn e — C>¢s-

Since ¢! < §in Z_,: and g(z,y, u) is non-increasing with respect to u in Q x (—o0, 4],

one gets

Ly éy — Lo @2 > —g(x + Ty y, 0 (5,2, y) — €°) + g(x + Ty y, 05 (s, 2,y)) in D'(Z}).
(3.2.12)

From the assumptions of Lemma 3.2.3, one can also assume, up to extraction of

some subsequence, that the functions

Ry (s,2,y) = —g(x + Zn,y, on(5,2,9y) — €°) + g(x + Tp, y, 92 (5, 2, Y))

converge to a function Ruo(s, z,y) locally in ;. Since |Ry,| < ||gl|piplét — &% — ¢2| for
all n, one gets |Ro| < ||g]|Lip|@L, — * — ¢2%| at the limit. In other words, there exists
a globally bounded function B(s,z,y) defined in ¥, such that

Roo(s,2,y) = B(s, ,y) [0L(s,7,y) — " — ¢2.(s,,y)]  forall (s,2,9) € 3,
By passing to the limit in (3.2.12), it follows that the functions ¢! and ¢?_ satisfy

Loohay — Loo®% = B(s,2,y)(¢s, — " — ¢2,) in D'(Z;)
where
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Chapter 3. Min-Max formulse for the speeds of pulsating travelling fronts

Locd = Viy (AVa,0) + (EAE)bss + Vi - (Ascfdy) + 05(EAV 0 y0)
+QOO : vx,y¢ + (qoo e — C)gbs‘

Moreover, the inequalities ¢!, < ¢ in E_,: and ¢! (h,.,.) < ¢% (h,.,.) in Q hold as
well. Furthermore, ¢! —e* < ¢? and

Vn, ¢1(Snaxnayn) —En > ¢2(3n75€myn)7
hence
\V/TL, ¢»}L<Sn7$n _jn7yn) —&n > Cbi(sn,ﬁn _Zinayn)-
Passing to the limit as n — 400, one gets ¢ (5, 7,y) — e* > ¢2.(5,7,y). Therefore,
gbio(gv :fa g) - 8* = qbio(g? j? g)7
whence s < h.

Coming back to the variables (¢, z,y), let us define
En={(t,z,y) e RxQ, ct+x-e<h}

and set
u'(t, o, y) = ¢' (ct +x-e,x,y) forall (t,z,y) € By, i =1,2.

The function z := u' — e* — u?, which is defined and globally C' in Ej, satisfies
Vg (AoViy2) — @oo(®,y) - Viyz — Oz > b(t,x,y)z  in D'(E)
where the function b(t,x,y) := B(ct + x - e, z,y) is globally bounded in Ej. Moreover,

ve AxVeyz <0 on{ct+x-e<h, (z,y) € 00}.

On the other hand, the function z is non-positive and it vanishes at the point
- S—ZT-e
(t,2,9) =
from the maximum principle that z = 0 in Ej, N {t < £}. In other words, u! — &* = u?
in B, N{t <t}. In particular, one has

T, gj) , which is such that ¢t +Z-e(= 5) < h. Therefore, it follows

. =— _(S—uT-e
$oo —&" =05 In X, N{

<t
. <t}
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3.3. Case of a “combustion” nonlinearity

Since the set {z - e} is not bounded from above or below, there exists a point
(h, 20, 0) € ¥, N{&=2<¢ < t}. At that point, one has ¢1 (h, o, yo) —* = ¢ (h, Zo, Yo)-
But the later is impossible because ¢! < @2 for s = h.

Hence, the assumption €* > 0 is ruled out and the proof of Lemma 3.2.3 is complete.

O

Cha’nging ¢1(8,I, y)a ¢2(87 l’,y) and g([E, Y, S) into 1 — ¢1<—S,ZE, y>7 1- ¢2<_87ZE7 y)
and —g(x,y, 1 — s) respectively in Lemma 3.2.3 leads to the following

Lemma 3.2.5 ([1]) Let e be a fized unit vector in R Let g(z,y,u) be a globally
bounded and globally Lipschitz-continuous function defined in Q x R and assume that
g is non-increasing with respect to u in Q x [1 — 6, 4+-00) for some § > 0. Let h € R and
Y= (h,+00) X Q. Let ¢ # 0 and ¢'(s,z,y), ¢*(s,x,y) be two bounded and globally
clr (E;{) functions (for some u > 0) such that

Lot + g(x,y,¢Y) > 0 in D'(Z)),
L¢*+g(z,y,¢*) < 0 in D(Z)),
A — 62) + Vay (6" — 03] < 0 on [h, +o0) x 90, (3213)
lim sup  [¢'(s,2,y) — ¢*(s,x,y)] < 0,
(P07 (5250, (2.)€0}

where L is the same operator as in Lemma 3.2.3.

If¢*>1—6 in S5 and ¢'(h,z,y) < ¢2(h,z,y) for all (z,y) € Q, then

Pt < in X

3.3 Case of a “combustion” nonlinearity

This section is devoted to prove Theorem 3.1.8, where the nonlinearity f satisfies
the assumptions (3.1.5-3.1.6) and (3.1.7).

3.3.1 Proof of formula (3.1.15)

Having a prefixed unit direction e € RY, and since the coefficients A and ¢ of
problem (4.1.8) satisfy the assumptions (3.1.3) and (3.1.4), it follows, from Theorem
3.1.5, that there exists a unique pulsating travelling front (c(e),u) (v is unique up to
a translation in the time variable) which solves problem (4.1.8). Moreover, d;u > 0 in
R x Q. We will complete the proof of (3.1.15) via two steps.
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Step 1. After the discussions done in the section 3.2, the existence of a classical so-
lution (c(e), u), satisfying (4.1.8), implies the existence of a globally C*(R x ) function
B(s,x,y) satisfying 0 < ¢ < 1in R x Q, with

¢ is L—periodic with respect to x,

Lo(s,2,9) + [(2,4,6) = 0 in D'(R x 0),

v-A(Vyyd+éps) =0in R x 0Q,

¢(—00,.,.) =0, and ¢(+o0,.,.) = 1 uniformly in (x,y) € Q,

(3.3.1)

where L is the operator defined in (3.2.2) for ¢ = ¢(e). We also recall that the two

functions v and ¢ satisfy the relation
u(t,z,y) = o(z - e +cle)t,z,y), (t,z,y) eRx Q.

One has 0,6 > 0 in R x  and this is equivalent to say that the function u = u(t, x, )
is increasing in t, since c(e) > 0.
Together with the facts in section 3.2.1, one gets that the function ¢ € F. Further-
more, (3.3.1) yields that
Vs eR, V(z,y) €0, c(e) = Ro(s,7,y), (3.3.2)
and
Lo(s,x,y) + f(z,y,¢) =0, (3.3.3)

where R¢ is the function defined in Theorem 3.1.8. In other words, the L—periodic

(with respect to x) function R¢ is constant over R x Q and it is equal to c(e).

It follows, from (3.3.2) and from the above explanations, that

cle) > inf  sup  Rp(s,z,y).
peE (5,2,y)ERXQ

To complete the proof of formula (3.1.15), we assume that

cle) > inf  sup  Ry(s,z,y).
2= (s,2,y) ERXQ

Then, there exists a function ) = ¥(s,x,y) € E such that

ce) > sup Ry (s,,y).
(s,m,y)ERxﬁ
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3.3. Case of a “combustion” nonlinearity

Since the function 1 € E, one then has (s, z,y) > 0 for all (s,z,y) € R x Q. This
yields that
L(s,z,y) + flo,y,9) <0in R x Q, (3.3.4)

where L is the operator defined in (3.2.2) for ¢ = ¢(e).
Notice that the later holds for each function of the type

1/JT(87 I? y) = 1/}<S + T? ‘/I;’ y)

because of the invariance of (3.3.4) with respect to s and because the advection field ¢

and the diffusion matrix A depend on the variables (z,y) only. That is
LY (s,z,y) + flo,y,97) < 0in R x €. (3.3.5)

Step 2. In order to draw a contradiction, we are going to slide the function v with
respect to ¢. From the limiting conditions satisfied by these two functions, there exists
a real number B > 0 such that

o(s,x,y) <6 for all s < —B, (z,y) € Q
Y(s,x,y) >1—p forall s > B, (z,y) €,

and
¢(B,z,y) >1—p for all (z,y) € Q, (3.3.6)

where 0 and p are the values that appear in the conditions (3.1.7) satisfied by the
“combustion” nonlinearity f. Taking 7 > 2B, and since 9 is increasing with respect to
s, one gets that ¢(—B,x,y) < Y7 (—=B,x,y) for all (z,y) € Qand ™ >1—pin E_“_LB.

It follows from Lemma 3.2.3 (take § = 0, h = —B, ¢' = ¢, and ¢? = ¢7) that
¢ <" in - . Moreover, Lemma 3.2.5 (take § = p, h = —B, ¢! = ¢, and ¢? = ¢ )
implies that ¢ < 97 in ¥F 5. Consequently, ¢ < " in R x Q for all 7 > 2B.

Let us now decrease 7 and set

=inf{r€R, ¢<yY inRxQ}.

First one notes that 7% < 2B. On the other hand, the limiting conditions ¢ (—o0, .,.) =
0 and ¢(400,.,.) = 1 imply that 7* is finite. By continuity, ¢ < ¥ in R x Q. Two
cases may occur according to the value of  sup (gb — LbT*) .
[-B,B]xQ
case 1: suppose that

sup (qﬁ—wT*) <0

[-B,B]xQ
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Since the functions ¢ and ¢ are globally C'(R x ) there exists 7 > 0 such that the
above inequality holds for all 7 € [7* —n, 7*]. Choosing any 7 in the interval [7* —n, 7%],

and applying Lemma 3.2.3 to the functions ¢/ and ¢, one gets that
P(s,2,y) <Y (s,x,y) foralls < —B, (z,y) € Q,
together with the inequality
d(s,x,y) <" (s,x,y) for all s € [-B, B], and for all (z,y) € Q.
Owing to (3.3.6) and to the above inequality, it follows that
Y (B,z,y) > 1—pin Q.

Moreover, since the function v is increasing in s, one gets that ¥ > 1 — p in Z_E.
Lemma 3.2.5, applied to ¢ and ¢7 in X}, yields that

o(s,x,y) <Y (s,x,y) for all s > B, (z,y) € Q.

As a consequence, one obtains ¢ < 97 in R x Q, and that contradicts the minimality

of 7*. Therefore, case 1 is ruled out.

case 2: suppose that

sup (gb — Q/JT*) =0.

[-B,B]xQ

Then, there exists a sequence of points (s, T, ¥») in [~B, B] x Q such that
¢(Sna T, yn) - @/JT(Sn,l‘n,yn) — 0 as n — +oo.

Due to the L— periodicity of the functions ¢ and v, one can assume that (z,,y,) € C.
Consequently, one can assume, up to extraction of a subsequence, that (s, ., y,) —
(5,7,9) € [-B, B] x C as n — +o0. By continuity, one gets ¢(3,z,7) = ¢" (5,7, 7).

We return now to the variables (¢, z,y). Let

2tz y) = dlr-e+cle)t,r,y) —Y(x-e+cle)t+75x,y) for all (t,z,y) € R x Q,
= u(t,z,y) —(x-e+cle)t+77,2,y)

Since the functions ¢ and v are in E, it follows that the function z is globally C'*(R x )
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3.3. Case of a “combustion” nonlinearity

and it satisfies
V(t,z,y) ERXQ, V- (AV2)(t,2,y) = Fl¢|(s,2,y) — F[Y7 |(s,2,y),

where s = z - e + c¢(e)t. Thus, V,, - (AVz) € C(R x Q). Moreover, the function z is
non positive and it vanishes at the point ((s—Z-e)/c(e), Z,y). It satisfies the boundary
condition v - (AVz) = 0 on R x 9. Furthermore, it follows, from (3.3.2) and (3.3.4),
that

atz - Vx,y : (AVZ) + Q(zvy) ' vx,yz S f($7y7¢) - f($7y7¢T*)'

However, the function f is globally Lipschitz-continuous in € x R; hence, there exists
a bounded function b(t, z,y) such that

Oz = Vyy (AV2) +q(x,y) - Vaeyz +0(t,z,y) 2 < 0in R x Q,

with z(t, z,7) < 0 for all (¢,z,y) € R x Q.

Applying the strong parabolic maximum principle and Hopf lemma, one gets that
2(t,z,y) = 0 for all t < (5 — 7 -¢)/c(e) and for all (x,y) € Q. On the other hand, it
follows from the definition of z and from the L—periodicity of the functions ¢ and v
that z(¢,z,y) = 0 for all (t,2,y) € R x Q. Consequently,

O(s,2,y) =97 (s,2,y) = Y(s + 7%, z,y) for all (s,z,y) € R x Q.

Referring to the equations (3.3.3) and (3.3.5), one gets a contradiction. Thus, case
2 is ruled out too, and that completes the proof of the formula (3.1.15).

Remark 3.3.1 (The uniqueness, up to a shift, of the minimizer in (3.1.15))
If{ € E is a minimizer in (3.1.15). The above arguments imply that case 2 necessarily
occurs, and that 1 is equal to a shift of ¢. In other words, the minimum in (3.1.15) is
realized by and only by the shifts of .

3.3.2  Proof of formula (3.1.16)

In this subsection, we are going to prove the “max-min” formula of the speed of
propagation c(e) whenever the nonlinearity f is of the “combustion” type. The tools
and techniques which one uses here are similar to those used in the previous subsec-
tion. However, we are going to sketch the proof of formula (3.1.16) for the sake of

completeness.
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As it was justified in the previous subsection, one easily gets that

c(e) < sup inf  Rp(s,x,y)
pEE (s,x,y)ERXQ

and
V(s,2,) ERxQ, cle) = Ro(s,x,y),

where

(s, 2,y) =u((s —x-e)/cle),z,y), for all (s,2,y) € R x Q,

and u = u(t,z,y) is the unique (up to a translation in ¢) pulsating travelling front
solving problem (4.1.8) and propagating in the speed c(e). We recall that the function
¢ € E (see section 3.2). It follows that the function ¢ satisfies the following

( ¢ is L—periodic with respect to x,

¢ is increasing in s € R,

Lé(s,z,y) + flx,y,¢0) =01in R x Q, (3.3.7)
v-A(Vyyd+éps) =0in R x 09,

¢(—00,.,.) =0, and ¢(+o0,.,.) = 1 uniformly in (x,y) € Q,

\

where L is the operator defined in (3.2.2) for ¢ = ¢(e).
Notice that the later holds also for each function of the type

qu(S? x’ y) = ¢(8 + T? x’ y)

because of the invariance of (3.3.8) with respect to s and because the advection field ¢
and the diffusion matrix A depend on the variables (z,y) only.

To complete the proof of formula (3.1.16), we assume that

cle) <sup inf  Rp(s,z,y).
pEE (s,x,y)ERXQ

Hence, there exists ¢ € E such that
c(e) < Ry (s,x,y), for all (s,z,y) € R x Q.

Since the function 1) € E, one then has ¢(s, z,y) > 0 for all (s,z,y) € R x Q. This
yields that
L(s,2,y) + f(z,9,1) > 0 in R x 0. (3.3.8)

To get a contradiction, we are going to slide the function ¢ with respect to . In
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3.3. Case of a “combustion” nonlinearity

fact, the limiting conditions satisfied by ¢ and ¢, which are elements of F, yield that

there exists a real positive number B such that

(s, z,y) <6 for all s < —B, (z,y) €
p(s,2,y) >1—p forall s> B, (z,y) € Q,

and
V(B,z,y) >1—p forall (z,y) € Q, (3.3.9)

where 6 and p are the values appearing in the conditions (3.1.7) satisfied by the non-
linearity f. Having 7 > 2B, one applies Lemma 3.2.3 (taking § = 6, h = —B, ¢! =
Y, and ¢* = ¢7) and Lemma 3.2.5 (taking § = p, h = —B, ¢! = ¢, and ¢* = ¢7)
to the functions ¢” and v, over the domains ¥~ 5 and YT respectively, to get that
< ¢ in X5 and ¢ < ¢ in X7 5. Consequently, one can conclude that

V7 >2B, v<¢ inRxQ.
Let us now decrease 7 and set
=inf{reR, v<¢ NnRxQ}.

It follows, from the limiting conditions (400, .,.) = 1 and ¢(—o0,.,.) = 0, that 7* is

finite. By continuity, we have ¢ < ¢ . In this situation, two cases may occur. Namely,

case A: sup (@ZJ — qu*) <0,
[-B,B]xQ
or
case B: sup (10 — gzﬁT*) = 0.
[-B,B]xQ

Imitating the ideas and the skills used in case 1 and case 2 during the proof of formula
(3.1.15), one gets that case A (owing to minimality of 7*) and case B (owing to (3.3.7)
and (3.3.8)) are ruled out.

Therefore, the assumption that

cle) <sup inf  Rp(s,z,y)
pEE (s,2,y)ERXQ

is false, and that completes the proof of formula (3.1.16).

Remark 3.3.2 (The uniqueness, up to a shift, of the maximizer in (3.1.16))
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Similar to what we have already mentioned in Remark 3.3.1, if ¢ € E is a maximizer
in (3.1.16), then the above arquments yield that case B necessarily occurs, and that 1
is equal to a shift of ¢. One then concludes that the maximum in (3.1.16) is realized
by, and only by, the shifts of ¢.

