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Abstract. This paper is devoted to the study of the asymptotic behav-
iors of the minimal speed of propagation of pulsating travelling fronts
solving the Fisher-KPP reaction-advection-diffusion equation within ei-
ther a large drift, a mixture of large drift and small reaction, or a mixture
of large drift and large diffusion. We consider a periodic heterogenous
framework and we use the formula of Berestycki, Hamel, and Nadi-
rashvili [3] for the minimal speed of propagation to prove the asymp-
totics in any space dimension N. We express the limits as the maxima
of certain variational quantities over the family of “first integrals” of the
advection field. Then, we perform a detailed study in the case N = 2
which leads to a necessary and sufficient condition for the positivity of
the asymptotic limit of the minimal speed within a large drift.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we study the asymptotics of the minimal speed of propaga-
tion of pulsating travelling fronts in the presence of a large incompressible
advection field. We consider a reaction-advection-diffusion equation

{ut =V (A(z)Vu) + Mq(z) - Vu+ f(z,u), te R, z € Q,

(1.1)
v-AVu =0 on R x 09,
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where v stands for the unit outward normal on 02 whenever it is nonempty.

The domain € is C® nonempty connected open subset of RY such that
for some integer 1 < d < N, and for some L1, ..., Ly positive real numbers,
we have

IR>0:V(z,y) € QCRI xRV [y| < R,

d
1.2
V(kl,...,kd)EleX'”XLdZ, Q:Q—FZIIQGZ, ( )
k=1

where (e;)1<i<n is the canonical basis of R In other words, 2 is bounded
in the y-direction and periodic in x. As archetypes of the domain €2, we may
have the whole space RY which corresponds to d = N and Li,...,Ly any
array of positive real numbers. We may also have the whole space RY with
a periodic array of holes or an infinite cylinder with an oscillating boundary.
In this periodic situation, we call

C:{(m,y) € N:x € (O,Ll),...,ﬂjdE (O,Ld)} (1.3)
the periodicity cell of ). We also give the following definition:

Definition 1.1 (L-periodic fields). A field w : @ — RY is said to be L-
periodic with respect to x if w(xy + ki,...,2q + kq,y) = w(z1,...,24,Y)
almost everywhere in ), and for all k = (ki,...,kq) € ngl L;Z.

The diffusion matrix A(x,y) = (Ai(2,y))1<ij<n is a symmetric C22(Q)
(with 6 > 0) matrix field satisfying

A is L-periodic with respect to x,
30 < a1 < ag,V(x,y) € QVE € RY,

ale < ) Ayen)&s < ¢l

1<ij<N

(1.4)

The underlying advection q(z,y) = (q1(z,%), - .., qn(z,y)) is a C9(Q) (with
d > 0) vector field satisfying

q is L-periodic with respect to =z,
V-g=0 inQ,

q-v=0 ondQ (when 9Q # 0),
V1<i<d, fCQi dx dy = 0.

(1.5)
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Concerning the nonlinearity f = f(z,y,u), it is a nonnegative function de-
fined in €2 x [0, 1] such that

( f >0, fis L-periodic with respect to 2, and of class C1°(Q x [0, 1]),

V(z,y) € Q, f(z,9,0) = f(z,y,1) =0,
Ipe(0,1), V(z,y) € Q, V1 -p<s<s <1, f(z,y,5) > fz,y,5),
0,1

Vs € (0,1), 3(z,y) € Q such that f(x,y,s) >0,
V(z,y) €Q, ((z,y) = fulz,y,0) = lim f(xuyu) >0,
\ u—

(1.6)
with the additional “KPP” assumption (referring to [11] by Kolmogorov,
Petrovsky, and Piskunov)

An archetype of f is (z,y,u) — u(1l — u)h(z,y) defined on Q x [0, 1], where
h is a positive C19( Q) L-periodic function.

In all of this paper, e € R? is a fixed unit vector and é := (e,0,...,0) €
RY. A pulsating travelling front propagating in the direction of —e within
a speed ¢ # 0 is a solution u = wu(t,x,y) of (1.1) for which there exists a
function ¢ such that u(t,z,y) = ¢(z - e + ct,x,y), ¢ is L-periodic in z, and

lim ¢(s,z,y) =0 and hI_P o(s,z,y) =1,

S§——00

uniformly in (z,y) € Q.

