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1. Introduction and main results

In this paper, we study an optimization problem associated with a reaction—diffusion model that involves
an advection term. The model reads

Oou—ocAu—q-Veu=f(u) in (0,T) x {2,
u(0,z) = uo(x) in 02, (1)
Ju(t,x) =0, for all t € (0,7) and = € 912,

where 2 is a bounded, connected and smooth domain of RY, o > 0 is a positive constant (standing for the
diffusivity of the medium) and v(x) is the outward unit normal to 942 at a point x.
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Model (1) appears in studies related to population dynamics, chemical reactions (see [1,11] for e.g.) and
mixing processes (see [2] and the references therein). The function u = u(¢,z) then stands for the evolving
density at a time ¢ and a location z € 2. Our present work aims to answer natural questions related to
the maximization of the total mass |, ou(T,x) dz at a given time T' > 0. More precisely, at a prefixed time
T > 0, our goal is to maximize the functional

Zr(up) ::/Qu(Tw)dx (2)

among all possible initial data ug € A,,, where

A, = {UQEA, /uozm}, A= {uoeLl(Q),Oguogl}, (3)
Q

and wu(t, x) is the solution of (1) with an initial datum «(0,-) = ug(+).
In (1), when u represents the density of a population, the quantity [, u(t,z)dz is the total population
at a given time ¢. In a population dynamics context, our first problem can then be phrased as follows:

Given an initial total population m, we investigate whether there is an optimal distribution of individ-
uals, at the initial time, that makes the total population at a time T mazximal. Moreover, if such an
optimal initial datum exists, we seek answers related to its uniqueness.

The answers to these questions are given in the first two theorems of this paper.

Hypotheses. Let us state the assumptions we need on the terms ¢ and f appearing in (1). Again, {2 is a
bounded, connected and smooth domain of R"V. The reaction term f satisfies the following assumptions:

feCi(R),
M > 0, such that sup,eoq7[f'(s)| < M, (4)
f(0) = f(1) =0.

The underlying advection g(x) = (¢1(z),...,qn(x)) is a vector field that satisfies
qe C () forsome § >0, and ¢-v=0ondL. (5)

On the regularity of solutions. The fact that 0 < uy < 1 and {2 is bounded imply that uwg € LP for any
p > 1. Since ¢ € C1°(2), and f € C* it follows that the solution u is C*® (for some 0 < a < 1) in the
space variable, and C! in t (see Chapter 4 — Friedman [6] and Wang [14]).

Under the above assumptions, problem (1) has a unique solution wu(t, ), such that

0 <u(t,x) <1, for all (¢,z) € [0,T] x £2. (6)

We explain (6) as follows. Since 0 < ug(z) < 1 and f(0) = f(1) = 0, it follows that U = 1 is a supersolution
of (1) and U = 0 is a subsolution of (1). An application of the maximum principle allows us to conclude
that 0 <wu < 1.

The fact that 0 < u(¢,z) <1, for all (¢,2) € [0,T] x £ implies that the operator Zp : A — R, defined by

Zr(u) = [ (T2 de

where w is the solution of Eq. (1) assumes finite values, whenever the argument ug belongs to the family A.
Note that ug plays the role of an initial value for (1), which leads to the integrand of our functional Zr.
Our first result answers the question about the existence of a maximizer.
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Theorem 1 (Existence of an Optimal Initial Datum). Let 2 be a bounded domain and let f and q satisfy the
assumptions stated in (4) and (5) respectively. Then, there exists ug € A, such that

s = TIr(ug).
ugrgi(m T(Uo) T(Uo)

The following result confirms the uniqueness of the optimal initial datum.

Theorem 2 (Uniqueness of the Optimal Initial Datum). Suppose that f and q satisfy the assumptions (4) and
(5) respectively. Furthermore, assume that f is strictly concave. Then, the optimal initial datum ug, obtained
in Theorem 1, is unique.

Remark 1. We highlight the importance of the assumption that f is concave in order to obtain the
uniqueness of a maximizer we have in Theorem 1. Indeed, the recent result by Mazari, Nadin and Marrero [10]
shows the existence of a non-unique maximizer when f is convex. Remark 2 of [10] mentions at least two

maximizers, whenever f is convex.