3.4 Case of “ZFK” or “KPP” nonlinearities: proof of
formula (3.1.17)

This section is devoted to the proof of Theorem 3.1.9. We assume that the nonlin-
ear source f is of “ZFK” type. Remember that this case includes the class of “KPP”
nonlinearities. In the first subsection, we give a unified proof including an argument
of the “sliding method”. In the second subsection, we give a “simpler” proof of the

min —max formula (3.1.17) under some additional assumption on the “ZFK” nonlin-

earity f = f(x,y,u).

3.4.1 A unified proof of formula (3.1.17)

In this subsection, we assume that f = f(z,y,u) is a heterogenous “ZFK” nonlin-
earity. Namely, f = f(z,y,u) is a nonlinearity satisfying (3.1.5-3.1.6) and (3.1.8). We
will divide the proof of formula (3.1.17) into 3 steps:

Step 1. Under the assumptions (3.1.2), (3.1.3), and (3.1.4) on the domain €, the
diffusion matrix A, and the advection field ¢ respectively, and having a nonlinearity f
satisfying the above assumptions, Theorem 3.1.6 yields that for ¢ = cg 4, ;(e), there
exists a solution u* = u*(¢,z,y) of (4.1.8) such that u;(¢,z,y) > 0 for all (¢,z,y) €
R x €. In other words, the function ¢* defined by

S—xT-¢€

¢*(S,$,y) =u" (W7xay) ; (S,ZL’,y) €eRx ﬁ
is increasing in s € R. Owing to section 3.2, ¢* satisfies
FIg')+ g+ Vayd® + (q-¢ — () +1(5,9,67) =0 in RxT  (341)
together with boundary and periodicity conditions

{ ¢* is L—periodic with respect to z, (3.4.2)

v A(V,,0* +é¢7) =0 on R x Q.
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3.4. Case of “ZFK” or “KPP” nonlinearities: proof of formula (3.1.17)

Moreover, (3.4.1) implies that for all (s,2,y) € R x Q,

F[¢*]<S7x7y) + q- vm,ygb*(saxa y) + f(w7ya ¢*)

c'le) = 050" (s, 2, Y) Ta@y) -8 (3.4.3)
- R¢*(s7 x’ y)?
and hence
c*(e) Z inf sup F[¢]<Sv$7y)+ Q'Vx,y¢(3a$ay>+f($7ya¢) —l—q(x,y)é

pel (s,2,y) ERXQ 85¢(S7 z, y)

In order to prove equality, we argue by contradiction. Assuming that the above

inequality is strict, one can find ¢ > 0 such that

C*<€) — 3§ > inf sup F[(,O](S,I,y) + q- Vm,y()p(svxvy) + f(il’,y,QO)

pek (s,2,y) ERXQ 8890(87 z, ZJ)

(3.4.4)
To draw a contradiction, we are going to approach the “ZFK” nonlinearity f by a
sequence of “combustion” nonlinearities (fy)g and the minimal speed of propagation
by the sequence of speeds (cy)g corresponding to the functions (fy)g. The details will

appear in the next step.

Step 2. Let x be a C*(R) function such that 0 < y < 1in R, y(u) =0 for all u < 1,
0 < x(u) <1forall ue(l,2)and x(u) =1 for all uw > 2. Assume moreover that x is
non-decreasing in R. For all § € (0,1/2), let x4 be the function defined by

VueR, xo(u) = x(u/6).

The function xy is such that 0 < xy < 1,0 < xp < 1 in (—00,6], 0 < xp < 1 in (6, 26)
and xg = 1 in [260, +00). Furthermore, the functions y, are non-increasing with respect
to 0, namely, yg, > xg, if 0 < 0 <6y < 1/2.
We set
fo(z,y,u) = f(z,y,u) xo(u) forall (z,y,u) € Q x R.

In other words, we cut off the source term f near u = 0.

For each 6 € (0,1/2), the function fy is a nonlinearity of “combustion” type that
satisfies (3.1.5-3.1.6) and (3.1.7) with the ignition temperature . Therefore, Theorem
3.1.5 yields that the existence of a classical solution (cp, up) of (4.1.8) with the nonlin-
earity fy. Furthermore, the function ug is increasing in ¢ and unique up to translation

in ¢ and the speed ¢y is unique and positive.
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It was proved, through Lemma 6.1 and Lemma 6.2 in Berestycki, Hamel [1], that

the speeds ¢y are non-increasing with respect to # and

cog S c*(e) as 0\ 0.

Consider a sequence 6#,, N\, 0. Then, there exists ny € N such that cg, > ¢*(e) — § for
all n > ng (or equivalently 0,, < 6,,).

In what follows, we fix 6 such that 6 < 6,,,. One consequently gets ¢y > ¢*(e) —d. On
the other hand, it follows, from the construction of fy, that f > fy in Q x R. Together
with (3.4.4), one obtains

co > inf  sup Flol(s,m,y) + ¢ Vayo(s,2,y) + folz,y,9)

+q(x,y) - €3.4.5)
PEE (52,9 eRXQ Dsp(s,,Y) (

Thus, there exists a function ¢) € E such that

FW’](S,%?J) + q- v:&yw(swray) + fe(flf,yalb)
8877/1(8,{17,y)

Co > +q(z,y) - € (3.4.6)

However, 1,(s,z,y) > 0 for all (s,2,7) € R x Q. Thus, the inequality (3.4.6) can be

rewritten as

Li(s,2,9) + folw,y,1) <0 in R x €, (3.4.7)
with ¢ € F and L is the operator defined in (3.2.2) for ¢ = ¢.

For each 7 € R, we define the function 4" by
VT (s,2,y) = (s +7,2,y) for all (s,z,y) € R x Q.

Since the coefficients of L are independent of s, the later inequality also holds for all
functions ¢” with 7 € R. That is,

LY (s,2,y) + folx,y,%7) <0 in R x Q. (3.4.8)

Step 3. For the fixed 6 (in step 2), the function fp is a “combustion” nonlinearity
whose ignition temperature is 6. There corresponds a solution (cp, up) of (4.1.8) within

the nonlinear source fy. We define ¢y by

S—xT-€

bo(s,x,y) = ug ( ,x,y) , for all (s,z,y) € R x Q.

Co
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Referring to section 3.2, one knows that ¢y € E and thus it satisfies the following
equation
Log(s,7,y) + fo(z,y,09) =0 in R x Q. (3.4.9)

Now, the situation is exactly the same as that in step 2 of the proof of formula
(3.1.15) because the nonlinearity fy is of “combustion” type. The little difference is
that f (in step 2 of the proof of formula (3.1.15)) is replaced here by fp, and the
function ¢ of equation (3.3.3) is replaced by the function ¢y of (3.4.9). Thus, following
the arguments of subsection 3.3.1 and using the same tools of “step 2” as in the proof
of formula (3.1.15), one gets that the (3.4.4) is impossible and that completes the proof
of formula (3.1.17). O

Remark 3.4.1 We found that one can use another argument (details are below), dif-
ferent from the sliding method, in order to prove the min — max formule for the speeds
of propagation whenever f is a homogenous (i.e f = f(u)) nonlinearity of “combus-
tion” or “ZFK’type and Q = RY. Meanwhile, the sliding method, that we used in the
proofs of formule (3.1.15) and (3.1.17), is a unified argument that works in the general
heterogenous periodic framework.

Another proof of formula (3.1.15) and (3.1.17) in a particular framework:
Here, we assume that f = f(u), and Q = R¥. In fact, following the same procedure of

“step 1”7 in the previous proof, one gets the inequality

c(e) > inf  sup  Rep(s,z,y).
peE (5,2,y)ERXQ

Now, to prove the other sense of inequality, we assume that

c(e) > inf  sup Ry(s,z,y),
= (s,2,y)ERXQ
and we assume that f is of “ZFK” type?.

Then, as it was explained in “step 2”7 of the previous proof, one can find ¢ € E,
d>0,60>0,and d > 0 such that c*(e) — 6 < d < ¢y < ¢*(e) where

V(s,z,y) ERxQ, d>c*(e) =6 > Ry(s,x,y),

and fy(u) = f(u) xo(u) < f(u) for all u € R is of “combustion” type (cy is the speed of
propagation, in the direction of —e, of pulsating travelling fronts solving (4.1.8) with
the nonlinearity fy and the domain Q = RY).

2. The case where f is of “combustion” type follows in a similar way.
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Hence, for all (t,z,y) € R x RY,

F[¢](S,x, y) + q- vac,yqu)(*svma y) + f9(¢)

d>
st (s, x,y)

+q(z,y) - & (3.4.10)

Let u(t,z,y) = ¥(x - e+ dt,z,y). As it was explained in section 3.2, the function @

satisfies

.

i — V- (A(z,y)Va) — q(z,y) - Vi — fo(u) >0, t € R, (z,y) € Q,
v-AVia(t,z,y) =0, t € R, (x,y) € 09,

d
_ e . (3.4.11)
Ve [[Lz V(tzy € R x Q, a(t+ =S x,y) = alt,x + k,y),

i=1
0<ua< 1l

\

Let 0 < ug(z,y) < 1 be a function in C(RY) such that ug(z,y) — 0 as z-e — —oo,
and ug(z,y) — 1 as x - e — +oo, uniformly in y and all directions of R? which are
orthogonal to e. Let u be a pulsating front propagating in the direction of —e with the

speed ¢y and solving the initial data problem

uy =V - (Alz,y)Vu) + q(z,y) - Vu+ folu), t >0, (z,y) € Q,
u(0,2,y) = uo(z,y), (3.4.12)
v-AVu(t,z,y) =0,t € R, (z,y) € 09.

Having fy(u) as a “combustion” nonlinearity, it follows from J. Xin [19] (Theorem 3.5)
and Weinberger [18], that

Vr >0, lim supu(t,z — cte,y) = 0 uniformly in y, for every ¢ > ¢y,
20 o) <r

(3.4.13)

and tligrn ‘i?f u(t,x — cte,y) = 1 uniformly in y, for every ¢ < c.
—+00 |z|<r

This means that the speed of propagation ¢y corresponding to (4.1.8) is equal to
the spreading speed in the direction of —e when the nonlinearity is of “combustion”

type and the initial data ug satisfies the above conditions.

For all (t,z,y) € [0, +00) x Q, let w(t,z,y) = @(t,z,y) — u(t,x,y). It follows, from
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(3.4.16) and (3.4.17), that

wy — V- (A(z,y)Vw) — q(x,y) - Vw+ bw > 0, t >0, (z,y) € £,
Y(z,y) € Q, w(0,z,y) >0, (3.4.14)
v-AVuw(t,z,y) =0,1t € R, (z,y) € 09,

for some b = b(t,z,y) € C(R x ). The parabolic maximum principle implies that
w > 0 in [0, +00) x Q. In other words,

Y(t,x,y) € [0,4+00) x Q, ul(t,r,y) < at,x,y).
However, for all ¢ > d,

lim ua(t,x — cte,y) = lim Y(x-e+ (d—c)t,x — cte,y) =0

t—+o0 t—+o0

locally in z and uniformly in y (since ¢ € E). Consequently,

Ve>d, Vr >0, lim sup u(t,z — cte,y) = 0 uniformly in y.
t—+o00 |z|<r
Referring to (3.4.18), one concludes that d > ¢y which is impossible (d < ¢p). Therefore,

our assumption that c¢*(e) > injfE sup  Ry(s,z,y) is false and that completes the
pe ~
(s,2,y) ERXQ

proof of formula (3.1.17) in the case where f = f(u) and Q = RY. O

3.4.2 Another proof of formula (3.1.17) under an additional

assumption on f

In the subsection 3.4.1, we proved formula (3.1.17) in the case where the nonlinearity
f is a general L—periodic with respect to = “ZFK” nonlinearity. The proof of this
formula becomes simpler if we add an assumption of non-degeneracy on the nonlinearity
f at u = 0. Precisely, we assume that the nonlinearity f satisfies (3.1.5-3.1.6), (3.1.8)

together with the additional assumption

lim inf —f(x, y, )

u—07t u

> 0. (3.4.15)

First, following the same procedure of “step 1”7 in subsection 3.4.1, one gets the

111



Chapter 3. Min-Max formulse for the speeds of pulsating travelling fronts

inequality

c*(e) > inf  sup  Ryp(s,z,y).
pEl (5,2,y) ERXQ

Now, to prove the other sense of inequality, we assume that

c*(e) > inf  sup  Ry(s,z,y).
el (s,2,y)ERXQ

Then, one can find 0 < d < ¢*(e) and ¢ € E such that
Y(s,z,y) ERxQ, d> Ri(s,z,y).

For each (t,z,y) € R x Q, let u(t,z,y) = ¥(x - e + dt, z,y). It follows from section 3.2

that the function @ satisfies

/

ﬂt_v' (A(I’,y)Vﬂ) _Q(x,y) Vﬂ—f(x,y,ﬂ) > 07 t e R) (I,y) € ﬁu
v-AVa(t,z,y)=0,t € R, (z,y) € 99,

d
_ . (3.4.16)
ke [[Lz Vitay) € R x Q alt+=—=2.y) = alt.x +ky),
=1
0 <u<l

\

Let ug(z,y) be a nonnegative function in C'(Q2) such that ug(x,y) = 0 for all (x,y)

in Q with z-e <0, inf  wy(z,y) > 0 (for some L > 0) and such that
(z,y)€EQ, z-e>L

V(z,y) € Q, uo(z,y) < u(0,z,y).

Let u be a classical solution of the problem

uw =V - (Alz,y)Vu) + q(z,y) - Vu+ f(z,y,u), t >0, (z,y) € €,
u(0,z,y) = uo(z,y), (3.4.17)
v-AVu(t,z,y) =0, t € R, (z,y) € 09.

Under the conditions (3.1.5-3.1.6), (3.1.8) and (3.4.15) on the nonlinearity f, the results
of Weinberger [18] imply that

Vr >0, lim sup u(t,z — cte,y) = 0 for every ¢ > c*(e),
t=00 |z|<r,(z—cte,y)€Q
and lim inf u(t,z — cte,y) = 1 for every ¢ < c¢*(e).
=400 || <7, (z—cte,y)€EQ

(3.4.18)
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This means that the minimal speed of propagation ¢*(e) corresponding to (4.1.8) is
equal to the spreading speed when the “ZFK” nonlinearity f satisfies (3.4.15) and g
satisfies the above conditions.

For all (t,2,y) € RxQ, let w(t,z,y) = a(t, z,y) —u(t, z,y). It follows, from (3.4.16)
and (3.4.17), that

wt—V(A(x,y)Vw)—q(x,y)Vw+ b(t,x,y)w>0, t>0a (xay) S Qa
Y(z,y) € Q, w(0,z,y) >0, (3.4.19)
v-AVuw(t,z,y) =0, t >0, (z,y) € 09,

for some b = b(t,x,y) € C([0,4+00) x Q). The parabolic maximum principle implies
that w > 0 in [0, +00) x Q. In other words,

V(t,z,y) € [0,4+00) x Q, wu(t,z,y) < alt,z,y).
However, for all ¢ > d,

lim a(t,x — cte,y) :tliin Y(x-e+ (d—c)t,x —cte,y) =0
—400

t——+oo

locally in z and uniformly in y (since ¢ € E). Consequently,

Ye>d, Vr >0, lim sup u(t,x — cte,y) = 0.
=00 || <7 (x—cte,y)EQ

Referring to (3.4.18), one concludes that d > ¢*(e) which is impossible (d < ¢*(e)).
Therefore, our assumption that c¢*(e) > inf sup Rp(s,z,y) is false and that

pEE (s,2,y)ERxQ
. . flayu)
completes the proof of formula (3.1.17) in the case where lim 11+1f —_- -
u—0 u

all (z,y) € Q. O

> 0 for

3.5 Another proof of formula (3.2.7) and (3.2.9) us-
ing sub and super solutions arguments in regular-

ized elliptic equations

In this section, the nonlinear source f can be of “combustion” or “ZFK” type.
Moreover, we assume that the restriction of the nonlinearity f in (4.1.8) is

CY9(2x [0, 1]). In fact, this assumption insures that any classical solution u = u(t, x, )

113



Chapter 3. Min-Max formulse for the speeds of pulsating travelling fronts

of a reaction-advection-diffusion equation, having f = f(x,y,u) as a nonlinearity, is
of class C%(R x ). In Remark 3.2.2, the proof of the min — max formulee (3.2.7) and
(3.2.9) was direct owing to the min — max formulee (3.1.15-3.1.17) and to the estimate
(3.2.6). In what follows, we are going to give another proof of these formulae (over the
subset E’ of E) without using formulee (3.1.15) and (3.1.17).

As it was mentioned in Remark 3.2.2, there exists a constant M > 0 such that

V(s,z,y) ER x Q, [0s(s,2,9)| < M 0,0(s,2,7), (3.5.1)
s—x-e . . : .
where ¢(s,z,y) =u| ———,x,y | and (c(e),u) is the unique pulsating travelling
cle

front solving (4.1.8) with a “combustion” nonlinearity. Similarly, there exists a constant
M* > 0 such that

V(s,z,y) € R x Q, (050" (5,2, y)| < M* 0s0™ (s, x,y), (3.5.2)

L[(s—x-e

where ¢*(s,z,y) = u , T, y) and (c*(e),u*) is the pulsating travelling front

c*(e)
solving (4.1.8) with a “ZFK” nonlinearity. Consequently, ¢ € E' and ¢* € E’ and they

satisfy (see section 3.2)
V(s,z,y) € R x Q, c(e) = Ro(s,x,y) and c*(e) = Ro" (s, 2, ).