In the same setting as in this paper, it was proved in [1] and [3] that
for all Q, A, ¢, and f satisfying (1.2), (1.4), (1.5), (1.6-1.7) respectively,
there exists cg 4, f(€), called the minimal speed of propagation, such that
pulsating travelling fronts exist for ¢ > ¢, 4, ¢(e). This result extended that

of [11], which proved that c¢*(e) = 24/f/(0) in a “homogeneous” framework
where f = f(u), A = Iy (the identity matrix), and there is no advection q.
A variational formula for the minimal speed ¢, 4, ¢(e) involving the princi-
pal eigenvalue of an elliptic operator was proved in [3] and [14]. Moreover,
El Smaily [5] proved a min-max formula for the minimal speed. Many as-
ymptotic behaviors of the minimal speed within large or small diffusion and
reaction coefficients and many homogenized speeds were found in [4] and
[6]. In [4], we have the asymptotic behavior of the minimal speed within a
mixture of large diffusion and large advection. Precisely, in Theorem 4.1 of
[4], it was proved that for all 0 < v < 1/2 and under the condition V-Aé =0
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in €,

Mlin+1 1, 20 q’ = \/][ xydxdy\/][Cwydwd% (1.8)

where ((x,y) is given in (1.6). In this paper, we are interested in the as-
ymptotic behavior of ¢, 4 p, r(€)/M as M — +o00 and also the asymptotic
behaviors of the minimal speed within a mixture of large advection and small

ce e
reaction or large diffusion. In [2], it has been proved that lim inf M
M—+o00 M

(respectively lim sup) are finite. Upper and lower bounds of these lim inf and
lim sup were given in [2] in terms of the “first integrals” of the advection field
q. The family of first integrals of ¢ and two corresponding sub-families will
be used in this paper and we recall their definitions below. In Heinze [9],
the limit was given in the case of shear flows ¢ = (¢q,(v),0,...,0), where

= (1,0,...,0). An interesting result about the existence of the limit of
c.anqp(€) as M — +oo (where Q = RY) and several examples of the
advection field in 2D and 3D were given in Corollary 1.3 and Section 3 of
[12].

Definition 1.2 (First integrals). The family of first integrals of q is defined
by

{w € Hlloc(Q), w # 0, w is L-periodic in x, and

q-Vw = 0 almost everywhere in 2} .

Having a matrix A = A(zx,y) of the type (1.4), we also define

I8 = {w € I, such that / Cw? > / Vuw - AVw}, (1.9)
C C

and

3= {we Z, such that / CwQS/VuwAVw}.
C C

Remark 1.1 (more about Z). The set ZU{0} is a closed subspace of H. (€2).
Moreover, one can see that if w € 7 is a first integral of ¢ and n: R — R is
a Lipschitz function, then now € 7.

The following theorem gives the asymptotic behavior of the minimal speed
in the presence of a large advection:

Theorem 1.1. We fiz a unit direction e € R? and assume that the diffusion
matriz A and the nonlinearity f satisfy (1.4), (1.6), and (1.7). Let q be an
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advection field which satisfies (1.5). Then

% 5\ 002
C e elw
i Q,A,Mq,f( ) _ ax fc(q ) ‘

1.10
M——+oc0 M wez‘{l waQ ( )

The proof of this theorem will be done later in Section 2.

Remark 1.2. It is worth mentioning that the presence of a large advection
M7q (0 <y < 1/2) has no influence on the limit in (1.8) whenever a large
diffusion M A applies. However, the limit in (1.10) depends on A and f via
the set If and explicitly on the advection gq.

Theorem 1.2 (large advection with small reaction or large diffusion). As-
sume that Q, A, q, and f satisfy (1.2), (1.4), (1.5), and (1.6-1.7) respectively.
Let e € R? be any unit direction. For anye > 0, B > 0 we call CoAMqer(€)
(respectively i, g 4 a1 q,¢(€)) the minimal speed of propagation (in the direc-
tion of —e) of the reaction-advection-diffusion equation with an advection
field Mq and a reaction term ef (respectively diffusion term B A). Then

A Maer(©) _ (2 m) et 9w )

lim lim max ,
et M—too  My/e ICl JweT Jo Vw - AVw
and
. . Co.B AM q,1(€) X VB B \V Jo € Jolg-é)w
lim  lim = (2 7> max .
B—+00 M—+00 M ICl JweT [0 Vi - AV

(1.12)

The proof of this theorem will be done in Subsection 2.2 below. We
mention that many difficulties arose, while demonstrating this result, due
to the consideration of a heterogeneous framework. Roughly speaking, the
fact that the growth f/(x,y,0) = ((z,y) and the diffusion A = A(x,y)
depend on space variables creates a difficulty in choosing a maximizer of the
right-hand side of (1.11) which should satisfy many properties (see Step 4
of the proof for details). We mention that the above result was proved in
the homogeneous case (¢ = f'(0) and A = Id) by Zlatos [15]. In the present
paper, we will give the proof of these asymptotics in a general framework.

Furthermore, in Section 3 of this paper, we will give more details about
the family of first integrals Z and about integrals of the form [ (q - €) w?
(where w € 7) in the case where N = 2. This will give necessary and
sufficient conditions, expressed in terms of the nature of the drift ¢, for the
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limit (1.10) to be null or not. In this context, we have Theorem 1.3, which
will be stated after the following definition.