Theorems 1 and 2 answer the first question posed in the introduction.

Influence of advection on the maximal total mass. Another natural question is

whether the presence of an advection term influences the value of the optimal mass fQ uw(T,x) dx or not.
Our second goal is to compare the optimal total mass in the case where an advection is present to the
optimal total mass in the case where no advection is considered in the model. Does the addition of an
advection to the medium enhance the total mass at a time T ?

The above question is addressed in the following theorem. Under an additional assumption on the divergence
of the advection field, the next theorem shows that the total mass at time 7" in model (9) is larger than the
maximal total mass in model (10), even when the reaction—diffusion equation in (10) has an optimal initial
datum. We will see in the proof that this is mainly because (9) has an advection term, while model (10)
does not.

Theorem 3 (Enhancement of the Total Mass by Advection). We assume that f and q satisfy (4) and (5)
respectively. Moreover, we assume that

a=maxV - q(z) <0 (1)
TzEN
and
f(s) >0, forall se€]l0,1]. (8)

ForUSY € Ay, let I3 (U°) = [, Ua(T, x) dz, where Uy is the solution of

OUs —cAU4 — Aq(x) -V,Ua = f(Ua) in (0,T) x 2

Ua(0,2) = Up(x) in {2, (9)
BA(t,z) =0, t€(0,T), z € 99.

Let Ip(Vp) = fQ V(t,z) dx, where V is the solution of
0V —cAV = f(V) in (0,T) x 02,
V(0,2) = Vo(x) in {2, (10)
I (t,x) =0, te(0,7), z € dn.
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If 0
As _Mel (11)
mao
we then have
inf Z4 > s ) 12
wo0f I (uo) = max Tr(Vo) (12)

Theorem 3 shows that a large enough advection makes the total mass of (9) larger than the optimal mass
of (10) that can be obtained with an optimal distribution of the initial population.

Generalization to more heterogeneous settings

The results above can be generalized to more heterogeneous settings, where the diffusivity and reaction is
space/space—time dependent. More precisely, we can generalize the previous results to a model of the form

Oou—V - (D(x)Vu) —q-Vyu= f(t,z,u) in (0,T) x £,
u(0,2) = up(x) in £, (13)
v-D(x)Vu(t,z) =0, te€(0,T)and z € 912,

where D(z) = (D;j(x))1<i, j<n denotes a C*(£2) matrix, such that
30 >0,V €R", € D(x)€ > ol¢f*. (14)
The advection ¢ satisfies (5). The reaction term f in the generalized model (13) is a function satisfying

feCH(0,T) x 2 xR),

M > 0, such that sup( ; u)e(0,1)x2x[0,1] %(t,x,u)‘ <M, (15)

V(t7 x) e (07 T) X 0’ f(t7 '1:70) = f(t’ x? 1) = O'

As above, we denote by
Ir(ug) == / u(T, z)dx.
Q

The following results are the generalizations of Theorems 1-3 to model (13).

Theorem 4 (Exzistence of an Optimal Initial Datum). Let §2 be a bounded smooth domain and assume that
q, D(x) and f satisfy the assumptions stated in (5), (14) and (15) respectively. Then, there exists ug € A,
such that
z = Zr(ugp)-
Jnax (o) = It (o)
Theorem 5 (Uniqueness of the Optimal Initial Datum). Suppose that q, D(z) and f satisfy the assumptions

stated in (5), (14) and (15) respectively. Furthermore, assume that f is strictly concave. Then, the optimal
initial datum ug, obtained in Theorem 4, is unique.

Theorem 6 (Enhancement of the Total Mass by Advection). We assume that q, D(x) and f satisfy the
assumptions stated in (5), (14) and (15). Moreover, we assume that

a:=maxV - ¢(x) <0 (16)
€N
and
f(t,z,s) >0, forall (t,z,s)€ (0,T)x 2 x]0,1]. (17)
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ForUY € A, let Z2(U°) = fQ Ua(T,x)dx, where Uy is the solution of

O0Us —V - (D(x)VUy) — Aqg- VU4 = f(t,x,U,) in (0,T) x 2
Ua(0,z) = Ug(z) in 02, (18)
D(x)VUa(t,z) =0, t€(0,T), z € 0.