Thus,

ce) > inf  sup  Ry(s,,y)
= (s,z,y)ERXQ

when f is of the “combustion” type, and

c*(e) > inf sup  Rp(s,z,y)
peL! (s,2,y) ERXQ

when f is of the “ZFK” type.

To complete the proofs of formulee (3.2.7) and (3.2.9), we assume that the above
two inequalities are strict and we search a contradiction. However, in what follows,
we will consider f = f(x,y,u) as a “ZFK” nonlinearity whose restriction is of class
CY(Q x [0,1]). In fact, the same ideas can be imitated in the “combustion” case after

replacing c*(e) by c(e), u* by u and ¢* by ¢.

Now, after assuming that ¢*(e) > inf  sup  Rp(s,z,y), there exists ¢ € E’
= (s,2,y)ERXQ
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such that
V(s,2,y) €ERxQ, () > Ri(s, z,y).

Then, one can find 0 < d’ < ¢*(e) such that

V(s,z,y) ERxQ, c*(e)>d > Ry(s,z,y).

However, Yis is bounded over R x Q (¢ € E'). Hence, there exists gy > 0 (small

enough) and 0 cd<d< c*(e) such that

6,l7DSS(87 'CC’ y)

V0<e<e, Y(s,z,y) ERxQ, d>
o ¥ ) ¥s(s,z,y)

+ Ri(s,z,y). (3.5.3)
In other words,

V0 <e<e V(s,2,y) E RXQ, etbss(s,z,y)+ Latp(s,z,y) + f(z,y,¢) <0, (3.5.4)
where

Ly =Vyy-(AV,,) + (EAE)0ss + Vauy - (AC0s) + 05(AV 1 y) + q - Vauy + (q- € — d)0s.
We notice that Ly is a degenerated elliptic operator while

€0ss+ Ly = (EA6+€)0ss+ Vauy - (AVay) + Vauy - (A€0;)
+05(6AVay) + ¢ Vey + (q- € — d)0s

is a uniformly elliptic operator. Thus, e, plays the role of a regularizing term in
(3.5.4).

For each 0 < ¢ < gy (small enough), we consider the uniformly elliptic problem

(with generalized Neumann boundary conditions)

055w (s, z,y) + Law®(s,z,y) + f(z,y,w®) =01in R x Q,

v (éws+ V,,w®) =0 on R x 09Q,

w® is L—periodic with respect to z,

(Px) _ (3.5.5)
w®(—o0, x,y) = 0 and w® (400, x,y) = 1 uniformly in (z,y) € €,

0<w <y <1linR x Q,

ws > 0in R x Q,
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with the normalization condition

1
max w(0,z,y) = =. (3.5.6)

(z.9)€0 2
In the “combustion” case, we consider the same problem (3.5.5) but with the normal-

ization condition

max w®(0,z,y) =0, (3.5.7)

(z,y)EQ

where 6 is the ignition temperature of f (see (3.1.7)).
We have the following

Lemma 3.5.1 For each € > 0, (3.5.5) admits a classical solution w® = w(s,x,y)
satisfying (3.5.6) in the “ZFK” case or (3.5.7) in the “combustion” case. Moreover,
taking in both cases, v¢(t,z,y) = w*(x - e+ dt,x,y), then for each compact subset IC of
Q, there exists a constant C(K), only depending on K, such that

1 2
%—1-2 max F(ac,y,l)) ,
20 (2y) €0
(3.5.8)

/ [(v])? + Vo v°?] dtdedy < C(K) <
RxK

¢
where ag > 0 is given in (3.1.3) and F(x,y,t) = / flz,y,7)dr.
0

In fact, the “a priori” estimate (3.5.8) was given in Lemma 5.11 of Berestycki, Hamel
[1]. The proof of Lemma 3.5.1 will be postponed to the end of this section.
Going back to the proof of formula (3.2.9), we call (for each 0 < ¢ < &)

v(t,z,y) = w(x-e+dt,x,y), forall (t,z,y) € R x Q,

where w® = w(s,x,y) is a classical solution of (3.5.5) whose existence follows from

Lemma 3.5.1. It follows from (3.5.5) that for each €, v° is a classical solution of

7 e _
v + V- (AV,,0%) + ﬁvft +q-Vuyv° + flz,y,0°) =0in R x Q,
v-AV 0" = 0on R x 09,

i=d

=1

1
max v(t,z,y) = =.
(| ze=—dt, (Lz,y) ERXQ 2

Moreover, each v° is increasing in ¢ since v; = dw? in R x {2 and w® is increasing in

s. Furthermore, v*(t,z,y) — 0 (resp.v°(t,x,y) — 1) as t — —oo (resp. t — +00) in

116



3.5. Another proof of formulz (3.2.7) and (3.2.9)

Chae(Q).
Let {e,}n € (0,e0] be a sequence such that €, — 07 as n — +o0. It follows, from
(3.5.8), that {v°*},, is bounded in H'(R x K) for every compact I C Q. Thus, there

exists a function v € H}

L (R x Q) such that, up to extraction of some subsequence, the

(R x Q)

and v** — v a.ein R x Q as n — 4o00. From parabolic regularity, the function v is

functions ve" satisfy: v*" — v strongly in L2 (R x Q), v* — v weakly in H}

then a classical solution of

¢

v+ V- (AV,,0) + ¢ Va,v + fla,y,v) =0in R x Q,

v-AV,,v =0 onR x 09,
k-e

Vk € LiZx - x LqZ, ¥ (t,z,y) € R x Q, v(t—i—T,x,y) =o(t,z+ k,y),
(| 0<v<Tlandwv; > 0inR X Q.
(3.5.10)
Furthermore, from the normalization of v* on the set {x - ¢ = —dt} and from the
monotonicity of the functions v in ¢, it follows that
1
v(t,z,y) < 5 for all (¢,z,y) such that - e < —dt. (3.5.11)

On the other hand, (3.5.9) is an elliptic regularization of a parabolic equation. From
Theorem A.1 in [1] ( it is easy to check that the assumptions are satisfied, especially
the functions v® are C*(R x Q) from the regularity assumptions and from standard
elliptic estimates), the following gradient estimates hold :

I Vayv®ll e mxmy < C, (3.5.12)

where C' is independent of e.

Since max, , _ g (124 crxa ¥ (L2, y) = 1/2, and v*(t+k-e/c,z,y) = v°(,x + k,y)
in R x Q for all k € [[, LiZ, (hence it suffices to consider v° on a set which is
bounded in the (t,z,y) variables), it follows that there exists a bounded sequence
(tn, Tn,Yn) € R x C such that z, - e = —dt, and v*"(t,,z,,y,) = 1/2. Therefore,
the sequence (t,,z,,y,) converges, up to extraction of some subsequence, to a point
(#,7,9) € R x C such that - e = —dt. We claim that v(¢,z,%) > 1/2. Thus, we fix
n > 0, and we take 0 < r < n/C. From the uniform gradient estimates (3.5.12), we have
v (tn, T,y) > 1/2 — 1, for all n and for all (z,y) € B.(2,,y,) N Q, where B,.(1,,,)

denotes the euclidian closed ball in RY of radius 7 and center (z,,%,). Consequently,
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as v° is increasing in ¢, it follows that for n large enough,
v (t,w,y) > 1/2 —n for all t >t, and for all (x,y) € B,/2(Z,7).

Since the functions v** converge almost everywhere to the continuous function v, then
v(t,z,y) >1/2—n forall t >¢ and forall (z,y) € B,2(Z,7).

However, n > 0 was arbitrary. It follows that v(¢,Z,7) > 1/2. From (3.5.11) and the

(t,x) periodicity of the function v, one concludes that

max  ou(t,z,y) =1/2. (3.5.13)

z.e=—dt, (z,y)ERXQ
Lastly, from standard parabolic estimates (the coefficients of the parabolic equation
(3.5.10) are independent of ¢) and from the monotonicity of v with respect to t, one
gets that v(t,z,y) — vi(ey) in C3.(Q) as t — + oo, and the functions v, satisfy

loc

V- (AVuy) +qVor+ f(z,y,vx) =0 in
v-AVuy =0 on OS2 (3.5.14)

vy is L— periodic with respect to z,

and 0 < v_ < vy < 1. Integrating the first equation of (3.5.14) by parts over C' and

owing to (3.1.4), one then obtains
/ f('xayvvi) dxdy =0.
c

Since f is nonnegative and continuous over € x [0, 1], it follows that f(z,y,vs) = 0
for all (z,y) € Q. Now, we multiply (3.5.14) by vy and integrate by parts over C. It
follows that
/ Vvi . AVvi = 0.
c

Together with (3.1.3), one gets that vy are constants. Moreover, it follows from (3.5.13)
and from the monotonicity of v that 0 < v_ < 1/2 < v, < 1. The nonlinearity
f = f(z,y,u) is a “ZFK” nonlinearity (satisfying (3.1.5) and (3.1.8)). Consequently,

v_ =0and vy = 1.

Furthermore, the (¢, z) periodicity of the classical solution v of (3.5.10) together
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with the above notes imply that

lim v(t,z,y) =1and lim wv(t,z,y)=0
T-e——+00 Z-e——00
uniformly in y and all directions of R? which are orthogonal to e (in fact, for all y,
a sequence {(z,,y)}, € Q such that x, - e — +00 as n — +00 can be written as
(2, = T, + kn,y) for all n, where Z,, € C and k,, € [1Z X --- LyZ. Thus, k, - e — 400

as T, - € — +oo because the sequence (Z,, - €),, will be bounded. Owing to the above
kn e
notes, one then has v(t,z,,y) = v(t + T,xn,y) — 0 (resp. 1) as ¢, e = —©

(resp. T, - e — +00) locally in ¢ and uniformly in y and all directions of R? which are
orthogonal to e).

Eventually, the function v = v(¢, x,y) is a pulsating travelling front solving (4.1.8)
and propagating with a speed d < ¢*(e) which contradicts the minimality of ¢*(e) in

the “ZFK” case. Therefore, our assumption that ¢*(e) > inf  sup  Ry(s,z,y) is
2= (s,2,5)ERXQ
false and that completes the proof of formula (3.2.9). O

Remark 3.5.2 (About the proof of (3.2.7) in the “combustion” case) If f =
f(z,y,u) is a “combustion” nonlinearity satisfying (3.1.5-3.1.6) and (3.1.7) with an
ignition temperature 6, and whose restriction is C1(Q x [0,1]), we imitate the above
proof of formula (3.2.9) in order to prove formula (3.2.7). However, there will be a
difference in the normalization conditions that we assume on the functions w® and v°

to avoid trivial solutions. In details, we replace the condition max w®(0,z,y) = 1/2
(z,y)EQ

in (3.5.5) by the condition max w®(0,z,y) = 0 and this leads to the condition
(z,y)eQ

max ve(t,x,y) = 0.
z-e=—dt, (t,z,y) ERX Q

Then, using the same gradient estimates (3.5.12) together parabolic regularity results
(R x Q) and

(R x Q)) as g, — 0%, where v will be a classical solution of the same

and uniform parabolic estimates, the functions v — v (weakly in H}.,
2

loc

problem (3.5.10) but with the normalization condition

strongly in L

max “o(t,x,y) = 6.
z-e=—dt, (t,x,y) ERX Q

Thus, v+ will be constants and they will satisfy

V([E,y) eﬁ? f('r7yavzl:) :Oa
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with 0 < v_ < vy < 1. Moreover, the function v(t,x,y) will satisfy (as it was done in
section 5 of [1], equation (5.47))

V(t,2,y) €ERXQ, x-e+dt <0=v(t,z,y) < A FVp(z,y), (3.5.15)

for some positive C*(Q) function @ which is L—periodic with respect to x such that
ming, e @2, y) = ming, =z, y) = 0. Consequently, v(t,z,y) — 0 as t — —oo or
as x - e — —oo (locally in t) uniformly in y and in the directions of R? orthogonal to
e. Thus, v_ = 0.

If vy <0, then the mazimum principle and the normalization condition
MAX, o gy (124 crxa V(2 y) = 0 will yield that v(t, x,y) = 0 in RxQ. However, this
will contradict the fact that v_ = 0. Thus, one should have v, > 0 and f(z,y,vy) = 0.
From (3.1.7), one should have vy = 1.

Eventually, the function v = v(t,z,y) will be a pulsating travelling front solving
(4.1.8) taken with the “combustion” nonlinearity f whose speed equals d < c(e). How-
ever, this will contradict with the uniqueness of the pulsating front (c(e), u) that follows
from Theorem 3.1.5. U

The following result will be needed in the proof of Lemma 3.5.1:

Lemma 3.5.3 Let c € R, a and € be two positive real numbers, and let
S, = (—a,a) x Q@ and T, = 5, \ ({xa} x 9Q).

Assume that f = f(x,y,u) is a nonnegative Lipschitz-continuous nonlinearity defined
on R x Q, which is L—periodic with respect x and such that f = 0 in Q x (—o00,0] U
[1,4+00). Assume, furthermore, that A and q¢ = q(z,y) satisfy (3.1.3) and (3.1.4) re-
spectively. Let ¢ be a solution in C(3,) N 02(/2\;) of

;

Lo + flz,y,0) = 0 in X,

v-A(eps + Viyp) =0 on(—a,a) x 09,

© is L—periodic with respect to x, (3.5.16)
V(z,y) €Q, ¢(—a,,y) =0 and p(a,z,y) = &a,z,y),

| ¢ <@ in X,

where
L#°¢ = (éAé + 5)858 + Va:,y : (Av1’7y) + Vx,y ’ (Aé 85)

+05(6AV,y) + q-Vay + (q-€ — ¢)0s
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is a reqularized elliptic operator, and ¢ = @(s,x,y) is defined over X, such that

(

Lo + flz,y,0) <0 inX,,
v-A(ps + Vuup) =0 on(—a,a) x 09,

(3.5.17)
0 is L—periodic with respect to x,
[ ¢ >0n Yo and @ is nondecreasing with respect to s.
Then, the function ¢ = (s,x,y) is increasing in s and it is the unique solution of

(3.5.16) in C(Sq) N C2(Sy).

Proof. We use, in this proof, the sliding method of Berestycki and Nirenberg [4].
First, let us mention that since f = 0 in Q x (—o0, 0] U [1, +00), then the elliptic
maximum principle and the Hopf lemma yield that 0 < ¢ < 1 in (—a,a) x Q. Fur-
thermore, the maximum principle and the Hopf lemma, applied on the function ¢ — @,
yield that
0 < @(s,2,y) < @(s,z,y) for all (s,2,9) € (—a,a) x Q.

For any A € (0,2a), let ¢* be the function defined by
\V/<S,Jf,y) S E_é) §0>\(87I7y) - QO(S + 2a — )‘7x7y)7

with ¥2 := (—a,—a + \) x Q.
In order to prove that ¢ is increasing with respect to the variable s in 3, it suffices

to prove that
o < in B forall A€ (0,2a). (3.5.18)

Owing to the continuity and the L—periodicity, with respect to x, of the function ¢
and since ¢(—a,.,.) = 0 and ¢(a,.,.) = 1, it follows that (3.5.18) is true for small .

Let us now increase A\ and set
A = sup{\ € (0,2a); ¢ < " in X} forall pec (0,\)} > 0.

To complete the proof, we are going to prove that A* = 2a. Thus, we assume, to the
contrary, that \* < 2a. By continuity, one has ¢ < ¢*" in 2_2* On the other hand,
there exist two sequences A\, \ A" and (S, Zn,Yn) € E_;}n such that ¢(s,, T, Yn) >
©* (8, Tn, Yn). However, ¢ is L—periodic in z. Hence, we can assume that (x,,y,) €
C, and consequently, (Sp, Zn, yn) — (5,%,7) € X2 Passing to the limit as n — 400,
one gets p(5,7,7) = ¢ (5,7,7).