Definition 1.3. Assume that N = 2 and that Q and q satisfy (1.2) and (1.5).
Let x € Q be such that q(x) # 0. The trajectory of q at x is the largest (in
the sense of inclusion) connected differentiable curve T(x) in Q satisfying:

(1) =eT(x),

(i) Yy eT(z), q(y) # 0,

(ii7) Yy € T(x), q(y) is tangent to T(x) at the point y.

In the following lemma, we describe the family of “unbounded periodic
trajectories” of a vector field q. The proof of this lemma will be done in
Section 3.

Lemma 1.1 (unbounded periodic trajectories). Let T'(x) be an unbounded
periodic trajectory of q in Q; that is, there exists a € L1Z x LoZ \ {0}
(respectively L1Z x {0} \ {0}) when d = 2 (respectively d = 1) such that
T(z) =T(x)+ a. In this case, we say that T(x) is a-periodic. Then, if T(y)
is another unbounded periodic trajectory of q, T'(y) is also a-periodic.

Moreover, in the case d = 1, a = Lyey. That is, all the unbounded periodic
trajectories of q in €2 are Liey-periodic.

Theorem 1.3. Assume that N = 2 and that  and q satisfy (1.2) and (1.5)
respectively. The two following statements are equivalent:

(i) There exists w € I such that [, qu® # 0.

(ii) There ezists a periodic unbounded trajectory T'(z) of q in Q.

Moreover, if (ii) is satisfied and T(x) is a-periodic, then for any w € T
we have [, quw?* € Ra.

Remark 1.3. The periodicity assumption on the trajectory in (ii) is crucial.
Indeed, there may exist unbounded trajectories which are not periodic, even
though the vector field ¢ is periodic. Consider the following function ¢:

i .
b(z,y) = ¢ sin2 (my) .Sln(27r($ +1In(y — [y]))) if y € Z,
0 otherwise,

where [y] denotes the integer part of y. This function is C°° on R?, and
1-periodic in z and y. Hence the vector field ¢ = V1 ¢ is also C*, 1-periodic
in z and y, and satisfies f[o,l}x[o,l] q =0 with V-¢qg = 0. A quick study of this
vector field shows that the part of the graph of  +— e™* lying between y = 0
and y = 1 is a trajectory of ¢, and is obviously unbounded and not periodic.
However, there exists no periodic unbounded trajectory for this vector field,
so the theorem asserts that for all w € 7 we have fC quw? = 0.
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As a direct consequence of Theorem 1.1 and Theorem 1.3, we get the fol-
lowing corollary about the asymptotic behavior of the minimal speed within
large drift:

Corollary 1.1. Assume that N = 2 and that Q, A, q, and [ satisfy the
conditions (1.2), (1.4), (1.5), and (1.6-1.7) respectively. Then
(1) If there exists no periodic unbounded trajectory of q in 2, then
C*Q,A,Mq,f(e)

lim —2AMaS

for any unit direction e.
(ii) If there exists a periodic unbounded trajectory T'(z) of q in Q (which
will be a-periodic for some vector a € R?), then

. C?)Aqu(e) -
1 —r D - . . 1.1
pim 7 >0 <= ¢é-a#0 (1.13)

We mention that in the case where d = 1, we have € = +e;. Lemma 1.1
yields that é-a = £L; # 0. Referring to (1.13), we can then write, for d =1,

lim CE,A,M q,f(e)
M—+o00 M
(there exists a periodic unbounded trajectory T(x) of q in Q).

>0 <= (1.14)

It is worth mentioning that, in the above corollary, the conditions for
which the limit is null or not are expressed only in terms of the advection
field ¢ and, moreover, it is easy to check whether they are satisfied by ¢ or
not.

Remark 1.4. In (ii), the simplest example is when ¢ is a shear flow (i.e.,
q(z1,72) = (q1(x2),0)). In that case, the limit (1.10) is positive if and only
if € is not perpendicular to the flow lines of ¢ (this condition means that the
first component of € is not zero).

1.1. Outline of the rest of the paper. After the statement of the main
results in Section 1, we are going to prove, in Section 2, the asymptotics of
the minimal speed within large drift in any space dimension N. This section
will be divided into two subsections. In the first one, we prove (1.10), which
deals with the asymptotic behavior of the speed in the presence of large
advection only and then, in Subsection 2.2, we prove (1.11), which concerns
the asymptotic behavior of the speed in a mixture of large drift and small
reaction (or a mixture of large drift and a large diffusion). In Section 3, we
prove many auxiliary lemmas which lead to the proof of Theorem 1.3 and
Corollary 1.1 in the case where N = 2.
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2. PROOFS OF THE ASYMPTOTIC BEHAVIORS IN ANY DIMENSION N

Theorems 1.1 and 1.2 were announced for domains  C RV, where N
could be any dimension. We divide the present section into two subsections.
The first subsection deals with the case where we have only a large advection
and the second one deals with the case where we have large advection mixed
with a small reaction or a large diffusion.