Let ITr(Vp) = fQ (t,z)dz, where V is the solution of

OV =V - (Dx)VV) = f(t,z,V) in (0,T) X {2,

V(0,2) = Vo(z) in 12, (19)
D(z)VV(t,z) =0 te(0,T), x€dn.
If
M|f?
mao
we then have
uolélflm T (ug) > vgréaxm Ir (Vo). (21)

Prior works. The first question in our paper is addressed in Nadin and Marrero [12] in a more particular
setting: for a reaction—diffusion model without an advection field. The results of Nadin et al. [12] prove the
existence of an optimal initial datum in the case where ¢ = 0 in (1). They also announce the open question
about the uniqueness of the maximizer. We answer the uniqueness question in Theorem 2 of this present
work, whenever f is a concave function, despite the presence of a drift term.

Garnier, Hamel and Roques [7] analyze the role of the spatial distribution of the initial condition in
reaction—diffusion models of biological invasion. In [7], the authors investigate the detrimental effect of
fragmentation while we investigate optimal initial data in this present work.

Theorem 3 in our paper is another result in the study of reaction—diffusion equation, where the advection
has an important influence on the qualitative properties of solutions. The earlier works [4,5,16] address the
influence of advection on speeding up the propagation of traveling fronts that are solutions of a reaction—
advection—diffusion equation in an unbounded spatial domain. In these works, it is proved that the speed of
propagation of traveling front solutions behaves as a linear function of the amplitude A that we place here
in front of the advection term.

We also mention the work [8] that gives a class of flows, in the role of advection, that turns out to be
especially efficient in speeding up mixing in a diffusive medium. The results of [3] also show that the presence
of an advection term can play a role in preventing the speed of propagation of traveling wave solutions from
being monotone with respect to the diffusivity in the medium.

Lastly, in all of the works [3-5,8,16], mentioned above, the advection is assumed to be a divergence free
vector field. This is not the case in Theorem 3 in our present work.

2. Proofs of Theorems 1-3
The following lemma will be used in proving Theorem 1 mainly.

Lemma 1. Under the assumptions (4) and (5), the solution u = u(t,x) of (1) satisfies the following
properties:
uwe L?(0,T; H' (2)) N L>® (0,T; L*(2)) and (22)

due L* (0,T; H (1)) (23)
5
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Proof of Lemma 1. To prove (22), we first use (6) to conclude that

2
Jut zgey < [ 10 2.
Hence, v € L™ (07 T, LQ(Q)) N L? (O, T; LQ(Q)). Now we multiply (1) by w and integrate by parts to obtain

1 fOT O ([, u?dz)dt + afoT [, |Vul® dzdt — foT Jo(q - Vu)udzdt
= fOT Jo wf(u) dzdt.
On the other hand,

1 1 1
/(q~Vu)ud:z::f/ u2q'ydz77/(v~q)u2dx:ff/(V~q)u2dx,
o 2 Joo 2 Ja 2 Je

due to the no flux condition in (5). Therefore,

3 [ou* (T, x)dx — anuod:c—kafo fQ|qu| dzdt

(24)
+§f0 Jo(V-qu dxdt:fo S uf(u) dadt.
Choosing B such that |V - ¢| < B, and since |f’(u)| < M, we obtain
T
ANVt 1 p2yy < o S ) -+ ol ) = ST ) 2
+§ fO ”u a')HL2(_Q)d (25)
S MHUHLOO(O’T;LQ(Q ) + BHUHLQ(O T- LQ(Q)) + ”uO“iQ 0

Therefore, u € L? (0,T; H'(12)).
In order to prove (23), let v € H'(£2) such that [[v 1oy < 1. We multiply (1) by v and then integrate
by parts to get

/Q(atu)vdx—i—o/nvzu-vadx—/n(q-Vu)vdsc:/Qf(u)vdx. (26)

Applying Cauchy—Schwartz inequality on the third term of (26) yields

1
2
< o2 ( / (q-wfdx) < Aol sz [Vl 2.