121



Chapter 3. Min-Max formulse for the speeds of pulsating travelling fronts

Let 2(s,2,y) = o(s,z,y) — @™ (s, 2, y) for all ﬂ The function z is nonpositive and
vanishes at the point (S, z, ¢). Since the equation (3.5.16) is invariant under translation
with respect to s and since the function f is Lipschitz-continuous, the nonpositive

function z satisfies

(EAE + €)2z5s + Vauy - (AV,42) + V. (AE2)
+05(AV,y2) +q-Vayz+ (- € =)z, +bz = 0 in %),
v-AVz=0 on(—a,—a + \*) x 09,
(3.5.19)
for some bounded function b = b(s, z,y). Furthermore,

z2(—a,z,y) = —p(a—N"x,y) <0 forall (z,y) e,

because ¢ is continuous and positive on (—a,a) x Q and because \* < 2a. Moreover,
for all (x,y) € Q,

Z(—(J, + )‘*7$7y> = QD(—CL + )\*,x,y> - 95(@71571/)
< p(—a+ N z,y) — @(—a+ N, z,y) (¢ is nondecreasing in s)
<0

after the note mentioned in the beginning of this proof. As a consequence, the point
(5,7,9) where z vanishes lies in (—a, —a + A\*) x Q. But this is ruled out by (3.5.19)

and by referring to the strong maximum principle together with Hopf lemma.
Therefore, \* = 2a, and ¢ is increasing in the variable s in E_é‘*

Let us now turn to the proof of the uniqueness of the solution ¢ € C(Z,) N C2(Z,)
of (3.5.16). Consider two solutions ¢ and ¢'. By arguing as above and sliding ¢" with
respect to ¢, it is found that ¢(s, z,y) < ¢'(s+2a — A\, z,y) for all A € (0,2a) and for
all (s,z,y) € X). Passing to the limit A — 2a, one gets ¢ < ¢ in %,. On the other
hand, sliding ¢ with respect to ¢’, it also follows that ¢’ < ¢ in 3,. Eventually, ¢ = ¢’
and the proof of Lemma 3.5.3 is complete. O

Proof of Lemma 3.5.1. The proof of the estimate (3.5.8) was given in details in
[1] (Lemma 5.11). In fact, this estimate follows after multiplying (3.5.5) by 1, dsw*®,
and Jssw® and then integrating by parts over [—B, B] x C for any B > 0. By passing
to the limit B — 400 in the 3 obtained inequalities, and using the facts d,w® — 0 and
Dssw® — 0 uniformly in (z,y) € Q as s — +oo together with the L—periodicity of the

functions w® with respect to x, one finally obtains the estimate (3.5.8).
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In what follows, we are going to prove the existence of a solution w® of (3.5.5)
for each 0 < ¢ < g9 whenever f is of the “ZFK” type. We mention that there is
only some little differences in proving the existence of the solution w® whenever f is
a “combustion” nonlinearity. We will comment, during this present proof, about these

differences when they exist.

We consider the regularized problem

ewiy(s, x,y) + Law® (s, z,y) + f(z,y,w) =0
in cylinders of the type
Yo ={(s,2,y), —a< s <a, (z,y) € Q},

which are bounded in the variable s. One shall then pass to the limit a — +o0.

Let us fix a > 0. Going back to (3.5.4), we call for each r € R,

Ur(s, 2,y) = U(s — 1 2,y),

for all (s,z,y) € R x Q. It follows from (3.5.4), whose coefficients are independent of

s, that 1, is a super solution for all » € R, in the sense that,

€0sstr(s, ,y) + Labr(s, 2, y) + f(x,y,1) < 0.

Furthermore, for each r € R, the function 1, € E’ since ¢ € E’. In particular, v, is
increasing in s and it satisfies v - A(V, ¢, + €051,) = 0 on R x 0.

Let, for all » € R, h, be the positive constant defined by

0<h,:= min_ ¢.(—a,z,y) <1.
(z,y) €Q

The constant function h, clearly satisfies
e0ssh(s,x,y) + Lah.(s,z,y) + f(z,y, h.) = f(z,y,h.) >0

in R x (), together with v-A(Vyyhy+€0sh,) = 0 on Rx 0. Furthermore, h, < ,(s,z,y)

for all (s, z,y) € 3, since the function 1, is increasing in s € R.
From the general results of Berestycki and Nirenberg [4] (see also Lemma 5.1 in
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[1]), there exists a solution w, € C(X,) N C3(3, \ {£a} x 99Q) of

(0w, + Lgw, + f(x,y,w,) = 0 in X,
v-A(Vyw, + é0sw,) =0 on (—a,a) x 01,
w, is L—periodic with respect to z, (3.5.20)
w,(—a,x,y) = h, and w,(a,z,y) = ¥,(a,z,y) for all (x,y) € Q,

[ 0 < hy Swp(s,2,y) < (s, z,y) < P(s,x,y) < 1forall (s,2,y) € ..

Moreover, Lemma 3.5.3 yields that w, is unique and increasing with respect to s. Lastly,
the same device as in Lemma 5.3 in [1] yields that w, is nonincreasing with respect to r,
and 7+ w, is continuous with respect to 7 in C%(5, \ {+a} x 0Q) (for all 0 < o < 1)
and in C(%,).

Since 0 < h, < w, < ¥, <9 < 1in %, and h, — 1 (resp. ¥, — 0) as r — —o0
(resp. r — +00) there exists a unique 7., € R such that the function w** := w,_,
satisfies (3.5.20) and

max w (0, z,y) = =.
(z,y)EQ 2

(when f is a “combustion” nonlinearity, we put the condition (m;axﬁws’“(O,x,y) =40
x,Y)E

where 6 is the ignition temperature of f, see(3.1.7)).

Fix ¢ in (0, g9] and consider a sequence a,, — +00. From standard elliptic estimates
up to the boundary, it follows that the sequence of functions w®%" converge, up to
extraction of some subsequence, in C:*(R x Q) (for all 0 < a < 1) to a function w*®

solving

( £0ssw® + Lgw® + f(z,y,w®) = 0 in R xQ
v- AV w® +édsw) =0 on R x 09,

(3.5.21)
w® is L—periodic with respect to z,
[ 0 < wi(s,z,y) < ¢(s,z,y) < 1forall (s,2,y) € R x Q,
together with the condition
1
max w(0,z,y) = —. (3.5.22)
(z,y)€Q 2

Furthermore, w* is nondecreasing with respect to s.

(In the “combustion” case, (3.5.22) is replaced by max w®(0,z,y) = ).
(z,y)eQ

From the standard elliptic estimates, and from the monotonicity of w® with respect
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to s, it follows that w® — ¢+ in C**(Q) as s — F00 where the functions ¢, satisfy

V- (AVos)+q-Vor+ f(z,y,¢6+) =0 in Q,
v-AVpL =0 on 0,

¢+ is L—periodic with respect to z,

0<¢_ < ¢y <L

(3.5.23)

Integrating by parts over the periodicity cell C' leads to (due to (3.1.4))

/;f(xvyv ¢:|:) dl’dy = 07

whence f(z,y,¢+) = 0 for all (z,y) € Q by continuity. Now multiply (3.5.23) by ¢
and integrate by parts over C'. It follows that

/ Vo, - AVeyL =0.
Q

Owing to (3.1.3), one then gets ¢4 are constants. The last inequality of (3.5.21) to-
gether with the fact that 1(—oo0,z,y) = 0 uniformly in (z,y) € Q (v € E') imply
that ¢_ = 0 whether in the “ZFK” or in the “combustion” case. Now, if f is a “ZFK”
nonlinearity, then f(z,y,¢,) = 0 yields that ¢4 = 0 or ¢, = 1. The normalization
condition (3.5.22) implies that ¢, = 0 is impossible, and hence, ¢, = 1.

(In the “combustion” case, we note that the normalization condition max, g w(0,2,y) =
0 and the monotonicity of w® in s yield that ¢ > 6. Since f(z,y,¢,) = 0 in €2, then

¢ = 0 or ¢, = 1. The first case would imply, thanks to the maximum principle,
that w® = #. That is impossible because w®(—o0,z,y) = 0 uniformly in (x,y) € Q.

Eventually, ¢, = 1 and w® — 1 uniformly in (z,y) € Q as s — +00).

Let us prove now that, for each 0 < ¢ < &g, the function w® solving (3.5.21) is
increasing in s € R. In fact, it was mentioned above that w® is nondecreasing in
s. Assume, to the contrary, that there exists h > 0 and (sg,xo,%) € R x Q such
that w(so + h,xo,y0) = w°(So, To, Yo). Let z be the nonnegative function defined by
2(s,x,y) == w(s + h,z,y) — w(s,z,y) over R x Q. It follows, from (3.5.21), that z
satisfies
( €042+ Lgz+b(s,z,y)z = 0 in R x Q,

v-A(Vyw® +€0,2) =0 on R x 09,

2>0in R x Q,

k 2(3071707?/0) = Ov
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for some bounded function b = b(s, z,y) € C(R x Q). The elliptic maximum principle
and the Hopf lemma imply that z = 0 in R x Q. In other words, there exists h > 0
such that w®(s, z,y) = w*(s+h,z,y) for all (s, z,y) € R x Q. However, this contradicts
with the fact that w®(—o0,.,.) = 0 and w®(+o0, .,.) = 1. Therefore, w® is increasing in

s and that completes the proof of Lemma 3.5.1. U
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Abstract. In this paper, some properties of the minimal speeds of pulsating Fisher-
KPP fronts in periodic environments are established. The limit of the speeds at the
homogenization limit is proved rigorously. Near this limit, generically, the fronts move
faster when the spatial period is enlarged, but the speeds vary only at the second order.
The dependence of the speeds on habitat fragmentation is also analyzed in the case of
the patch model.

4.1 Introduction and main hypotheses

In homogeneous environments, the probably most used population dynamics reaction-

diffusion model is the Fisher-KPP model [13, 23]. In a one-dimensional space, it cor-
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responds to the following equation

ou 0?u
E—Dﬁﬁtu(u—uu), t>0, zeR (4.1.1)

The unknown u = wu(t,z) is the population density at time ¢ and position z, and
the positive constant coefficients D, 1 and v respectively correspond to the diffusivity
(mobility of the individuals), the intrinsic growth rate and the susceptibility to crowding

effects.

A natural extension of this model to heterogeneous environments is the Shigesada-

Kawasaki-Teramoto model [32],

% = % (aL(a:)%) +u (pp(x) —vp(z)u), t >0, x € R, (4.1.2)

where the coefficients depend on the space variable x in a L—periodic fashion:

Definition 4.1.1 (L-periodicity) Let L be a positive real number. We say that a
function h : R — R is L-periodic if

VzeR, hizx + L) = h(z).
In this paper, we are concerned with the general equation:

ou 0 du
5 = s <aL(x)%> + fr(x,u), teR, xR (4.1.3)

The diffusion term aj, satisfies
ar(z) = a(z/L),

where a is a C*°(R) (with § > 0) 1-periodic function that satisfies
dJ0<ag <ag, Ve eR, o <a(r) < as. (4.1.4)

On other hand, the reaction term satisfies fr(z,-) = f(x/L,-), where f := f(z,s)
R x R, — R is 1-periodic in z, of class C'? in (z, s) and C? in s. In this setting, both

ar, and fr are L-periodic in the variable x. Furthermore, we assume that:

VeeR, f(z,0)=0,
AM>0,Vs>M, VxeR, f[f(x,s) <0, (4.1.5)
VzeR, s f(z,s)/sis decreasing in s > 0.
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Moreover, we set

p(z) == lim f(z,s)/s,

s—0t

and

(@) i= Tim fo(w,s)/s = (7).

s—0t L
The growth rate p may be positive in some regions (favorable regions) or negative in
others (unfavorable regions).

The stationary states p(x) of (4.1.3) satisfy the equation

0 op
— — ,p) =0, zeR. 4.1.6
() + e =00 (1.16)
Under general hypotheses including those of this paper, and in any space dimension, it
was proved in [4] that a necessary and sufficient condition for the existence of a positive
and bounded solution p of (4.1.6) was the negativity of the principal eigenvalue p; 1, of

the linear operator
Lo: & —(ap(x)®) — pp(x)®,

with periodicity conditions. In this case, the solution p was also proved to be unique,
and therefore L-periodic. Actually, it is easy to see that the map L +— p; 1 is nonin-

creasing in L > 0, and even decreasing as soon as a is not constant (see the proof of
1

Lemma 4.3.1). Furthermore, p; ;, — —/ p(z)dx as L — 0%, In this paper, in addition

0
to the above-mentioned hypotheses, we make the assumption that

/l,u(x)dx > 0. (4.1.7)

This assumption then guarantees that
VL>0, p<0,

whence, for all L > 0, there exists a unique positive periodic and bounded solution
pr, of (4.1.6). Notice that assumption (4.1.7) is immediately fulfilled if p(x) is positive
everywhere.

In this work, we are concerned with the propagation of pulsating traveling fronts
which are particular solutions of the reaction-diffusion equation (4.1.3). Before going

further on, we recall the definition of such solutions:

Definition 4.1.2 (Pulsating traveling fronts) A function v = w(t,z) is called a
pulsating traveling front propagating from right to left with an effective speed ¢ # 0, if
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u s a classical solution of:
([ Ou 0O ou
%= e <aL(x)%> + fr(z,u), teR, zeR,
kL
VkeZ,V(t,z) €e R x R, wu(t+ 7,9&) = u(t,x+ kL), (4.1.8)

0 < u(t,z) < prlx),
lim w(t,z) =0and lm u(t,z)—pr(x) = 0,

\ T——o© r— +00

where the above limits hold locally in t.

This definition has been introduced in [31, 32|. It has also been extended in higher
dimensions with p; = 1 in [1] and [35], and with p;, # 1 in [5].

Under the above assumptions, it follows from [5] that there exists ¢j > 0 such that
pulsating traveling fronts satisfying (4.1.8) with a speed of propagation ¢ exist if and
only if ¢ > ¢;. Moreover, the pulsating fronts (with speeds ¢ > ¢}) are increasing in
time ¢. Further uniqueness and qualitative properties are proved in |14, 15]. The value
¢} is called the minimal speed of propagation. We refer to 2, 3, 11, 18, 25, 27, 28, 34| for
further existence results and properties of the minimal speeds of KPP pulsating fronts.
For existence, uniqueness, stability and further qualitative results for combustion or
bistable nonlinearities in the periodic framework, we refer to [6, 7, 12, 16, 17, 19, 24,
26, 35, 36, 37, 38|.

In the particular case of the Shigesada et al model (4.1.2), when a(z) = 1, the
effects of the spatial distribution of the function p; on the existence and global sta-
bility of a positive stationary state p; of equation (4.1.2) have been investigated both
numerically [30, 31] and theoretically [4, 8, 29]. In particular, as already noticed, en-
larging the scale of fragmentation, i.e. increasing L, was proved to decrease the value of
p1,.- Biologically, this result means that larger scales have a positive effect on species
persistence, for species whose dynamics is modelled by the Shigesada et al model.

The effects of the spatial distribution of the functions a; and gy on the minimal
speed of propagation c¢; have not yet been investigated rigorously. This is a difficult
problem, since the known variational formula for ¢ bears on non-self-adjoint operators,
and therefore, the methods used to analyze the dependence of p; ; on fragmentation
cannot be used in this situation. However, in the case of model (4.1.2), when ay = 1,
v, = 1 and pr(z) = p(x/L), for a l-periodic function p taking only two values,
Kinezaki et al [22] numerically observed that ¢j was an increasing function of the
parameter L. For sinusoidally varying coefficients, the relationships between ¢} and

L have also been investigated formally by Kinezaki, Kawasaki, Shigesada [21]. The

132



4.2. Main results

case of a rapidly oscillating coefficient ar(x), corresponding to small L values, and the
homogenization limit L — 0, have been discussed in [19] and [38] for combustion and
bistable nonlinearities f(u).

The first aim of our work is to analyze rigorously the dependence of the speed
of propagation ¢; with respect to L, under the general setting of equation (4.1.3),
for small L values. We determine the limit of the minimal speeds ¢} as L — 07
(the homogenization limit), and we also prove that near the homogenization limit,
the species tends to propagate faster when the spatial period of the environment is
enlarged. Next, in the case of an environment composed of patches of “habitat" and
“non-habitat", we consider the dependence of the minimal speed with respect to habitat

fragmentation. We prove that fragmentation decreases the minimal speed.

4.2 Main results

In this section, we describe the main results of this paper. Unless otherwise men-
tioned, we make the assumptions of Section 4.1. The first theorem gives the limit of

¢} as L goes to 0.

Theorem 4.2.1 Let ¢} be the minimal speed of propagation of pulsating traveling
fronts solving (4.1.8). Then,

lim ¢} =2/<a>g <p>a4, (4.2.1)
L—0+

where

-1

1 1
<p>a = / p(x)ds and <a>y = (/ (a($))_1dx> = <al>y!
0 0

denote the arithmetic mean of u and the harmonic mean of a over the interval [0, 1].

Formula (4.2.1) was derived formally in [33] for sinusoidally varying coefficients.
Theorem 4.2.1 then provides a generalization of the formula in [33| and a rigorous

analysis of the homogenization limit for general diffusion and growth rate profiles.

Remark 4.2.2 The previous theorem gives the limit of ¢; as L — 0 when the space
dimension is 1. Theorem 3.3 of El Smaily [11] answered this issue in any dimensions N,
but under an additional assumption of free divergence of the diffusion field (in the
one-dimensional case considered here, this assumption reduces to da/dx = 0 in R).
Lastly, we refer to [6, 7, 16] for other homogenization limits with combustion-type

nonlinearities.
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Our second result describes the behavior of the function L — ¢}, for small L values.

Theorem 4.2.3 Let ¢} be the minimal speed of propagation of pulsating traveling
fronts solving (4.1.8). Then, the map L — ¢} is of class C* in an interval (0, Lo)

for some Ly > 0. Furthermore,

dct
li L_0 4.2.2
Lot dL (4.2.2)
and »
cr
—~>0. 4.9.
ooz~ =0 123

Lastly, v > 0 if and only if the function

ol +<a>H
<U>4 a

15 not identically equal to 2.

Corollary 4.2.4 Under the notations of Theorem 4.2.3, it follows that if a is constant
and (o 1s not constant, or if u is constant and a is not constant, then v > 0 and the

speeds cj are increasing with respect to L when L 1is close to 0.