2.1. Case of large advection (proof of Theorem 1.1). Here we prove
Theorem 1.1. For this, we start with a proposition which will play an im-
portant role in the proof. For the sake of simplicity, we suppose that the
diffusion matrix A = A(x,y) = Id, where Id is the identity matrix of My (R).
In the case of any matrix A satisfying (1.4), the proof of (1.10) is very similar
to that of the case A = Id. Indeed, we point out the simple differences in
Remark 2.2 below.

Throughout this proof, since the only parameter in cg 4 a4 f(€) is the
factor M in front of the advection ¢, we will write ¢*(M) := g 4 pr4.7(€)-
After supposing that A = Id, the subsets If‘ and 154 are respectively given
by

Iy = {w € 7 such that / Cw? > / |Vw|2}, (2.1)
C C

and

Iy = {w € Z such that / Cw? < / |Vw\2}. (2.2)
C C
Definition 2.1. We define g : [0,4+00) — R by
1
)\::su/ w? — |[Vwl|? —|—)\/ Se)w?|, 2.3
9= sup g | [ (Gut = Vul) e [ @ o], @23)
and we define h : (0,+00) — R by

B = I (2.4)

Remark 2.1. We can replace the supremum by a maximum in (2.3). Indeed,
consider for a fixed A > 0 a maximizing sequence {wy, },, With [|wp || 2y = 1.
We have
[ (et = 19wy [ (@ eut] o g
C c n—-+oo
The sequence {wy, },, is then bounded in H}} (), and we can extract a sub-
sequence converging weakly in H.! (2) and strongly in L2 (£2) to wy. We

loc loc
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then have wo € Z, |lwol|z2(c) = 1. Since

liminf/ an|2z/ |Vwo|?,

we then get

[/C(ng— |Vwo|?) +/\/C(q-é)w(ﬂ > g(\),

and by definition of the supremum, the previous inequality is an equality,
which means by the way that the weak convergence in H lloc(Q) is in fact a
strong convergence.

Proposition 2.1. The functions g and h satisfy the following properties:
(i) The function g is convezx on [0,+00), and moreover, g and h are con-
tinuous on their domains and take values in (0, 400).

S\onr2
-é)w
(i) h(\) aup J4 ; .
A—+o00 weT wa
(¢91) Either h is convex and decreasing on (0,+00) or h attains a global
minimum at some point Ay > 0.

(iv) If h is convex decreasing on (0,400), then we have

B(A max Je(@ 0w Jela - @w?

Aotoo wel [ w? wel  Jow?
(v) If h attains its minimum at Ao > 0, then we have

(2.5)

Proof of (i). ¢ is the supremum of affine functions, so it is convex and
hence continuous. Since fCC > 0, and since the constant functions belong
to Z, we have

YA >0, g(\) f > 0.

JC S
= C]
Hence, g(A) > 0 for any A > 0. Besides, h is well defined and continuous,
and h(A) > 0 for any A > 0.

Proof of (ii). For each k € N, we define
Ik = {w € 7 such that /(Cw2 — |Vw|?) > —k/ w2}
(& C

hi(A) := sup fclu)Q[i/C(CwQ _ |Vw|2) —|—/C(q.é)w2}.

weTk

and
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Obviously, hi(A) < h(A) for any A > 0 because the supremum is taken over
a smaller set. Moreover, a simple computation gives
SN arr2
ce)w
hi(X) sup Jola g .
A=too ek fcw

Hence, for every k € N, we have

Va2
liminf A(\) > sup fc(qiegwj
A—+oo weZIk wa

and since T = | J;, .y Z%, we get

ava2
liminf h(A) > sup M.
A—400 weT fC’ w

On the other hand,
Va2
A wel f(j’ w
which gives
A
ce)w
limsup A(A) < sup fc(qig,
A—+oo weT fo w
and completes the proof of (ii).
Proof of (iii). We know from (ii) that h(\) converges when A — +o0.
Moreover, since g(0) > 0 we then have h(\) — 400 as A — 0. We distinguish
now two different cases:
Case 1: Suppose that for any A > 0, we have h(\) > limy_ 1o, ~A(\). Thus,
for a fixed A > 0, the definition of the limit yields the existence of A1 > A
such that h(A) > h(A1). Let then w be such that ||wl|z2(c)=1 and

w2 — Vw2
h()\):fC(C AW )+/C(q-é)w2

(the existence of w follows from Remark 2.1). From the definition of h, we
can conclude that

w?— |[Vuw|? w? — [Vw]?
fo(C - [Vuwl )+/C(q.é)w2—h(A) > h(xh)ZfC(C N [Vl )—i-/C(Q'é)wQ,

which gives

G-5) /C (Cw? — [Vwl?) > 0.
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Having A < A1, we get
[ o = vup) =0,
C