/Q(q -Vu)vde

where ||q|| oo () < 7. We also apply Cauchy-Schwartz inequality to the second term of (26) and this yields

/Q(atu)v dr < /Q fvdz + ol|Vull g2 o) Vol 20y + VI Vull L2y 10l 220
The latter means that the H~!(£2)-norm of d;u(t, -) satisfies the following estimate
[0:u(t, Mg-100) < Mlu®)l|L2(2) + olIVaul 2oy + Y Vull L2¢0)- (27)

From (22), it follows that both [lu(t,-)|| 2(q) and [[Veu(t,-)|[12(g) are in L?(0,T). Therefore, dyu €
L2 (0,7 H}(2)). O

With the above lemma, we can now prove Theorem 1.

Proof of Theorem 1. We first prove the existence of maximizing element for Zr over the set A,,. From
(6), we conclude that Zr is bounded. This guarantees the existence of a supremum value in the set Zr (A, )

6
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(the range of A, under the map Zr). We can then consider a maximizing sequence U} in the set A,,, such
that
lim Zp(U}) = sup Zr(Uyp).

n—oo U()GAm

As Uy € L>=(R2), there exists Uy € L°°(£2) such that UJ' converges to Uy in the weak * topology. For

p=1¢e LYN), we get
/U(;l@:/USL:m—)/Uo@:/UO, as n — +oo.
7 0 7 7

Hence, [, Uy =m and thus Uy € Ay,.
Let U™ be the weak solution of (1), where the initial condition U} (see [13] for a review of weak solutions

to parabolic equations). That is, for all ¢ € C* ((0,T) x £2), we have

/U"Tx) (T, x) dx—/U”Ox) 0,z)dz

/ /U"tx@tgat:vdxdtfcr/ /U”tx Ayp(t, ) dedt

+ /0 /Q U™ (¢, 2)q(x) - Vo (t, ) dadt (28)
T
+/0 /Q U™(t,z)(Vy - q(x)) - p(t,z) dadt

_ /0 ' /9 FU# 2))o(t, 7) dadt.

Since 0 < U™ < 1 and £ is bounded, the sequence {U™(T,-)} is then bounded in L2({2), there exists
u € L%(2), such that U™(T, ) converges weakly to 4 in L?({2). Thus,

Yo € L2(2), /U”(Ta: dx—)/
0

The same reasons (0 < U" < 1 and {2 is bounded) imply that {U"},, is bounded in L (0,T; L?(12)).
Hence, there exists U € L (O,T; LQ((Z)) such that U™ converges, in the weak x topology, to U in
L= (0,T; L(£2)). That is,

Vo € L™ (0,T;L*(12)),

//U"tw txda:dt—)// (t, z)p(t, z) dx dt as n — +oo.
Q 9]

Also, from (25) and (27), it follows that the sequence {0,U™} is uniformly bounded in L? (0,7’; H~*(12))
by a constant independent of n. Thus, there exists v € L? (07 T; H‘l(Q)) such that 9;U™ converges, in the
weak x sense, to v € L2 (0,T; H~*(2)). That is, for all o € L? (0,T; H'(£2)) we have

T T
/ / U™ (t,x)p(t, z)de dt — / / v(t, z)p(t, x) dx dt, as n — +o0.
0 2 0 2

We note that, for all ¢ € C°(0,T) x {2, we have

/ /8,5U"tx) (t,z)dzdt = / / " (t, x)0p(t, x) dz dt.
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Passing to the limit as n — 400 leads to 8;U = v. For ¢ € H' (0,T; L*(12)), such that ¢(0,z) = 0 for all

x € {2, we have
/ / U™ (t, z)p(t) de dt

_ /Q U™ (T, 2)o(T, ) da — /0 ! /Q U™ (¢, 2)0p(t, 7) dar di.