Remark 4.2.5 The question of the monotonicity of the map L — ¢} had also been
studied under different assumptions in [11] (see Theorem 5.3). The author answered
this question for a reaction-advection-diffusion equation over a periodic domain 2 C
RY, under an additional assumption on the diffusion coefficient (like in Remark 4.2.2,
this assumption would mean again in our present setting that the diffusion coefficient
a(x) is constant over R). Our result gives the behavior of the minimal speeds of propa-
gation near the homogenization limit for general diffusion and growth rate coefficients.
The condition v > 0 is generically fulfilled, which means that, roughly speaking, the
more oscillating the medium is, the slower the species moves. But the speeds vary
only at the second order with respect to the period L. Based on numerical observa-
tions which have been carried out in [21] for special types of diffusion and growth rate

coefficients, we conjecture that the monotonicity of ¢} holds for all L > 0.

Lastly, we give a first theoretical evidence that habitat fragmentation, without
changing the scale L, can decrease the minimal speed ¢*. We here fix a period Ly > 0.
We assume that a = 1, and that pr, := p, takes only the two values 0 and m > 0,

and depends on a parameter z. More precisely:

There exist 0 < z and [ € (0, Ly) such that I + z < Ly,
p,=mon [0,1/2)U[l/2+ 2,1+ z), (4.2.4)
. =0on [1/2,1/2+ 2) Ul + z, Lo).
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po(z) Hz (1' )

3 5+z Itz L

Figure 4.1 — The Ly-periodic function = — p.(z), (a): with z = 0; (b): with z > 0.

With this setting, the region where p, is positive, which can be interpreted as “habitat"
in the Shigesada et al model, is of Lebesgue measure [ in each period cell [0, Lo|. For
z = 0, this region is simply an interval. However, whenever z is positive, this region is
fragmented into two parts of same length /2 (see Figure 4.1). Our next result means

that this fragmentation into two parts reduces the speed c*.

Theorem 4.2.6 Let c; be the minimal speed of propagation of pulsating traveling fronts
solving (4.1.8), with ar, = 1 and pp, = p. defined by (4.2.4). Assume that | €
(3Lo/4, Ly). Then z — ¢ is decreasing in [0,(Lo — [)/2], and increasing in (Lo —
1)/2, Lo —1].

Remark 4.2.7 Note that, whenever z > (Lg — [)/2, the two habitat components in
the period cell [I/2 4 z, Ly + 1/2 + z] are at a distance smaller than (Lo — [)/2 from
each other. In fact, Theorem 4.2.6 proves that, when z varies in (0, Lo — 1), ¢} is all
the larger as the minimal distance separating two habitat components is small, that is

as the maximal distance between two consecutive habitat components is large.

Remark 4.2.8 Here, the function u, does not satisfy the general regularity assump-
tions of Section 4.1. However, ¢} can still be interpreted as the minimal speed of prop-
agation of weak solutions of (4.1.8), whose existence can be obtained by approaching

1, with regular functions.

The main tool of this paper is a variational formulation for ¢} involving elliptic
eigenvalue problems which depend strongly on the coefficients a and f. Such a formu-
lation was given in any space dimension in [3| in the case where the bounded stationary
state p of the equation (4.1.3) is constant, and in [5] in the case of a general nonconstant

bounded stationary state p(x).
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4.3 The homogenization limit: proof of Theorem 4.2.1

This proof is divided into three main steps.

Step 1: a rough upper bound for ¢j. For each L > 0, the minimal speed ¢} is pos-

itive and, from [5] (see also [3]| in the case when p = 1), it is given by the variational

formula KAL) k(L)
* : ) o L»
cp =min —— = N (4.3.1)

where A} > 0 and, for each A € R and L > 0, k(\, L) denotes the principal eigenvalue
of the problem

(aL¢;7L)/ + 2)\&L¢S\,L + /\ale)\,L + )\2@L¢)\,L + /LL@D)\7L = /{?()\, L)w)\,L n R, (4‘3.2)

with L-periodicity conditions. In (4.3.2), ¢, 1 denotes a principal eigenfunction, which
is of class C?°(R), positive, unique up to multiplication by a positive constant, and
L-periodic. Furthermore, it follows from Section 3 of [5] that the map A\ — k(\, L)
is convex and that g—];((), L) = 0 for each L > 0. Therefore, for each L > 0, the map
A = k(A, L) is nondecreasing in R, and

YA>0,VL>0 KAL) >k0,L)=—ps>0 (4.3.3)

under the notations of Section 4.1.

Multiplying (4.3.2) by ¢, 1 and integrating by parts over [0, L], we get, due to the
L-periodicity of ar, and 9, , :
L L ) L L
kD) [ ite== [ 0 [t [ ik,
0 0 0 0

for all A > 0 and for all L > 0. Consequently,
YA>0,VL>0k(\L) <Nay+ uu, (4.3.4)

where

ay = r?gﬂica(x) >0 and py = rgggu(:p) > 0.

Using (4.3.1), we get that

VL> 0, 0< CE < 2\/aM,uM. (435)
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Step 2: the sharp upper bound for ¢j. For any A > 0 and L > 0, consider the

functions
oar(x) == e’\ww,\,L(x), z € R.

Since 1 1, is unique up to multiplication, we will assume in this step 2 that

]ﬁ P (@)de = 1. (4.3.6)

The above choice ensures that

2
0

2 2
/¢hmm§/¥W@@M:/whmmzl (4.3.7)
0 0

We are now going to prove that the families (¢ 1) 1 and (¢ 1) remain bounded
in H'(0,1) for L small enough and as soon as A stays bounded. For each L > 0, we
call

M, =[1/L]+1€N,

where [1/L] stands for the integer part of 1/L. Multiplying (4.3.2) by 1, 1 and inte-
grating by parts over [0, My L], we get that

My L 9 My L My L My L
—/ ar\ 1 +/ >\2aL¢,2\,L+/ s = k(A L)/ UL
0 0 0 0

Using (4.1.4), (4.3.3) and (4.3.4), it follows that

wmro g ) ML
og/ VAL ga—x()\ aM+uM)x/ V3L
0 0

1

Since 1 < ML <1+ L for all L > 0, we have that 1 < M;L <2 for all L < 1. Thus,
forall 0 < L <1,

1 ) ML ) ML 2
2 2
/ @/Ji\,L S/ WA,L and/ ¢A,L S/ wA,LS 1
0 0 0 0

from (4.3.7). It follows now that

Nayr + por
(05} .

1
vx>mvo<Lg1,/ﬂAf§ (4.3.8)
0

From (4.3.7) and (4.3.8), we conclude that, for any given A > 0, the family (¥ )o<a<a, 0<r<1
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is bounded in H'(0,1). On the other hand,

90/,\,L<37) = Aoar(x) + 6”%\@(37)-
Owing to (4.3.6) and (4.3.8), we get:

VA>0,VL<1, [|¢h,llzon < Aleacllzon +e v ollzzon
————

<1

4.3.9
Nay + por ( )
< )\—I—e)‘ X —_—
< o

From (4.3.6) and (4.3.9), we obtain that, for any given A > 0, the family (5 1)o<a<a, 0<r<1
is bounded in H'(0,1) and that the family (a¢) ;)o<r<a, 0<r<1 is bounded in L*(0,1)
(due to (4.1.4)). Moreover,

(aLgo’A’L)/ = Nage*™ Py + 2 ape* ™Y, + Aape* Py + el s €A$GL¢K7L-
Multiplying (4.3.2) by e**, we then get
(arphr) + mroas = k(A L)paz in R. (4.3.10)

Let
() = aL@)@&,L@)

for all A > 0, L > 0 and z € R. Pick any A > 0. One already knows that the family

(Ua.1)o<r<a, 0<z<1 is bounded in L?(0,1). Furthermore,
Ui+ ipar = k(A L)paz in R. (4.3.11)

Notice that the family (k(\, L))o<a<a, o<r<1 is bounded from (4.3.3) and (4.3.4). From
(4.3.6) and (4.3.11), it follows that the family (v} ;)\, ., is bounded in L*(0,1).

Eventually, (var)o<x<a, 0<z<1 is bounded in H'(0,1).

Pick now any sequence (L, )nen such that 0 < L, <1 for alln € N, and L, — 0"
as n — +00. Choose any A > 0 and any sequence (\,)en of positive numbers such
that A\, — A as n — +00. We claim that

E(An,Ly) = AN <a>p + <pu>4 asn — +oo, (4.3.12)
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1 1
where <a>p= (/ (a(x))ld:v) and <p>a= / p(x)dz. To do so, call
0 0

Yo = Ur, > Pn = ©r,,L, a0d v, = Uy, L.

It follows from the above computations that the sequences (¢,) and (v,) are bounded

in H'(0,1). Hence, up to extraction of a subsequence,
¥, — 1 and v, — w as n — +o0,

strongly in L?(0, 1) and weakly in H'(0,1). By Sobolev injections, the sequence (1) is
bounded in C%'/2(]0,1]). But since each function v, is L,-periodic (with L, — 0%), it
follows from Arzela-Ascoli theorem that 1) has to be constant over [0, 1]. Moreover, the
boundedness of the sequence (k(A,, Ln)),, oy implies that, up to extraction of another
subsequence,

k(An, L) = k(\) € R as n — +o0.

We denote this limit by k()), we will see later that indeed it depends only on A. It
follows now, from (4.3.11) after replacing (A, L) by (A, L,,) and passing to the limit as
n — 400, that

W < p>4 P = kE(A\)e ae. in (0,1).

Notice indeed that u; —<pu>4 as L — 07 in L?*(0,1) weakly. Meanwhile,

U _ ,
@l = ey, + e = -~ <a7t >, was n — +oo, weakly in L*(0, 1),
a

n

1
where <a™!> 4= / (a(z))"'dz. Thus, we obtain
0

w=<a"'>7' XM =<a>y AP,

Consequently,

M <a>y U+ <p>a =Kk

Actually, since the functions 1, are L,-periodic (with L, — 07) and converge to the
constant ¢ strongly in L?(0,1), they converge to ¢ in L? (R). But

2 2 2
2 4\, 2 a4M 2
1=/son3e /wHSe /wn,
0 0 0
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where M = sup, .y A,. Hence, 1 # 0 and
N <a>g + <p>a= k(). (4.3.13)

By uniqueness of the limit, one deduces that the whole sequence (k(\,, L,,))nen con-
verges to this quantity k(\) as n — 400, which proves the claim (4.3.12).

Now, take any sequence L,, — 07 such that ¢j — limsup;_,+ ¢} as n — +o0. For
each A\ > 0 and for each n € N, one has

kO L)
k < )
cr, < 3
from (4.3.1), whence
k(X
limsupc; = lim ¢ < k() =A<a>pg +<H>A.
L—0+ n—+oo " A A
Since this holds for all A > 0, one concludes that
limsupc; < 2v/<a>pg <p>a. (4.3.14)

L—0t

Step 3: the sharp lower bound for cj. The aim of this step is to prove that

liminfc; > 2¢/<a>p <p>a
L—0t

which would complete the proof of Theorem 4.2.1.

For each L > 0, the minimal speed ¢} is given by (4.3.1) and the map (0, +00) >
A= k(X L)/ attains its minimum at A} > 0.We will prove that, for L small enough,
the family (%) is bounded from above and from below by A > 0 and A > 0 respectively.

Namely, one has

Lemma 4.3.1 There exist Ly and 0 < A < X\ < 400 such that

A <A <X forall 0<L< L.

The proof is postponed at the end of this section. Take now any sequence (L),
such that 0 < L,, < L for all n, and L, — 0" as n — +oo. From Lemma 4.3.1, there

exists A* > 0 such that, up to extraction of a subsequence, A7 — A" as n — +00. One
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also has

FOLL L) R <>
)\zn nj_m It =N"<a>g + e

cr, = >2y/<a>g <p>4

from (4.3.12) and (4.3.13). Therefore, liminf; o+ ¢ > 2,/<a>p <p>4. Eventually,

lim ¢ =2/<a>g <u>
L_>0+L \/ H <=4

and the proof of Theorem 4.2.1 is complete. OJ

Proof of Lemma 4.3.1. Observe first that, for A = 0 and for any L > 0, k(0, L) is

the principal eigenvalue of the problem

(ardy) + pror = k(0,L)¢y in R,

and we denote ¢, = 1 1 a principal eigenfunction, which is L-periodic, positive and
unique up to multiplication. In other words, k(0, L) = —p;  under the notations of
Section 4.1. Dividing the above elliptic equation by ¢; and integrating by parts over
[0, L], one gets

1 (Pap¢y®

OD=1 ), &

1
—I—/ p(z)der > <p>4 > 0.
0

On the other hand, as already recalled, %(0, L) = 0 and the map A — k(\, L) is convex
for all L > 0. Therefore,

VA>0,VL>0 k(\L) > k(0,L) > <pu>4> 0.

Assume here that there exists a sequence (L, )nen of positive numbers such that
L, — 0% and A} — 0" as n — +o00. One then gets

k(Xy . L, <>
= (L" >2 H A—>+ooasn—>+oo.
" AL, AL,

This is contradiction with (4.3.14). Thus, for L > 0 small enough, the family (A}),
is bounded from below by a positive constant A > 0 (actually, these arguments show

that the whole family (A} )¢ is bounded from below by a positive constant).

It remains now to prove that (A} )y is bounded from above when L is small enough.

We assume, to the contrary, that there exists a sequence L, — 07 as n — +oo such
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that \} — +oo as n — +oo. Call

*

kn =k(AL,, Ln), n(x) = tbr; 1, (2) and @n(z) = @x; 1, (2) = ey (2)

for all n € N and z € R. Rewriting (4.3.10) for A = A} and for L = L,, one
consequently gets
VneN, (ap,¢)) + pr,on = knpn in R. (4.3.15)

Owing to the positivity and the L,-periodicity of the C*(R) eigenfunction 1,,, it follows
that
VneN, 36,€l0,L,], ¥n(b,)= mgﬁi“/}"( r) = max ,(r),

2€[0,Ln]

whence

VneN, 4 (6,) = 0.

For each n € N, let My, = [1/L,] + 1 € N. Thus,
VneN, (0 + Mg, Ly) = A}, e inOntMealnly, (4.

Multiplying (4.3.15) by ¢, and integrating by parts over the interval [0, 6,, + M}, L,],
one then obtains

aLr, (en + My, Ln)@%(en + My, Ln)SOnwn + My, Ln) —ar, (9n>90;(9n)90n(9n)

A(n)
9n+MLn Ln 9 97L+MLn Ln 9 9n+MLn Ln 9
/ —
—/ aL, P +/ ML P = k'n/ P
N 0n J/ N 071 J/ 9”
B(n) C(n)

(4.3.16)
But, for each n € N, My € N while ay, and v, are L,-periodic. Hence, aLn(Qn +

My, Ly) = ar, (0n), Yu(0n + My, Ly) = ¢n(0,), and (0, + My, Ln) = ,(0,) =
Then,

Am) = ar, (0N, 02(6,) (i Min En) _ 200,00)
061

y 4.3.17
> )\*L w (0,)e 2X; (On+My,, Ln) (o > 0 is given by (4.1.4)), ( )

2X, MinLn (

whenever n is large enough so that 2 < e remember that \; ~— +oo as
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n — +o00o, by assumption). Meanwhile, for all n € N,

en“l‘MLn Ln
Cn)| < /

where fio = max,eg |p(z)|. On the other hand, (4.3.1) and (4.3.5) yield

M(Li)

n

€2>\znxwz(1‘)dw S /-LOO X M X 62A*Ln(9n+MLnLn)7
2);
(4.3.18)

kn S 2\/ ap by X )\*Ln

for all n € N, whence

en"l‘MLn Ln 6n+MLn LTL
kn/ w2 = kn/ e in® 2 (z)dx
On, 0,
S A/ Apn ar X ¢%(0n) X 62)\271 (0n+MLnLn)‘

(4.3.19)

Now, the term B(n) can be estimated as follows

Mg,
B(n) = LZ ’ +(]+1)Ln a 62/\an (w/ (.T) + )\* w (:C))de
- . Ln n Ln n
j=0 On+jLn
MLn_l

Z x;, Oution [T A 2
Q2 € (W (z) + A, ¥n(2))” do [from (4.1.4)]
Ontiln

MLn—l

Z vy €in On+ (1) Ln) / L(@D;(l’)+)\*n¢n(x))2dx
0

7=0

since 1, is L,-periodic. One has

/0 ) + AL e@) e < 9200) / - (zgg N A) .

We refer now to equation (4.3.2). Taking A = A} , dividing this equation (4.3.2) by
the L,-periodic function ¢, and then integrating by parts over the interval [0, L,,], we

Ly w/ 2 Ln wl Ly Ln
/ CLLH (_n> —I— 2)\*n / (an + )\ / aLn —f-/ [,I,Ln = knLn
0 wn 0 % 0 0

get
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Chapter 4. Homogenization and influence of fragmentation

for all n € N. Thus,

Ln / 2 Ln
/ (— + A7 ) +/ pr, = knLn < 2y/anpinr X Ap, L
0 wn 0

>0
Owing to (4.1.4), it follows that
' 2
2/
VneN, / (z Ty ) < VOMIM \s L.
0 n aq

Putting the above result into B(n), we obtain, for all n € N,

ML —1
20 /an i ~

< RO L (0) ) 0ot

aq

B(n)

20}, LoMp, _ q

_ 2OV L (0)eP ) 5 €
(0%} " "

22 Ln _

e (4.3.20)

* 2)\7 Ln

200 /anfim 2 AL, Lne™in 2X},, (On+Mp,, Ln)

S ——————— X (On) X G X € "
a1 e nln 1

< B x wi(en)e2/\zn(9n+MLn Ln) ()‘*LnLn + 1)7

where [ = (2a2w/aMuM/a1) x C and C'is a positive constant such that

.1'621

Vx>0, 5
ex

1§C><(a:—|—1).