Thus, for every A > 0, the maximum in the definition of A()\) is attained in
7Z1. Therefore, h can be rewritten in this case as follows:

w? — |[Vw|? - &)w?
h) =m0 T+ : o

In this formulation of A, we maximize over Z;. The map

o Jelew? = [vup)
AJow?
is convex when w € 7. Hence, h is the supremum of convex functions and
is then convex. Moreover, h converges when A — 400, and h(\) > lim; h,
which, with the convexity of h, implies that h is decreasing on (0, +00).
Case 2: There exists A > 0 such that A(\) < limy_, 4o h(A). By continuity,
there exists A9 > 0 such that h(\g) = miny~q h(N).

Proof of (iv). In the case where h is convex and decreasing over (0, +00),
we know that

w? — |[Vw|? - &)w?
h(A)Igle%fC(C/\fCTLZ ‘)+f0(fiwg .

Thus,
Jeta- ey’ oy Wl Jola

ma.
wEI}f fc w2 A wel fc w?
We conclude that
fc(q : e)w2

h
()\) A—+00 glGaI}f fC w2

Proof of (v). We use several claims to prove this last part of Proposition
2.1. The proofs of these claims are postponed until the end.

Claim 1: There exist w; € 77 and wy € Zs such that

h(Xo) = fC(Cw% — |Vwy ) +fC(q . é)w% _ fC(Cw% — |Vws|?) _|_fC(q ) é)w%.

Ao Jowi Jowt Ao Jo w3 Jows
Claim 2: If w; € 7 and ws € Z are not proportional and
_Jout — 1Y) Jola-dut _ Jo(Cud —[Tus?) _fola-dud
Ao Jow? Jowi Mo Jo w3 Jows

h(Xo)




372 MoOHAMMAD EL SMAILY AND STEPHANE KIRSCH

then for any 0 < 0 <1 and wy := 6wy + (1 — O)wy, we have

_ JolGwd = IVwl)  Jola-eup

B Ao Jowp Jowi

Claim 1 gives us w1 € 77 and wo € Zs realizing the maximum in the definition
of h(Ag). If w; and we are proportional, then w; (respectively we) € 71 N7,
and we define wg := wi. If not, using claim 2, we know that any convex

combination also realizes the maximum in the definition of h. By continuity,
there exists 6§y € [0, 1] such that wy := wy, € 71 N T and

_ Jolut — [Vuol) | Jela-&)uf

h(Xo)

h(Xo) ;
Ao Jo w Jewd
and since wy € Z1NZy, we then have [ (Cw—|Vwo|?) = 0 and consequently
B(n) — fo(q : é)w%
(Ao) = =—F—>5—
Jows
Since wg € 77, we have
a2
h()\o) < max fc(qie)w.

weli [ w?
On the other hand, by the definition of A we have

h(szzsupk&ACwQ—»ﬁhuP> Juq - &yw?

weT Ao fC w? fC w?
> max fC(CMZ —[Vul?) + Jola- e’ > max 7fc(q : é)w2'
wel; Ao fC w? fC w? wely fC w2

This ends the proof of (v).
We are left to prove claims 1 and 2.

Proof of Claim 1: Let {\[}, be a sequence such that A} < \g and A} — Ao
as p — +oo.
For each p € N, let w} € T be such that [ (w])* =1 and

mm:gé@mvwwwwémawﬁ

From the definition of & and owing to the fact that h(A) > h(\g), we have

fﬁ%=§ﬁ@@ﬁ—N%ﬁ+L@aww

Zhu@;ziéz;xuﬁf—wVwﬂ%-%[jqexwﬁ?
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However, A} < A\g. Thus,

/ (C(h)? — [Vul?) > 0, (2.6)
C

which means w} € Zj;. Moreover, (2.6) yields that {w]}, is a bounded
sequence in H lloC(Q) Therefore, we can extract a subsequence converging
weakly in H} (Q) and strongly in Lloc(Q) to wy € Z. Since the convergence
is strong in LZOC(Q), we get fC w1)? = 1. Thanks to the continuity of h with
respect to A, we get

;;17 /C (Cwh)? = |Vul|?) + /C (q-&)(wh)? —— h(). (2.7)