Passing to the limit as n — +o0 in the latter, we get

// t:L' txdo:dt
_/Q()(Txd:c—// (t,2)0up(t, z) de d

:/Qﬂ(;v)go(ﬂm)dx—/QU(T,;E)QD(TJ)dx—i—/O /Q&U(t,x)ap(t,x)dxdt

- /Q () (T, z) dz — /Q U(T, 2)o(T, z) dz + /0 ' /Q o(t, 2)p(t, ) dedt,

as ;U = v. Thus, a(z) = U(T,z) a.e in 2. For ¢ € H' (0,T;L?*(12)), such that ¢(T,z) =0 in £, we have

/ /atU”t:E) (t,x)dadt
/ /Ug Oxd:cf/ / "(t, x)0p(t, x) da dt.

Passing to the limit as n — 400, we obtain

/OT /9 v(t, ©)p(t, z) de di )

——/Uo()(O:Bda:— Ul(t, z)0rp(t, z) da dt
Q 0o Jae

_/QUO() (0, m)dx+/U(07$) (0,2)dx

+/T/ QU (¢, 2), ot ) da dt

/Uo( Jo(T, x)dx—/ U(T,2), o(T, ) dz

// (t, z)p(t, z) dz dt.

Hence, Up(x) = U(0, z). From Lemma 1, we know that
U"eD:={uel?(0,T);H" (), dueL*([0,T;H(2))}

and {U"},, is bounded in D. Thanks to Aubin-Lions Lemma [9], the set D is compactly embedded in
L? ([0,T]; L?(£2)). Hence, there exists a Cauchy subsequence of {U"}, in L? ([0,T]; L?(£2)). Then, the
sequence {U™},, converges strongly to U in L? ([0,T]; L*(£2)). As f is Lipschitz, it follows that

/OT/Qf(U”(t,x))w(t,m) dxdt—}/OT/Qf(U(t,x))@(tx) de dt.
8
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Taking the limit in (28), we get
/U(Tx) (Tx)dx—/U(Ox Oxdx—// (t,x), Oup(t, z) dzx

—J//Uthgatxdx+//UTx ) Vaop(t,x)dz
- /0 /Q FUt 2)o(t, 7) da.

This implies that U is a weak solution of (1). Taking ¢ =1 yields

supZr(up) = lim Zp(U) = lim U™(T,x)dx

Am n—oo n—oo 7]

= lim UNT,z)p(x)dz :/ U(T, x)dx = Zr(U).

Therefore, Uy is a maximizing element of Zp in A,,. O
Now, we move to the proof of Theorem 2, which addresses the uniqueness of the optimal initial datum.

Proof of Theorem 2. First, we will prove that Zp is strictly concave. Let A € (0,1) and let U be the
solution of (1) with the initial condition AUY(x) + (1 — A\)US(x) and let v(t,z) = AU (t, z) + (1 — \)Ua(t, x),
where U; and Us are the solutions of (1) with initial condition U?(z) and U2 (z) respectively. As f is strictly
concave, we have

0w —cAv—q-Vyuo=Af(U1)+ (1 =N f(Uz) < f(AUL + (1 = N U3) = f(v).

From the equation satisfied by U and the inequality satisfied by v, and since f is of class C*, it follows that
w := v — U satisfies

dw —ocAw —q-Vyw < f(u(t,x)) — f(U(t,2)) = b, 2)w, (29)

where b(t, x) is a bounded continuous function obtained from the fact that f is C'(R) (hence Lipschitz) and
0 <v,U < 1. Namely,

v(t,x)—U(t,x) ’

{f(v(tym))f(U(t,I)) if  w(t,z) £U(t, )
b(t,x) =
flo(t,x) it o(t,x) =U(t, x).

Moreover,

w(0,z) =v(0,2) —U(0,z) =0 for all x € 2, and g—w =0on (0,7) x 042.
v

Owing to the strong parabolic comparison principle on the function w (see Theorem 7 and the remark
afterwords in [15], for example), we conclude that w < 0 in [0,7] x 2. That is, v < U in [0,T] x {2.