Lastly, let us rewrite equation (4.3.16) as
(7] +MLnLn
VneN, A(n)+C(n)—kn/ 2 = B(n).
On

Together with (4.3.17), (4.3.18), (4.3.19) and (4.3.20), one concludes that there exists
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4.3. The homogenization limit: proof of Theorem 4.2.1

ng € N such that for n > ny,

2
% X *L 1#721(0”)62/\2”(9”4']\4&/1 Ln) _ ,uoo X % X 62)‘2n(9n+MLnLn)
Ly
— fantfing X Y2 (0p) € in Ot M Ln) (4.3.21)

< B x ¢i(0n)62Azn(9n+MLn Ln) « ()\ann + 1)‘

Divide (4.3.21) by Xj 12 (6,,)e* in OntMin L) Then

o3 Hoo anpm 1
Vn> — - — < L, :

Passing to the limit as n — +o0, one has L, — 0% and A} — 400, whence a; <0,

which is impossible.

Therefore the assumption that \j — 400 as L, — 07 is false and consequently
the family (\;), is bounded from above by some positive A > 0 whenever L is small
(i.e. 0 < L < Ly). This completes the proof of Lemma 4.3.1. U

Remark 4.3.2 From Theorem 4.2.1, one concludes that the map (0, +00) 3 L +— ¢}
can be extended by continuity to the right at L = 0. Furthermore, for any sequence

(Ly,)n of positive numbers such that L,, — 07 as n — +o00, one claims that the positive

numbers A} given in (4.3.1) converge to \/<a>1_{1<M>A = \/<cr1 >A<[L>4 as

n — +oo. Indeed

VneN, ¢ =—7"—-
n )\Ln

and Lemma 4.3.1 implies that, up to extraction of a subsequence, A7 — A* > 0.

Passing to the limit as n — +o0 in the above equation and due (4.3.13) together with

Step 2 of the proof of Theorem 4.2.1, one gets

(A) <H>Aa

2\/<Q>H</L>A: v = \* <a>g + PO

=

whence \* = \/ <a>;{1< (> 4. Since the limit does not depend on any subsequence,

one concludes that the limit of A}, as L — 07, exits and

Jim A = \/<a>1_{1<u>,4 = \/<a 1> <pu>4.
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Chapter 4. Homogenization and influence of fragmentation

The sharp lower bound of liminf; .4+ ¢j from the homogenized equation. In
the following, we are going to derive the homogenized equation of (4.1.3), which will
lead to the sharp lower bound of liminf; .o+ ¢j. However, to furnish this goal we will
only consider for the sake of simplicity a particular type of nonlinearities among those
satisfying (4.1.5). In fact, the following ideas can be generalized to a wider family of
nonlinearities which satisfy (4.1.5), but the proof requires technical extra-arguments
which will be the purpose of a forthcoming paper.

For each L > 0, let uy, be a pulsating travelling front with minimal speed cj for the

reaction-diffusion equation

( OJuy, 0 ouy, x
—L = =t z teR, xR
ot ox (aL(x) Ox > +M(L>g(uL)’ €x TeR
L
V(t,z) e RxR, 0 <ur(t+ —,x) =ur(t,z+ L) <1, (4.3.22)
‘L
lim ug(t,z) =0and lim wug(t,z) =1,
\ T——00 r—+00

where ar(z) = a(z/L), a is a C**(R) 1-periodic function satisfying (4.1.4), p is a
C™(R) positive 1-periodic function and g is a C?(R,) function such that g(0) =
g(1) = 0 and u — g(u)/u is decreasing in (0,+00). Up to a shift in time, one can

assume that .
VL >0, // ur(t,x)dtde = =. (4.3.23)
(0,1)%(0,1) 2

For each L > 0, set fr(z,u) := f(z/L,u) = p(x/L)g(u). In this setting, there holds
pr = 1. From standard parabolic estimates, each function u; is (at least) of class
C?*(R x R). Denote

vr(t,x) = aL(:U)%(t,x) and wr(t,z) = %(t,x) in RxR.
Ox ot
As already underlined, it follows from [1] that wy = 2% > 0 in R x R for each L > 0.
Under the notations of the beginning of this section, it follows from (4.1.4) and (4.3.2)
that k(\, L) > A2y + p,, for all L > 0 and A € R, where p,, = ming u > 0. Hence,
¢y > 2y/aifiy, for each L > 0 and liminf; o+ ¢} > 2\/aqpiy, > 0.

We shall now establish some estimates for the functions uj, v;, and w; which are
independent of L, in order to pass to the limit as L — 0. Notice first that standard
parabolic estimates and the (¢, z)-periodicity satisfied by the functions uy, imply that,
for each L > 0, ur(—o00,x) = 0 and ur(4+o0,z) = 1 in C}_(R), and wz(Fo00,z) = 0 in
Cho(R).

Let £ € N\{0} be given. Integrating the first equation of (4.3.22) by parts over
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4.3. The homogenization limit: proof of Theorem 4.2.1

R x (=kL, kL), one obtains

VL > 0, // F(Z uy) dtde = 2kL. (4.3.24)
(—kLkr) L

Multiplying the first equation of (4.3.22) by wu; and integrating by parts over R x
(—kL,kL), one then gets

2
VL >0, kL = —// ar(z) <8ﬂ> dt dz + // FOE up)uy dt de.
Rx(—kL,kL) Ox Rx (—kL,kL) L
(4.3.25)

Notice that the last integral in (4.3.25) converges because of (4.3.24) and 0 < f(x/L,ur)ur, <
f(z/L,ur). Together with (4.1.4), one concludes that for each L > 0, the first integral
in (4.3.25) converges and

2
VL > 0, // (%> dtdz < *L.
Rx(—kL,kL) Ox Qq

Multiply the first equation of (4.3.22) by 2% and integrate by parts over Rx (—kL, kL).

Since

// g(a (x)%)%__l/ 9 a(@(%)z —0
Rx(—kL,kL) Ox g Ox ot 2 Rx(—kL,kL) ot b Ox ’

one obtains that

our\ 2 x ! !
VL >0, — | dtdx = F(=,1)dx=2kLx | pux [ g,
Rx(—kLkL) \ Of (—kLkr)y L 0 0

(4.3.26)
where F'(y, s fo 7)dr. Tt follows from the above estimates that for each compact
subset K of R,

Vo< L <1, //RK [(8“L) + (%)1 dt dz < O(K), (4.3.27)

where C'(K) is a positive constant depending only on K.

In particular, for each compact K of R and for each L > 0, ||wp||r2@xx) < /C(K).
Now, differentiate the first equation of (4.3.22) with respect to ¢ (actually, from the

147



Chapter 4. Homogenization and influence of fragmentation

regularity of f, the function wy is of class C? with respect to x). There holds

de B 0 8wL €T, , .
5t = op (%(@W) + M(z)g (ug)wy in R xR

Multiply the above equation by w; and integrate by parts over R x (—kL, kL). From
(4.1.4) and (4.3.26), it follows that

2
// <3wL) dtde < 2kLn
Rx(—kL,kL) Ox aq

where 7 is the positive constant defined by

= max u(x) max maXFxl > // up)w? dtdx > 0.
0= maeae) sl max P01 > g [
Then, for each compact K C R, there exists a constant C'(K) > 0 depending only on

K such that
ow L

2
VO < L<l, // (—) dt dz < C'(K). (4.3.28)
Rxi \ OT

Let (Ln)nen be a sequence of real numbers in (0, 1) such that L, — 0 and ¢ —
liminf, o+ ¢ > 0 as n — 4o0. It follows from (4.3.27) and the bounds 0 < uy, <1
that there exists ug in H} (R x R) such that, up to extraction of a subsequence,

ur, — ug strongly in L? (R x R) and almost everywhere in R x R, and

(auL" —auL”) (% %) weakly in L

5% Oa 55 ie(R X R) as n — +o0.

Remember that vy, =ay, 63? and 0 < oy < ay, < ay for each n € N. Thus, (4.3.27)

yields that for each compact K of R and for each n € N, |[vg, |[r2@x i) < a2C(K).
Furthermore, (4.3.22) implies that

ov Ln ou Ln

Vn e N
nE,ax

—f( L,) in R xR,

while 0 < f(z/Lyn,ur,(t,7)) < kin R x R where £ = maxg ¢t X maxjgg > 0 is
independent of n. Together with (4.3.27), one concludes that the sequence (%)%N
is bounded in L} (R x R). On the other hand, L” =ar, 8ataan = ar, 2% Owing to
(4.1.4) and (4.3.28), the sequence (8& Jnen 1S bounded in L2 (RxR). Consequently, up

to extraction of another subsequence, there exists vy € H. (R x R) such that vy, — vg
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4.3. The homogenization limit: proof of Theorem 4.2.1

strongly in L? (R x R) and

loc

Ovg, Ovp, dvg vy 72
( 5% B ) (8t e ) weakly in L; (R x R) as n — +00.

However, a;' =< a™' >,=<a >} in L®(R) weak-* as n — +oc0. Thus,

our, vy, (2
—n = weakly in L7 (R x R) as n — +oo.
8m ar, <a>py y loc( )

By uniqueness of the limit, one gets vg =< a >g 2. Passing to the limit as n — +o00

in the first equation of (4.3.22) with L = L,, 1mphes that ug is a weak solution of the

equation
8u0 (‘)vg @2100 . /
Wza_+<u>Ag<u0) =<a>g 8x2+<u>Ag(u°) in D'(R x R).
From parabolic regularity, the function ug is then a classical solution of the homogenous
equation
0 0y
5;0 =<a>g pe 2+<M>A g(up) in R x R,
such that 0 < up < 1 and 22 > 0 in R x R. Lastly, ff 2u0 (t,z) dt dz = § from

(4.3.23). On the other hand, 1t follows from the second equatlon of (4.3.22) and (4.3.27)
that
Vy e R, wup(t+ z,x) =up(t,z +v) in R xR,
c

where ¢ = liminf; o+ ¢; = lim, ¢} > 0. In other words, uo(t,z) = Uy(z + ct),

where Uy is a classical solution of the equation
cUj=<a>g U+ <pu>49U), 0<Uy<1 inR (4.3.29)

that satisfies U) > 0 in R and

1 cs+1 1
JRVARDLES

Standard elliptic estimates imply that Uy converges as s — 400 in C?

stants U™ € [0, 1] such that < pu >4 g(Uy) = 0, that is g(Uy) = 0. The monotonicity
of Uy and the assumption on ¢ imply that U, = 0 and U;” = 1. In other words, Uy is a

(R) to two con-

usual travelling front for the homogenized equation (4.3.29) with speed ¢ and limiting

conditions 0 and 1 at infinity. Since the minimal speed for this problem is equal to
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Chapter 4. Homogenization and influence of fragmentation

2y/< a >p< p >4, one concludes that

liLm%chz =c>2y<a>g< p >4
—

4.4 Monotonicity of the minimal speeds ¢} near the

homogenization limit

This section is devoted to the proof of Theorem 4.2.3. Before going further in the
proof, we recall that for each L > 0, the minimal speed ¢} is given by the variational

formula k(ML) k(XS L)
* . ) _ L
¢ = min =5 = =

where A} > 0 and k(\, L) is the principal eigenvalue of the elliptic equation (4.3.2).
Notice that k(\, L) can be defined for all A € R and L > 0.

Step 1: properties of k(\, L) and definition of l;:()\7 L). The principal eigenfunction

¥y of (4.3.2) is L-periodic, positive and unique up to multiplication. Denote

daL(x) = ¥a(Lr)

forall L >0, A € R and 2 € R. Each function ¢,  is 1-periodic, positive and it is the

principal eigenfunction of
(adh 1) + 2LAag | + LAa' ¢y + L*Nagyrp + L g = L*k(X, L)dy L,

associated to the principal eigenvalue L*k(), L). But the above problem can be defined
for all A € R and L € R. That is, for each (), L) € R?, there exists a unique principal
eigenvalue /%()\, L) and a unique (up to multiplication) principal eigenfunction é()\, L)
of

(agh L) +2LAagh | + LAd' &y + L*Nagy + L*ugsr = k(A L) r.  (4.4.1)

Furthermore, (5,\, 1, is 1-periodic, positive and it can be normalized so that

/0 1 ¢3 p(z)dw =1 (4.4.2)
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4.4. Monotonicity of the minimal speeds ¢} near the homogenization limit

for all (\, L) € R% By uniqueness of the principal eigenelements, it follows that
VL>0 YAeR, k(\L)=L*%\L)

and &A, r and ¢, 1, are equal up to multiplication by positive constants for each L > 0
and A € R.

Some useful properties of k(\, L) as L — 07 shall now be derived from the study
the function k. Notice first that, since the coefficients of the left-hand side of (4.4.1)
are analytic in (), L), the function k is analytic, and from the normalization (4.4.2),

the functions @, 1, also depend analytically in H2_(R) on the parameters A and L (see

loc

[10, 20]). In particular, the function k is analytic in R x (0, +00). Observe also that
k(X\,0) =0 and ¢y =1 for all A € R.

Lastly, when A is changed into —\ or when L is changed into — L, then the operator in
(4.4.1) is changed into its adjoint. But since the principal eigenvalues of the operator

and its adjoint are identical, it follows that
V(ML) €R?: k(ML) =k(\, —L) = k(=X L).
In particular, it follows that

z]; i 2j+1];,
0 A0 d'0

vV (i,5) € N?, 8)\i< ; ):W(

X,0) = 0. (4.4.3)

Therefore, for all X € R,

FAL) 1 0%k 50D o (R0%).

k(A L) = 12 27 912

But since this limit is equal to k()\) = by <a>pg + <p>4 from Step 2 of the proof of
Theorem 4.2.1, one then gets that
1 9%k ~ —2 ¢ _
QXW()\’O):)\ <a>pg+ <pu>, forall A € R. (4.4.4)
It also follows from (4.4.3) that
Ok 1 0% 1 0%

—<)\,L):—X—()\,L)%§Xm

O\ 2 " oxe (A,0) as (A, L) = (X\,07). (4.4.5)
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Chapter 4. Homogenization and influence of fragmentation

From (4.4.4) and (4.4.5), one deduces that

%(A, L)—=2<a>y >0as (L) — (X 07). (4.4.6)
Similarly, as (X, L) — (X, 07),
| S—E(A,L) - a% (/2(2,f)) - é x %(X, 0)=0
aaxzakL(A’L) - a% (% ) g_i(A’LO - % - af%fm(_ )=0 4D
sron-3 (1) -+ <o
(

Remark 4.4.1 As a byproduct of the fact that k and k are even in ), it follows that the
minimal speed of pulsating fronts propagating from right to left (as in Definition 4.1.2)
is the same as that of fronts propagating from left to right.

Step 2: properties of ¢f and A} in the neighbourhood of L = 0T. Let us first prove that,

for each fixed L > 0, the positive real number A > 0 given in (4.3.1) is unique. Indeed,
if there are 0 < Ay < Ay such that

k(A1, L)
A

k(A2, L)
A2

k() L)
A Y

= min

*
C g
L A0

then k(A L) = ;X for all A € [\, Ay} since k is convex with respect to A. Then
k(A L) = ¢, X for all A € R by analyticity of the map R 3 A — k(\, L). But (0, L) =
—p1,r. > 0, which gives a contradiction. Therefore, for each L > 0, A} is the unique
minimum of the map (0, +00) 3 A — k(A L)/A.

Furthermore, we claim that L — A} and L ~ ¢} are of class C* in a right
neighbourhood of L = 0. Indeed, by definition, A} satisfies

ok
FL, L) = 57 (AL, L) X AL = k(A L) = 0. (4.4.8)
The function (X, L) — F(X, L) is of class C> on Rx (0, +00) and %5 (X, L) = %(A, L)x

M. But

P \/<a>l_{1<,u>A > 0as L — 0"
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4.4. Monotonicity of the minimal speeds ¢} near the homogenization limit

from Remark 4.3.2, and

0%k

OAZ(/\L’L) — 2 <a>y >0as L —0"

from (4.4.6). Therefore, from the implicit function theorem, the map L — A} is of
class C* in an interval (0, Lg) for some Ly > 0. As a consequence of formula (4.3.1),
the map L +— ¢} is also of class C*™ on (0, Ly).

For each L € (0, Ly), one has

de; < L ok k(A;,L)) L 1 L 1 E)ko\L L)

BN dL * oL
by definition of A} and formula (4.3.1). But Aj — A* > 0 and 25(\;,L) — 0 as
L — 0" from (4.4.7). Thus,
dcy,
dL
On the other hand, it follows from (4.4.6), (4.4.7) and (4.4.8) that

L—0t.

A\, 1 ok , ., . Pk ., .
dL ] Pk, . (aL()‘La L)— )\ x 8A8L<>\L7 )) —0as L —0".
)\ a)\g()‘L7L)
Therefore,
dL? ~  dL (A3)2 A A < onar A 8L2 L
1 %, .
~ Tov 8L4()\ 0) as L — 07,
(4.4.9)
from (4.4.7).