Moreover, we have

h(d) > jo /C (C(wn)? — [V [2) + /C (g &)(wn)? (2.8)
and

7 [ wd+ oty — & [ cw)+ o @

p—0o0 )\0 C C

The combination of (2.7), (2.8), and (2.9) gives

limsup/ |Vwh S/ |V |,
p—00 C

On the other hand, the weak convergence w} — wy in H. () implies that

liminf/ IVaw?|? /|Vw1|2
p—0o0 C

Hence, {w!'}, converges strongly in H} () to wy. We then conclude that
wy € Iy (because 7; is a closed subset of H} ()) and that

Je! i — [V ?) Jola- ) w%
5 +
Ao Jowi Jowt
We can use a similar argument (we take A > X\ such that \b — )¢ as

p — +oo and, for each p, we take wh as a maximizer of h(A\))) to get
wy € Ty satisfying

h(Xo) =

Jol6ud = Vua) | Jola- s

h(Xo) =
Ao Jo w3 Jows
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Proof of Claim 2: Without loss of generality, we suppose that fC w? =
fc w3 = 1. We consider the following functional defined by

_ Jo(Gw? = [Vwl?) + Jola- &)w?
N A Jow? Jow?*

VweZ, Ex(w):

We have

h(Xo) = max Fy, (w) = Ex,(w1)

and thereby, Yw € 7 we have
1

E\,(w)w=0= )\—0 C((wlw — Vuwy - Vw) —I-/C

(q-é)wr-w—h(Xo) /Cwlw.
(2.10)

Now, we compute E),(wpg) explicitly. We have

/wg:92+(19)2+20(19)/w1w2,
C

C

[owb =6 [ cute =02 [ cudr200-6) [ curn

C C C C

/\Vw9]2:02/ \Vw%\+(1_9)2/ \Vw2]2+29(1—9)/Vw1-Vw2,
C C C C

[a-emwb=e [ (a-eput+ =02 [ (w3 +260-0) [ (- Surwn
C C C C
and using (2.10) with w = wy we get
02h(/\0) + (1 - 9>2h()\0) + 29(1 — 9)h(>\0) fC wW1w9

62 + (1 —6)%2+20(1 —0) [, wiw; '
The denominator is positive because, by assumption, w; and ws are not
proportional, so we can not have equality in the Cauchy-Schwarz inequality.

After simplification, we obtain E),(wp) = h(Ao). This completes the proof
of Proposition 2.1. ]

Proof of Theorem 1.1. From the results of [3], it follows that for each
M > 0, the minimal speed ¢*(M) is given by

k(A M
(0 = iy S50,

E)\O (QUQ) =

(2.11)

where k(\, M) is the principal eigenvalue of the elliptic operator L) defined
by

Lyp =AY +2X6- VY + Mq-V+ [N+ AMq-é+ ¢ inQ,  (2.12)
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acting on the set Ey = {¢ = ¢(z,y) € C%(Q) : ¢ is L-periodic in  and v -
Vi = —A(v - €)y on 0Q}. The principal eigenfunction 9 associated to
k(X\, M) is positive in Q and it is unique up to multiplication by a nonzero
real number. The existence of k(\, M) and ¥ for any (A, M) € R x R,
and the properties of k(X\, M) as a function of M have been studied in [1]
and [3]. In particular, the function A — k(\, M) is convex and k(\, M) > 0
for all (A, M) € (0,+00) x (0, +00).

We want to study the asymptotic behavior of M — ¢*(M)/M when M —
+00. For this, we call X' = X\ x M, u(N,M) = k(\, M), and "M = M
for each (A, M) € (0,+00) x (0,+00). Referring to formula (2.11), we then
get

= min 0202 (2.13)

From the properties of k(\, M), we have that X' — u(\, M) is convex over
(0,4+00) and p(N, M) > 0 for all (N, M) € (0,+00) x (0,400). Moreover,
it follows from above that the functions ¥ and (N, M) are respectively
the principal eigenfunction and the principal eigenvalue of the problem

/
(N, MM =AM YAy VN M 4 Mg - VN M
(57)° Yo Jo i g (214)
+lz5) +Ag-e+ 7 in (), .
\ M

—)\—(1/ &) M on 90 (whenever 9Q # 0).

v VM= -

We take any first integral w € Z of ¢, we multiply (2.14) by and

A/ M
integrate by parts over the periodicity cell C. Using (1.5), the boundary
condition on wX,M , and the fact that ¢ - Vw = 0 almost everywhere in 2,
we obtain that

.M 2 A\
)\’ / / ¢, w - — v ew?
PM M Joc
V’(/J)\ M )\/~
— 2/0 (Ww> . (Vw— Mew)
N 2/ 9 _
+(— w+)\'/q-ew2+/Cw2.