Now, we claim that v(T,z) < U(T,z) in an open set contained in 2. Suppose to the contrary that
o(T,2) =U(T,z) in 2. We have

Ov—0cAv—q-Vyu— f(v) <du—cAU —q-VU — f(U) =0,
and since v(T,x) = U(T, ), we can reduce f(U) and f(v) for t =T to get

(T, x) — o Av(T,x) — q(z) - V(T x)
<oU(T,z)— cAU(T,z) — q(zx) - VU(T, z).
9
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Again, since v(T,z) = U(T, x), we have
Av(T,z) = AU(T, z) and Vo(T,z) = V,U(T,x).

This implies that
(T, z) < O U(T, x).

Hence, 0¢(u — v)(T,z) > 0 which means that (U — v)(T,x) is increasing at ¢ = T Then, there exists € > 0
such that
UT —¢e,z)—v(T —¢e,2) <UT,z) —v(T,z) =0.

This contradicts the fact that v(t,z) < U(t,x) and proves our claim. Therefore,
Ir(AUY + (L= NU3) = Zr(\U7 () + (1 = \)U3 (2))
:/ U(t,x)dx>/ o(T,z)dx
Q 2
= AZr(U?) + (1 = \)Zr (UY).

This means that Zr is strictly concave and guarantees the uniqueness of the maximal element.
In order to prove the uniqueness of the above maximal element, we suppose that there exists V;° and V3
in A,,, such that both are maximizers of Zr in A,,. Then,

Ir(VY) = Zr(Vy) = sup Zr(uo).

uQ EAm

Let p be such that 0 < p < 1. We then have
Vi=uV + (1= p)Vy € Ap,
because [ o V(z)dr = m. Since Ir is strictly concave, it follows that

Ir(V) > ,uIT(Vlo) +(1- M)IT(VQO) = su}‘) Zr(ug).
ugEAm

However, this contradicts the fact that V? and V) are maximizers of Zr in A,,. Therefore, the maximizer
of Zr is unique in the set A,,. O

Now we prove Theorem 3 under the assumption (7) on the advection field g.
Proof of Theorem 3. Let Uy € A,, be an arbitrary initial datum for (9). This means that Z: (Uy) =

Jo Ua(T,z) dz is not necessarily the largest value in the set I (Ap). We integrate Eq. (9), in both time
and space, to get

/UA(T,:E)d:E: /UAOJU dx+A/ / ) VUA(t,z) dedt
Q (30)

+ /0 /9 F(UA(t, ) dz dt.

An integration by parts of the second term on the right hand side of (9) yields

/QUA(T,:c)dx: /UA(O z)de — A / / (V- q(x)Ua(t,z)dxdt

//fUAtx )) dz dt.
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We claim now that the map ¢t — [, Ua(t,z)dz is increasing. In fact, if we integrate (9) over (0,t) x £2, we
then get

/QUA(t,CU)dSU: m_A/Ot/Q(V.q(x))UA(S,x)dxds (32)

+/O Qf(UA(s,m))dJ;ds.

As t increases, the second and third term on the right hand side increase in ¢ because the integrand functions
are positive. Hence, our claim follows.
Now we integrate the first equation of (10) in both variables ¢t and = to get

/QV(T,a:)dz = fQVo(x)dx—FfOTfo(V)dzdt

= m+/OT/Qf(V)dxdt.

As M
mao

Let
>0,

where o = max, 5V - g(z) < 0 is the constant appearing in the assumption (7). Using the fact that the

map t — [, Ua(t,x) dz is increasing, we get
/Q Ua(t,z)dz > /QUA(O,m)dx, for any ¢ > 0.
We will use this as follows:
T Uy) = /Q Ua(T,z)dx

mA/OT/Q(V~q(a:))UA(t,a:)dxdtJr/OT/Qf(UA(t,x))dxdt.

T T
Zm—Aoz/ /UA(t,x)da:dtzm—Aa/ / Ua(0,2) dxdt
0o Jo o Joe

T
MaTm:m—i—M/ / dx dt.
mao 0 0

However, the solution V satisfies 0 < V' < 1 (for the same reasons given in explaining (6)). This and the

>m — AaTm > m +

previous inequality then lead to

Z:#(Uo)

Y

T
m+M/ V(t,z)dxdt
0o Jo

m—l—/OT/Qf(V(t,x))dxdt (34)

= /Q V(T,z)dz = Zr(Vh) (from (33)).