Step 3: calculation of gL’Z (A*,0). In this step, we fix \* = \/<G>EI<M>A- Since

the functions é,\*, 1, depend analytically on L € R in H?

loc

(R), the expansion
Grep =1+ Loy + Lo+ LP¢3 + Lidy + ...

2
is valid in H},

(R) in a neighbourhood of L = 0, where 1 = é,\*,o and

1 y Odre

C= T o

L=0
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Chapter 4. Homogenization and influence of fragmentation

for each 7+ > 1. We now put this expansion into
(OJQ;/A*,L)/ + 2L)\*CLCZEI,\*,L + LA*QIQE)\*,L + LQ(A*)QGQBA*,L + LQMCE,\*,L = /;()\*7 L)CBA*,L

and remember that

- ok Bk
F(V,0) = 52 (V,0) = 52 (X,0) =0
and
62
8L2(>\* 0) =2x [(AN) <a>p +<p>a] =4 <p>a

from (4.4.3) and (4.4.4). Since both ¢y~ and k(A\*, L) depend analytically on L, it

follows in particular that

(

(agy) + A"’ =0,

(adh) + 2 *ady + XN a'dr + (V) a+pu=2 <p>a,

(ady)' + 2X\*agh 4+ N*a'dg + (\*)ady + ppr = 2 <p>a 1,

| (a04) +2X"adh + Na'ds + (A)2ads + jiy = 2 <p>a b2 + o7 ! e %(A* 0)

(4.4.10)

in R. Furthermore, each function ¢; is 1-periodic and, by differentiating the normal-
ization condition H(ﬁ,\*,LH%Q(O’l) = 1 with respect to L at L = 0, it follows especially
that

/Olngl:Oand /01¢2:—%/01¢§.

It is then found that, for all z € R,

adi(z) = =Na(z) + \* <a>y, (4.4.11)
o1(x) = \" x (—x+ <a>py /j@d(y 2+ <a>H/0 %dy) (4.4.12)
and
, _ [ty "1 <a>y 'y
o) = <wmax [ [t [ S5t [t

+%x) X {<a>H 01 @/Oyu(z)d% dy — /Ox,u(y)dy] + ()2 (x + %) .

154
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Moreover, it follows from the third equation of (4.4.10) that, for all z € R,

a(@)dh(x) = —2 / () hy)dy — X° / " () baly)dy — (A7) / a(y)n(v)dy

- / H() b (y)dy +2 <> / ouy)dy+ <a>y e,
’ ’ (4.4.13)

- /0 1 {@ « (m* /0 a2 (2)dz + N /0 " () ba(2)dz + (V)2 /0 a(2)n(2)dz
+ /0 " ()61 (2)dz — 2 <> /0 yqﬁ(z)dz)} dy.
(4.4.14)

On the other hand, by integrating the fourth equation of (4.4.10) over the interval
[0, 1], one gets that

1 a4k 1 1 . ) 1 1
0 0 0 0

One multiplies the second equation of (4.4.10) by ¢ and integrates by parts over [0, 1]
to get

1 1 1 1 1 1
2<u>A/ ¢2=—/ a¢’£+2x*/ a¢1¢2+A*/ a’¢1¢2+x*2/ a¢2+/ .
0 0 0 0 0 0

Now, putting the above equation into (4.4.15) and integrating by parts, it follows
that

ix%(x* )—/\*/ adl + / ad? /a¢1¢2+)\ /lagblqsg. (4.4.16)

To develop fol agl, we use the fact that, for any continuous function G,

/ / y)dyda — /01(1 — 2)G(2)de.
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Chapter 4. Homogenization and influence of fragmentation

Hence, it follows from (4.4.13) that
1 1 1 1
/ agy = —)\*/ agl —1—/\*/ za(x)gy(z)dz + N*a(0)da(0) — )\*/ agpo
0 0 0 0

1 1 1 1
—)\*2/ apy +)\*2/ rap, —/ o +/ TPy (4.4.17)
0 0 0 0

1
—2 <u>A/ rxP1+c<a>pg .
0

In what follows, we denote

X 1 xT
Ba) = [ sty and D) = [ty

Since for any continuous function h

/Olﬁ/oyh(z)dzdy: <a1>H /Olh(z)dZ—/Olh(z)B(z)dz7

we get that

/01 W (/Oy a<2)¢/2(2)d2> dy = <a1>H /01 agy — /01 aBg).

a(y)

One obtains from (4.4.14) that

1 1 1
Ne<a>p= )\*2/ adh — N <a>y / aBgl, + \*? <a>H/ b9
0 1 0 1 0 1
—)\*2(1(0)¢2(0) + /\*3/ apr — N <a>py / aB¢, + )\*/ Ly
0 0 0

1 1
—)\*<a>H/ uB¢1+2A*<u>A<a>H/ Bo,.
0 0
(4.4.18)
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Putting (4.4.17) and (4.4.18) into (4.4.16), it follows that

1 84];) * ! 12 * ! / * ! / %2 ! /
o7 X 571 (A50) = agy” — A agid2 + A agr¢y + A Tag,

1 1 1
—/\*2/ agz52+)\*3/ xa¢1+)\*/ Ty
0 0 0
1 1
—2>\*<M>A/ x¢1—)\*2<a>H/ Bad,
: 4
+)\*2 <CL>H/ ¢2_)\*3<Q>H/ BCL¢1
1 ’ |
—)\*<a>H/ Bu¢1+2A*<u>A<a>H/ Bo.
0 0

Referring to (4.4.11) and (4.4.12) one obtains

1 84?{ * ! /2 *3 ! *3 ! >\*2 ! /
ﬂxm(/\,O): Oang + A Oxagbl—/\ <a>pg OBagbl— 5 Oagb2

1 1
—|—)\*2<a>H<§>A/ a¢’2+/\*/ Tpp
0 0 (4.4.19)

1 1
—)\*<a>H/ Bugb1+2/\*<u>A<a>H/ By
0 0

1
—2>\*<M>A/ TP.
0

Moreover,

1 1 A
/ agh, = <,u>A—/ D(x)dx —
0 0

2

A2l 1 1
/a—l—)\*2/ zra — \** <a>H<z>A/ a

2 Jo 0 a 0

lD T *2 2 T
+ <a>pg — =2 < p>a<a>g< =>4+ <a>p<— >4y,
0o @ a a

%2

1
<a>pg =\ <a>H/ aB
0

+

where

/01 D(x)dx = /01 /Ow p(y)dyde = < p >4 —/le% (4.4.20)
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Chapter 4. Homogenization and influence of fragmentation

and

/o1 S((;)) = /01 /yl $N(y)dxdy (4.4.21)

1 <>y !
/Ou(y)(<a>H (y)> V=S /Ou

Having the above two equations together with the fact that \** =< p >4 < a>5', one

then gets

1 1 1

< > T

/ a¢/2: %—l—/ :l:,u—<,LL>A<a>H<—>A—<CL>H/ Bu
0 0 a 0

1 1 1
< p >
—<M>A/ Ba—<u>A<£>A/ a+ a A/ za (4.4.22)
0 a 0 0

<a>g
1
<p>
+#/ ;
2<a>H 0

Putting (4.4.11), (4.4.12) and (4.4.22) into (4.4.19) and using \** =< p >,<a>3,
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4.4. Monotonicity of the minimal speeds ¢} near the homogenization limit

one then gets

1 a4k ! /2 2 ! 2 2 ! 2
— 8L4</\* 0) = /a¢2 +2<M>A<a>H/B—<u>A/Ba
0 0 0
1
<
—<[L>A<(I>H/BQ,U+2 K A/ rBa
0 <G/>H
1
T <p>%
2 < pu>i<E> Ba + /B
" A a A/O @ <CL>H 0 @

1 1
+2<M>A/95BN+<#>A/BH
0 T 1 0 1
—2<u>A<a>H<—>A/ B — 4<M>i/ B
a 0 0

1 1
—<u>?4/ B+2<pu>%<a>p<™ >A/
0 0
1 1
< u > < u >
_<up A/ w2 M A/ o
<a>pg 0 <a>pg 0
1 2 ol 2l
x < U > < >
+2<,u>A<—>A/ T — a 2‘4/ z2a — a 2A/ zra
a 0 0 0

<a>% <a>%

2 1

< U > x

+2 a A<—>A/a:a
<a>H a 0

2 2 2
<> T 2 2<u> < >
_SHZA <2<a>H<—>A—1) + KA H=a
4 <a>g a 3<a>y 2<a>gy
2 1
< u> T 2 T
—ﬁ<2<a>g<—>,4—1> a— < p>4<=>4 .
4 <a>g a 0 a

Moreover, for each x € R, one can rewrite ¢5(x) as

D(z) <pu>4 < >4
(@)= <p>4 ——— —<pu>aB —
$2(z) foa a(z)  a(x) i <a>Hx froa (x)+2<a>H

A
— <> A< =>4+
a

a

x
<pu>s <asy [ <p>a<a>p<—>a
— Bu — :

0 a

Consequently, the expanded form of a(z)(¢5(x))? consists of 45 terms. One integrates
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Chapter 4. Homogenization and influence of fragmentation

the expanded form of = — a(z)@%(x) over the interval [0, 1] to obtain

1 1 1 1
/ a¢l22: <M>2A/ aB’+ <a>p </ Bu) —2<,u>2A/ zB
0 0 0 0

< >
+2<M>A/BD—2 a A/mB
0 <a>pg

2

<p >34
<a>pg

1 1 1
—2<u>i/B+2<u>i<a>H/B/ Bu
0 0 0

1 1
Xz Xz
+2 <u>§,<a>H<E>A/ B—2<,u>A<a>H<E>A/ Bu
0 0

ID 1 1 1
+2<a>H/—/ Bu—<u>A/Bu—<M>A/Bu
o @ Jo 0 0

1 1
+2<H>A<G>H<£>A/ B[L—2<,M>A/ Bpu
a 0 0

1 " 1
/aB+2<,u>E,<—>A/aB
0 a 0

x ! 9 L a? 2D

+2 < p>a<a>p<—>4 [ Bpt+<p>3 — —2< >y —
a 0 0o a 0 a

2< >y <p>d
3<a>g 2<(l>H

1 1
< U >4 < U >4
2 <psi<asp<o>h 4 /——2 a /xD— a /D
a <a>g 0 <a>g 0

2 T 2 T
—<N>A<—>A F2 < pu>5< =>4
a

'D T 'D
+2<M>A<—>A/ D—2<M>A/ —+2<M>A<a>H<—>A/ —
a 0 0o @ a 0o @

2 pl 2 pl 2 1 2
< U > < U > < U > x < U >
+M—2A/ aa:Q—l-'u—QA/ ar — 2 a A<—>A/a$+#

0 0

<a>% <a>% <a>y a <a>y
2 1 2 1 2
x <p> <u>% w <p>
—<u>1<—>A+“—g/ P A<—>A/ oy =LA
a 4 <a>% <a>g a 0 <a>pg

2 X 2 T 9 ! 2 X
—<p>i<Esa < pu>i<ES, | a-2<pu>i<E>y,
a a 0 a

<p >3

xr
42 <u>d <a>py<=>% 4 -4
H=a a 4 <a>y

T
—2< u>h<=>,
a

x
+ < >?4<a>H<E>i .
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4.4. Monotonicity of the minimal speeds ¢} near the homogenization limit

However

[e=]

1 Loty 1 .
/ B(x)dx = / / ——dzdy = — < =>4,
o Jy ay) <a>py a
1 12
/ B - _ 1 _l/ z (4.4.23)
0 a/>H 2 0 a

2 <
1 1 1
/a:D = —<<M>A—/ 132,u>,
2 0

and
1 D2 1
/—: /DQ(x)B’(x)dx
o @ 0

~ DX1)B(1) —2/0 D(2)p(x) Blz) = i;‘j: —2/0 BDu.

8

[e=]

(4.4.24)

Using the equations (4.4.20), (4.4.21), (4.4.23) and (4.4.24) leads to

1 1 1
/ ag’ = <u>?4/ aB’+ <a>pg </ Bu)
0 0 0

< >2 1 1 1
K A/xaB—2/ BDu+2<u>§1<£>A/ aB
<a>g 0 0 a 0
2

< >2 1 1
=k A/aB—2<a>H (/ Bu)
<a>pg 0 0
1 1 1.2
D
_2<M>A<G>H<E>A/ B,u—2<,u>,4/ x—+2<u>?4/ T
a 0 0 a 0 @

2 pl 1 1

< > < >4 x

+M_2,4/ aaﬁQ—i-'u—/ ,u:c2—2<u>,4<—>A/,u:c
<a>H 0 <a>H 0 a 0

</4L>A/1 11 < p>2
pr — ———=
<a>g Jo 6 <a>g

2 1
—|—2<,u>A/ BD
0

—2

1
+2<M>A/ Bu
0

x
+3<pu>i<=>,
a

2l 2 1
x < u > < W > x
—<p>i<a>p<=>%4 + a 2‘4/ ar — 2 a A<—>A/ xa

2 1 2 1 1

< p> <pu> z T

+M—‘2‘/ o— =L A<—>A/ a+<u>?4<—>2A/ a.
4 <a>% Jo <a>p a 0 a 0
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1 'k
Putting the above result mto — X m()\* 0), one gets
1 84]% 1 2 1
—(A\,0)= —<a>y / Bu +2<u>?4<a>H/ B?

1 1 1
—<,u>A<a>H/ B2/L+2<,LL>A/ BD—Q/ BDyu
0 0 0

1 1

+2<,u>A/ :EB[L+3<,M>A/ Bpu
0 0
1 1

D

—4 <,U>A<CL>H<£>A/ B,LL—2<,LL>A/ ZE_

a 0 0 @

1.2 2

x 47 < p >

4 < >2 S

ta<n A/O a 12<a>p

xr
—4 <p>i<a>p<=>3.
a

1 1 1
< U > D
/xBuz K A—/x——/DB,

0 <a>H 0 a 0

and using (4.4.24), it follows that

Xz
+6 < p>i<=>,
a

Since

1 0% z?
— X (A0 L oy l
X8L4 / <M>A/ + <,u>A/ a
—<a>p (/ Bu> +2<M>A<a>H/32
0 0
1 2 1
35 < p>
— < p>a<a> B—— "4 13> /B
MACLH/O M12<G>H+ MAOM

1
xr T
—4 <u>A<a>H<5>A/ Bu+6<u>,24<5>A
0

Xz
—4 <M>Z<G>H<E>’2“

Furthermore,

1 'BD L'BD
/ B*u = B*(1)D(1) — 2/ _=H >2A — 2/ —. (4.4.25)
0 0o a <a>%y 0o a
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4.4. Monotonicity of the minimal speeds ¢} near the homogenization limit

Using (4.4.21) and (4.4.25), one gets that

1

84k
oL

Hence,

o
oL*

577 (A%0)

A*,0)

/

1
+ <p>q [<M>A<G>H/ (B—
0

1 2 1 1,2
D—<pu> D

= /( 124 7) —2<u>A/x—+3<u>i/x—

0 o a o a

a

2
—<a> <“>‘2“—2<M>A/1£+ /12
T\ <a>2 <a>p Jo a 0 a

<p >3
<a>g

/1 BD
+2<u>s<a>g —_—

1
—|—2<,u>2A<a>H/ B* —
0 o @

<p >3
<a>g

+3

1
D x
—3<H>A/ — —d<pu>i<E>,

0 a a

1 2

x D 3<u>

4 <psa<asp<is, [ Zo2SH7A

a 0 @ 12 <a>py

x x
+6 < p1 >?4<5>A —4 <u>§1<a>H<a>?4.