Notice that the boundary term )\M, Joc v - éw? is equal to ’\Ml Joc 2wVw - €.
After dividing the previous equation by )\, we get
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()\/ vw/\ M )\/
Y / /‘ R w — Vw—i—Mew‘ (2.15)

>0

- €)w k= w? — |Vw|?
+ [ aut+ [ = vuf],

for all ' > 0 and M > 0 (in the case of a general diffusion matrix, see
Remark 2.2). Since (2.15) is true for any w € Z,
(N, M

) > h(\) > inf h(\).

VYN, M >0,
N N>0

Having (2.13), one then concludes that for any X', M € (0, +00) and for any
w € T with ||U)HL2(C) =1,

inf h(\) < &\ / ‘V%ZJX’M w— Vw + i/éw ’ +h(\).  (2.16)
>0 - M )\’ P M M ’ '

To complete the proof we need the following:

Lemma 2.1. Let {M,}nen be a sequence of positive real numbers such that
M, — +00 as n — +oco. Then, for a fized X > 0, the sequence {* Mr},
of principal eigenfunctions of the problem (2.14) corresponding to M = M,
converges strongly, in H} (Q), to a function PNt ¢ H} (Q) asn — +oo.
Moreover, Yt is a first integral of ¢ and

lim ‘ w)\ M w/\/,-‘roo _ Vw,\’,‘f‘oo 2 =0 (2 17)
n—+o00 1}[)/\/ My, ) )

The proof of this lemma will be postponed until the end of the proof of
Theorem 1.1.

Now, we consider any sequence { My, },en in (0, +00) such that M,, — 400
as n — +oo. Before going further, we mention that parts (iv) and (v) of
Proposition 2.1 yield that

fc q-éw?

2L — inf A()\). 2.18
T e Y (2.18)

Together with (2.16), we consequently have
fcq‘éw2 .. (M)

max < lim inf

2.19
wely fC w? T n—+4oo n ( )
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Part (iii) of Proposition 2.1 and (2.16) lead us to two different cases ac-
cording to the nature of the function h. The first case is when A is convex
and decreasing on (0, +00). We apply (2.16) for w = ¢* > (where N > 0
is arbitrarily chosen) together with (2.17) and we get
, c(Mn) _1 VA Mn N oo |2

—_ L - oo ,+oo’ AY /
lim sup JTAESY, nEIJ?oo/C ‘ GV, P Vi +h(\N) = h(X)

n—+o00 n
by (2.17). Since this is true for any A > 0, then
c* (M, 2

Cew
lim sup n) < lim h(\) = max ‘[06172
00 n A—-+oo weh  [ow

(2.20)

by part (iv) of the proposition. From (2.19) and (2.20), we get the result in
the first case.

The second case is when the function h attains its minimum at Ag > 0.
We apply (2.16) and (2.17) for N = \g, w = ¢+ and M = M,,. Hence,

. c* (M) _ R ’
I:LIEJSFI(E) M, h(Xo) = min h(X').

Part (v) of Proposition 2.1 together with (2.19) (which is true in both cases)
yield that

= max —————
n—-—4oo Mn weZy fC w2

in the second case.
Thus, in both cases, the limit of ¢*(M,)/M, is the same. Moreover, this
limit is obtained for an arbitrarily chosen sequence {M,}, converging to

+00 as n — +oo. This implies that limp;—, 4o, ¢*(M)/M exists and is equal
Jog-éw?
to max —=————5—

well fC ’LU2
Now, we turn to proving Lemma 2.1, which was stated and used in the
proof of Theorem 1.1.

, which eventually proves Theorem 1.1. O

Proof of Lemma 2.1. Let us fix X’ > 0 and take any sequence of positive
real numbers { M, },en converging to +oo as n — +oo. For any n € N, the
principal eigenfunction ¢ **» is unique up to multiplication by a nonzero
constant. Hence, we can assume that

Vn €N, / (N2 = 1. (2.21)
C

We multiply (2.14) (where M = M,,) by » "M~ and we integrate by parts
over the periodicity cell C. Owing to the periodicity of ¢ and ¢ together with
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the condition (1.5), we then get
/ A/ 2 / 2
_ AN My |2 I N My, _ /
/C|V¢ © + (—Mn) +/C [(Nq-é+¢] (w ) p(N, M) (2.22)

for all n € N. As direct consequences of (2.22), we have (from a certain rank
np)
Vo >mng, 0< (N, Mp) < N2+ XNg-€lloo + 1¢]loos (2.23)

and
p(N', My) [I¢lloo

N U
In other words, the sequences {p(X', M)}, oy and {M}HGN are boun-
ded whenever X' > 0 is fixed. Thus there exists (), 400) > 0 such that, up
to extraction of a subsequence,

Vn > ng, 0 < <N+ g+ €llos +

p(N, My,) — (N, +00) as n — +oo. (2.24)