Y

The passage from the first line to the second in (34) is based on the Mean Value Theorem’s application on
the function f, which satisfies || f'||ooc < M and f(0) =0:

V(t,z), f(V(t,2)) = f(V(tx)) = f(0) = f(C(t,2))V(tz) < MV(t x),

for some constant 0 < C(t,z) < V (¢, x).
Recalling that the initial datum U, was arbitrarily chosen from the set A,,, and choosing Vg to be such
that
IT(VO) = maXx IT(U()),

voEAm
11
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we conclude that

inf Z2(up) > max Zp(v
uoE.Am T( O)ivoeA}in T( 0)

and this completes the proof of Theorem 3. O

Remark 2. We mention that the right hand side of (31) contains the amplitude A of the advection term
q. Having the assumption V - ¢ < a < 0, one needs to make sure that the quantity

T
A / (V- g(2))Ua(t, z) dz dt
0 0

does not diverge to +00, when A — +00. Otherwise, one will have a contradiction with the fact that the left
hand side is a bounded quantity (bounded below by 0 and above by |£2|, as 0 < U < 1). In fact, if {A,}, is
a sequence that goes to +00, one can prove that the corresponding solutions U,,, converge (at least in the
sense of distributions) to a function w, known as a first integral of the drift ¢ (see [5], for e.g.), characterized
by

q-Vw =0 a.e. in 2.

As a consequence, we have

AEI}}OO Q(V ~q(x)Ua(t,z)de = — AEIEOO ; q(z) - VUs(t,x) dz

= / q(z) - Vw(x)dz = 0.
Q
The latter guarantees that the right hand side remains bounded even when the amplitude A is large.
3. On the proofs of Theorems 4—6
The proof of Theorem 4 is similar to the proof of Theorem 1. The main difference appears in Lemma 1.
In what follows, we will highlight the differences that would appear in proving an analogue of Lemma 1,

which leads to the results in Theorem 4. In the setting of Theorem 4, after multiplying both sides of the
reaction—advection—diffusion equation in (13), and then integrating by parts, we get the term

/ /V x)Vu(t, z))u(t, z)dzdt

/ / Ve x)Vgu(t,z)) dxdt—/ /aQ v D(z)Vyu(t, z)]u(t, z) dedt

=0

> HHVJCUHiQ(O,T;LQ(Q))'

The latter allows us to conclude that

9||vmu||iQ(O7T;LQ(Q)) < MHUHLOO(O,T;LQ(Q)) + B”u”iQ(O,T;LQ(Q)) + ||UOH%2(Q),

where 6 is the coercivity constant assumed in (14) on the diffusion matrix D.
In (26), after integrating the second term by parts, we obtain

/V u(t,z)D(z)Vyo(t, z)de <||D|\00/Vutx)v v(t,x) dz

< 1Dl IVaull 2y [Vavllz2 (@),
12
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where || D||s = maxi<; j<,{maxg |D;;(x)|}. Hence,

/Q(atu)vdxg/Qf(u)vdx+||D||0<>||vu||L2(Q)HVUHLQ(Q)+'7||vu||L2(Q)||'UHL2(Q)'

In (28), we take the test function ¢ to be in C*° ((0,7") x £2) and require that it has a compact support in
the space variable x. The diffusion term will then give rise to

/T/ V- (D(2)V. U™ (1, 2))e(t, ) de dt

0 T.Q

— [ [ 0.9 - (D@)Vaplt, ) doa
0 2

_/T Vau(t,z)D(z)Vep(t, z) do dt
0 o

o
:/T/ U™(t,2)V - (D(z)Vap(t,z)) de dt,
0o Ja

as ¢ is compactly supported in the = variable. The rest of the proof of Theorem 4 is the same as that of
Theorem 1.

We omit the proofs of Theorem 5 and Theorem 6 as they are similar to those of Theorem 2 and Theorem 3
respectively.
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