1 2 1 2
D—<u> D
/ ( [>a ) —<a>pg (/ ——<u>A<£>A>
0 a 0o @ a

1 1
+ <pu>4 [<M>A<a>H/ B*— <a>H/ B
0 0

1 1
9 x D

+<,U>A<a>H/ B +2 <a>H<—>A/ —
0 a o @

Y2D 'D L2 T 4
-2 —_— = — 4+ 3<u>4 ——3<M>A<G>H<—>A
0 @ 0 a 0 a a

11<M>A]

X
+2 < >SA< — >4 —
HoAS 7 A T 9 cusy

D— <u> 2 'D 2
( [>a ) —<a>p (/ __<,Uz>A<E>A)
a 0 a a

z \°  <pu>a
<a>pg 4 <a>g

! T 'D
+<a>H/ B*(<p>4 —p) + 2 <a>H<—>A/ =
0 0o @

D
—3<M>A<a>H< >A —2/ /

+2<M>A<_>A+2<M>A/ —}
a

0o a
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1 2 1 2
D—<u> D

— /( K Am)—<a>H(/ ——<,UJ>A<£>A>

0 a 0 a a
1 2 2
T 1 T

B — ——<=>

/0 ( <a>H> <2<a>H a A>]

1.2

2 & 2 T 2 2 T

< p>i<E>a 2 < p>i<asy<=>3 2 <>y [ =
a a 0 a

+<pu>i<a>y

1
+ <a>p< p >A/ BY*(<p>q —p)
0

T 'D xD
+2<M>A<a>H<5>A E_2<M>A —
0

0 a
'D
_<N>A/ —.
0 a
Moreover,
1 1
T 1 T
/B—/ = —<—>4.
0 0 <a>pg 2<a>g a
Thus,

1 0% ' (D- 2 ?
ﬂx ()\*70) _ / ( <p>A .I) —<a>p (/ —— < >a< = >A>
0

[l ) ([ [

+<pu>i<a>y

+C,
where
v, x D
C = <a>H<,U>A/ B(<u>A—u)+2<u>A<a>H<E>A/ "
0 0
2D 'D 5 T 9 T,
—2< >y — =< >4 —+ < pu>H< =>4 2 < p>h<a>pg<—>%
0 @ 0o @ a a

2
T
+2<u>j<;>A.

1
Since B'(x) = — over R, it follows that

a(x)
1 g 1 1
—93:32(1)—/ BB’x—/ B2,
o a 0 0
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4.4. Monotonicity of the minimal speeds ¢} near the homogenization limit

Consequently,

! 1 'B
/ B? = o 2L (4.4.26)
0

Together with (4.4.25), it follows that

! 'B(D— < u>
/ BQ(<H'>A_PJ):2/ ( a,u Ax)‘
0 0

Putting the above result into the expression of C', one then obtains

1
D—<pu>
C = 2<M>A<G>H<E>A/ JTSRZAT
a 0 a
1 1
D—<pu> D— < pu>
_<M>A/¢_2</L>A/( H Al‘)l’
0 a 0 a
1
B(D— < u>
+2<M>A<a>H/ ( H>a )
0 a
1
D—<pu>px x
= 2<pu>p<a> ——— | | B—- 4.4.27
froase H/o ( a )( <a>H) ( )

1 1
D—<p>
0 a 0 a <a/>H
1
D—<pu>
= 2<N>A<G>H/ (&) (B_ x )
0 a <a>H

1 1
D—<pu>
_2</4L>A<CL>H/A/ (B— ‘ >

For all x € R, let

T
E(x)=D(x)— <pu> d F(x)=B(x)— .
(1) = D(a)= <p>az, and F(x) = Bla) — ——
Thus,
lEF 1E 1
C=2<M>A<a>H/——2<M>A<a>H/ —/ F,
o a o @ Jo
whence,

1 &k, o LEN?
51 X g0 = /07‘<“>H(/0 z)
1 1
0 0

IEF lE 1
+2 < pu>a<a>y — —2< u>s<a>gy — F.
o @ o @ Jo

2
+ < p>i<a>y
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1 1 1 1 2
F F

/ F_<CZ>H/ — and / F? =<a>g —,
0 0o @ 0 0o a

one concludes that

Since

1 84k()\*)_ + < p>i<a>? le+2< >a<a> EE
5L4’_0a MAaHoa B >a<a>gH

0 a
([ ([0
— <a>y =) - <p>i<a>y, —
0 a
—2</L>A<CL>H/ /

_/(E+<M>A<a>H
=/ .

o) AN
—<a>g —+ < pu>a<a>g — ] .
0o a 0o a

For all z € R, denote
Alx) = E(x)+ <p>as<a>g F(x)
1

xT T
= / w(y)dy + <u>A<a>H/ ——dy — 2<pu>4 x.
0 o a(y)

It follows that
1 0% L A(z)? VA
— o 2B 0) = dr — dr ) .
21 ot MY / o) T S0 </ () )

From (4.4.9), one concludes that

/01 ji((‘?;dx— <a>g (/01 Zlé;)da:f] as L — 0.

Cauchy-Schwarz inequality and the fact a(x) > 0 in R yield that v > 0. Furthermore,

d*c;
dL?

— = 2\/<a>H<u>le

v = 0 if and only if A is constant. But since A(0) = 0, the condition v = 0 is equivalent
to A'(x) = 0 for all z, which means that

p(z) <a>pg

=2 forall z € R.
<p>a a(z)

In particular, if p is constant and a is not constant (resp. if a is constant and p is not
2 Lk

c
constant), then this condition is not satisfied, whence lim+ 2L > ( in this case. That
L—0
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4.5. Proof of Theorem 4.2.6

completes the proofs of Theorem 4.2.3 and Corollary 4.2.4. O

Remark 4.4.2 In the case when <p>4=0 and p # 0, then p; ;, <0 for each L > 0,
and the minimal speed ¢} of pulsating traveling fronts is well-defined and it is still
positive. From the arguments developed in this section and in the previous one, one

can check that, in this case,

. . s B de:
& — 0T, A =07, dLL_> <a>H>O and dLL—>2 B<a>yg>0as L — 0"

where )
1 2 1
A A
B—/ (x)dx—<a>H(/ ﬁd:lr;) >0
o a(z) o a(x)
and A(zx) = / p(y)dy. Therefore, the speeds ¢} are increasing in a right neighbour-
0
hood of L = 0 but, in this case, the variation is of the first order. Notice that the
formula limj,_,+ % = 24/ <a>p is coherent with the numerical calculations done

by Kinezaki, Kawasaki and Shigesada in [21] (see Figure 3b with < pu >4= 0, that is
A = 0 under the notations of [21]).

4.5 Proof of Theorem 4.2.6

As in the proofs of the previous theorems, we use the following formula for the

minimal speed:

o k() RN
¢; =min—— = T (4.5.1)

where k,()) is defined as the unique real number such that there exists a positive

Lg-periodic function 1 satisfying:
V" 22+ N2+ o (2) = k(M) in (0, Lo). (4.5.2)

Setting p(x) = e (), the above equation and periodicity conditions become
equivalent to:
"+ pa(x)p = k(A in (0, Lo),
p(Lo) = e 0p(0), (4.5.3)
¢'(Lo) = X0y (0),
which therefore admits, for every positive A, a unique solution (¢, k,(\)) with ¢ > 0

satisfying the normalisation condition ¢(0) = 1.
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Chapter 4. Homogenization and influence of fragmentation

Let A > 0 be fixed. System (4.5.3), together with the normalization condition
©(0) =1, is equivalent to:

" = (k:(A) —m)p on [0,1/2),
(N on [1/2,1/2 + 2),
L(A)—m)pon [l/2+ 2,1+ 2), (4.5.4)
(AN on [l + z, L),
, p(Lo) = e*0p(0), ¢'(Lo) = e*og(0).

For each z € [0,Ly — [], let A% be defined by the formula (4.5.1). We have the

following lemma:

Lemma 4.5.1 Assume that | > 3Lo/4. Then, for all z € [0, Ly — 1], we have k,(\%) >

m.

Proof of Lemma 4.5.1. Let us divide equation (4.5.2) by ¢ and integrate by parts
over [0, Lo]. Using the Ly-periodicity of ¢, we obtain:

b [y 2 2, [
0 0
Thus,
, 1 [lo ) l
k:(A) 2 X+ — [ pe(z)de =N +m—. (4.5.5)

From (4.5.1) and (4.5.5) we get:

l
(A2 + me- < k(X)) < 2X5/m.

Thus, (A5)? — 2X\5/m + ml/Ly < 0, which implies that

N> v/'m —y/m —ml/Ly.

Using (4.5.5), we finally get

k(A7) >2m(l — /1 —1/Lg) > m,

as soon as [ > 3Ly /4. O]
We now turn to the proof of Theorem 4.2.6 and we assume that [ € (3Lg/4, Ly).
Using the fact that ¢ € C*(R), a straightforward but lengthy computation shows that,
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4.5. Proof of Theorem 4.2.6

whenever k,(A\) > m, system (4.5.4) is equivalent to

F(z, A\ k(X))

Gk

where F' and G are two functions, defined respectively in [0, Ly —{] x (0, +00) X [m, +00)
and [0, Ly — l] x [m,400) by:

F(z,)\,8) = 4(2s —m)\/sv/s — msinh(ly/s — m) sinh(a4/s)
+m? cosh(B+/s)(1 — cosh(ly/s —m))
+8(s* — ms)[cosh(ly/s —m) cosh(a/s) — cosh(ALg)]
+m? cosh(a/s)(cosh(ly/s —m) — 1),

(4.5.6)

and
G(z,8) = ma/scosh(ly/s —m) [4sinh(ay/s)(s/m — 1)

+ (sinh(ay/s) — sinh(84/s)) (1 — 1/ cosh(ly/s —m))] (4.5.7)
+m+/s — msinh(l\/s — m) cosh(a+/s) [% -1+ %} ,

with o := Lo —land 8 := Ly — | — 2z.

Each factor in the expression (4.5.7) is positive, as soon as s > m, for z € [0, Ly — I].

Thus, whenever k,(\) > m, system (4.5.4) is equivalent to the simpler equation
F(z, A\ k(X)) =0. (4.5.8)

Furthermore, from Krein-Rutman theory, since the eigenfunction 1 in (4.5.2) is posi-
tive, k() is the largest real eigenvalue of the operator ¥ — 0" + 2\ o' + X2 + ().
This result, implies that, for each z € [0, Ly — ], and each A > 0, k,(\) is the largest

real root of equation (4.5.8), as soon as k,(\) > m.

From equation (4.5.6), we easily see that

lim F(z,\, s) =400, (4.5.9)

S——+00

for all z € [0, Ly — ] and A\ > 0. Moreover, differentiating (4.5.6) with respect to z, we
obtain

68_5(2, A, s) = 2m*y/ssinh(v/s(Lo — | — 22)) [cosh(lv/s —m) — 1] .
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Chapter 4. Homogenization and influence of fragmentation

Thus, for all s > m, and A > 0,

F
g—z(z, A, s) >0 for z €[0,(Ly—1)/2), (4.5.10)

and OF
a(z,)\,s) <0 forze ((Lo—1)/2,Ly— 1.

Now, take z; < 2 in [0, (Lo — [)/2], and assume that ¢; < ¢ . It follows from
formula (4.5.1) that k.,(\) > ¢ A, for all A > 0. In particular,
k(X)) = e, N0 > e AL = ke (AL). (4.5.11)
From Lemma 4.5.1, we know that k., (\; ) > m. Thus, (4.5.11) implies k.,(A}) > m.
From the above discussion, k., (A ) is therefore the largest real root of the equation
F(zg, X;,, k2, (A5,)) = 0, and, similarly, k., (A})) is the largest real root of F'(z1, A} , k2, (A3)))
= 0. Using (4.5.9) and (4.5.10), and since 0 < z; < 2o < (Lo — [)/2, we obtain
k., (N,) < k2 (AL), which contradicts (4.5.11). Therefore, ¢} is a decreasing function
of z in [0, (Lo — 1)/2]. Similar arguments imply that ¢} is an increasing function of z
in [(Lo —[)/2, Ly — l]. This concludes the proof of Theorem 4.2.6. O

170



Bibliography

[1] H. Berestycki, F. Hamel, Front propagation in periodic excitable media, Comm.
Pure Appl. Math. 55 (2002), pp. 949-1032.

[2] H. Berestycki, F. Hamel, N. Nadirashvili, The principal eigenvalue of elliptic oper-
ators with large drift and applications to nonlinear propagation phenomena, Comm.
Math. Phys. 253 (2005), pp. 451-480.

[3] H. Berestycki, F. Hamel, N. Nadirashvili, The speed of propagation for KPP type
problems. I - Periodic framework, J. Eur. Math. Soc. 7 (2005), pp. 173-213.

[4] H. Berestycki, F. Hamel, L. Roques, Analysis of the periodically fragmented envi-
ronment model : I - Species persistence, J. Math. Biol. 5 (2005), pp. 75-113.

[5] H. Berestycki, F. Hamel, L. Roques, Analysis of the periodically fragmented envi-
ronment model : II - Biological invasions and pulsating travelling fronts, J. Math.
Pures Appl. 84 (2005), pp. 1101-1146.

[6] L.A. Caffarelli, K.-A. Lee, A. Mellet, Singular limit and homogenization for flame
propagation in periodic excitable media, Arch. Ration. Mech. Anal. 172 (2004),
pp- 153-190.

[7] L.A. Caffarelli, K.-A. Lee, A. Mellet, Homogenization and flame propagation in
periodic excitable media: the asymptotic speed of propagation, Comm. Pure Appl.
Math. 59 (2006), pp. 501-525.

[8] R.S. Cantrell, C. Cosner, Spatial Ecology via Reaction-Diffusion Equations, Series
In Mathematical and Computational Biology, John Wiley and Sons, Chichester,
Sussex UK, 2003.

171



Bibliography

[9] Y. Capdeboscq, Homogenization of a neutronic critical diffusion problem with drift,
Proc. Royal Soc. Edinburgh 132 (2002), pp. 567-594.

[10] C. Conca, M. Vanninathan, Homogenization of periodic structures via Bloch de-
composition, STAM J. Appl. Math. 57 (1997), pp. 1639-1659.

[11] M. El Smaily, Pulsating travelling fronts: Asymptotics and homogenization
regimes, to appear in European J. Appl. Math., (2008).

[12] P.C. Fife, Mathematical aspects of reacting and diffusing systems, Lecture Notes
in Biomathematics 28, Springer Verlag, 1979.

[13] R.A. Fisher, The wave of advance of advantageous genes, Ann. Eugenics 7 (1937),
pp. 355-369.

[14] F. Hamel, Qualitative properties of monostable pulsating fronts : exponential decay

and monotonicity, J. Math. Pures Appl., to appear.
[15] F. Hamel, L. Roques, Uniqueness and stability properties of monostable pulsating

fronts, preprint.
[16] S. Heinze, Homogenization of flame fronts, Preprint IWR, Heidelberg, 1993.

[17] S. Heinze, Wave solution for reaction-diffusion systems in perforated domains, Z.
Anal. Anwendungen 20 (2001), pp. 661-670.

[18] S. Heinze, Large convection limits for KPP fronts, preprint.

[19] S. Heinze, G. Papanicolaou, A. Stevens, Variational principles for propagation
speeds in inhomogeneous media, STAM J. Appl. Math. 62 (2001), pp. 129-148.

[20] T. Kato, Perturbation theory for linear operators, 2nd edition, Springer, 1984.

[21] N. Kinezaki, K. Kawasaki, N. Shigesada, Spatial dynamics of invasion in sinu-

sotdally varying environments, Popul. Ecol. 48 (2006), pp. 263-270.

[22] N. Kinezaki, K. Kawasaki, F. Takasu, N. Shigesada, Modeling biological invasion
into periodically fragmented environments, Theor. Popul. Biol. 64 (2003), pp. 291-
302.

[23] A.N. Kolmogorov, I.G. Petrovsky, N.S. Piskunov, Etude de ’équation de la dif-
fusion avec croissance de la quantité de matiére et son application a un probléme
biologique, Bull. Univ. Etat Moscou (Bjul. Moskowskogo Gos. Univ.), Sér. Inter. A1
(1937), pp. 1-26.

[24] H. Matano, Traveling waves in spatially inhomogeneous diffusive media — The

non-periodic case, preprint.

[25] G. Nadin, Travelling fronts in space-time periodic media, preprint.

172



Bibliography

[26] K.-I. Nakamura, Effective speed of traveling wavefronts in periodic inhomogeneous
media, Proc. Workshop “Nonlinear Partial Differential Equations and Related Top-
ics”, Joint Research Center for Science and Technology of Ryukoku University, 1999,
pp. 53-60.

[27] J. Nolen, M. Rudd, J. Xin, Ezistence of KPP fronts in spatially-temporally periodic

advection and variational principle for propagation speeds, Dyn. Part. Diff. Eq. 2.

[28] J. Nolen, J. Xin, Existence of KPP type fronts in space-time periodic shear flows
and a study of minimal speeds based on variational principle, Disc. Cont. Dyn. Syst.
13 (2005), pp. 1217-1234.

[29] L. Roques, F. Hamel, Mathematical analysis of the optimal habitat configurations
for species persistence, Math. Biosciences, DOI:10.1016/j.mbs.2007.05.007.

[30] L. Roques, R.S. Stoica, Species persistence decreases with habitat fragmenta-
tion: an analysis in periodic stochastic environments, J. Math. Biol. (2007) DOLI:
10.1007/s00285-007-0076-8.

[31] N. Shigesada, K. Kawasaki, Biological Invasions: Theory and Practice, Oxford
Series in Ecology and Evolution, Oxford: Oxford University Press, 1997.

[32] N. Shigesada, K. Kawasaki, E. Teramoto, Traveling periodic waves in heteroge-
neous environments, Theor. Popul. Biol. 30 (1986), pp. 143-160.

[33] N. Shigesada, K. Kawasaki, E. Teramoto, The speeds of traveling frontal waves
in heterogeneous environments, In: Mathematical topics in population biology, mor-
phogenesis and neurosciences, Teramoto E., Yamaguti M. (eds), Lecture Notes in
Biomathematics 71, Springer, 1987, pp. 87-97.

[34] H.F. Weinberger, On spreading speeds and traveling waves for growth and migra-
tion in periodic habitat, J. Math. Biol. 45 (2002), pp. 511-548.

[35] X. Xin, Ezistence and uniqueness of travelling waves in a reaction-diffusion equa-
tion with combustion nonlinearity, Idiana Univ. Math. J. 40 (1991), pp. 985-1008.

[36] X. Xin, Ezistence and stability of travelling waves in periodic media governed by
a bistable nonlinearity, J. Dyn. Diff. Eq. 3 (1991), pp. 541-573.

[37] X. Xin, FEzistence of planar flame fronts in convective-diffusive periodic media,
Arch. Ration. Mech. Anal. 121 (1992), pp. 205-233.

[38] J.X. Xin, Analysis and modeling of front propagation in heterogeneous media,
SIAM Review 42 (2000), pp. 161-230.

173