Equations (2.21) and (2.22) imply that the sequence {1 "M}, oy is bounded
in H'(C). Tt follows that there exists "+ € H] (Q) such that, up to
extraction of a subsequence, Y Mn — A0 in Hl (Q) weakly, in L7 ()
strongly, and almost everywhere in Q as n — +oo. Thus, the function 1"
is L-periodic with respect to . The strong convergence in L?(C) leads to
fc(w)‘l’J“x’)2 = 1 and hence "7 % 0 in Q. We replace M by M, in
(2.14), divide the equation by M, and pass to the limit as n — +oo in
the sense of distributions. From the weak convergence of {LZJ)‘,’M" }nen and
the boundedness of {u(N, My,) }nen, one then has ¢ - Vit = 0 in D'(Q).
Consequently, ¢ - Vi* 72 = (0 almost everywhere in Q. That is, 1" 7 is a
nonzero first integral of q.

Now, we multiply (2.14) (where M = M,,) by ¢+t we integrate by
parts over C, and we pass to the limit as n — 400. We notice that

!/

/ A@ZJA,’MYL@ZJA,’—FOO _ _/ V?,[}X7Mn . VIZ)/\,’—’—OO _ L v- éd)/\/,Mnd)/\/,-i-oo
C C

Mn oC
, 2
_)_/ )WA ,+oo‘
C

as n — +oo (from the strong convergence in L? (f2), the boundary term
converges to 0; we use the weak convergence in H,. () for the limit of the

first term), and

/C (q . wa,zm) YN+
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_/ (v . q) ¢>\/,+OO¢))\',M7L _/ (q X vw)\',-‘roo) 77b)\’,Mn
C C
= 0 (from (1.5) and since ¢ T ¢ 7).

379

Hence,

u(N, +00) = —/C(V¢A"+°°‘2+/C [Nq-é+(] (¢A'ﬂ+°°)2. (2.25)

On the other hand, we take w = ¢ "7 and M = M, in (2.15), we multiply

n . 9
the equation by the fixed X' > 0, and we pass to the limit as n — +oo to
obtain

1/})\ Mn N N\ N ~ N 2
D := lim ‘ R VL ’+°°‘
R s

=V 00) = [ g ey [ [oprt g ).

(2.26)
However,

/\/
ﬁ&/})‘ 0 0 in L?(C) strongly as n — +oo.
n

Also, {|VN Mn fy N Mn |} is bounded in L2(C). (We simply divide (2.14)
by 1/1)‘/’M“ and integrate by parts over C'. This leads to

/m‘ﬁfﬂf +(20) e+ [ c= e

’ 2
hence, { Jo Lj’\fnn } is bounded due to (2.23).) Consequently,

P

¢)\/’Mn Mot Mot 2
D = lim ‘ T Vet OO‘ )
n—>+oo/ '¢)\/7Mn ¥ ¥

(2.27)
Referring to (2.25), we finally obtain

. VN Mn N oo PUSERSS
HETOO/‘Mlﬁ - vy =o.

Since YN Mn — A0 in 2 (Q) strongly, (2.22) yields that Jo |V Mn |2
converges to

W [ (w0r) [ () o),
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Equation (2.25) again yields that
/ |V¢)‘,’M"]2 — / |V¢)‘,’+C’°|2 as n — 4-o00. (2.28)
C C

Eventually, {¢*"M»}, converges to ¢ 7> in H] (Q) strongly, and this
completes the proof of Lemma 2.1. O

Remark 2.2 (about the proof of (1.10) in case of a diffusion A = A(z,y)).
In this remark, we detail some differences which arise in the proof of (1.10)
when we consider, instead of the identity matrix, a general diffusion matrix
A(z,y) satisfying (1.4). The eigenvalue problem (2.14) becomes

/ ! A/ ! !

O MM = AV 2 e AVNM 4 Mg v
NV 4 Ng-é Mg Az MM
+[<,M>€' E X e+ 7V At ([N g

v AVyYN M = —%(u - A&) N M on 99 (whenever 99 # ().

(2.29)
Similar to the case where A = Id, the principal eigenfunctions of (2.29)
YNM will be positive in €, unique up to multiplication by a nonzero con-
stant, and L-periodic with respect to x (see Section 5 in [1]). Consequently,
for any sequence {M,}, in (0,+o00) such that M, — 400 as n — +oo,
multiplying (respectively dividing) (2.29), for any ' > 0 and for M = M,,,
by YNMn and integrating by parts over the cell C' implies the boundedness
of {VyN:Mnl (respectively {Vypr M /ypX:Mnd ) in L2 (©). On the other

hand, the equation (2.15), which was essential in the proof when A = Id,
will be replaced by

w(N, M Da(N, M i 1
()\/)/CwQZ (X)%—/C(q-e)uﬁ%—)\, C[Cw2—Vw-AVw],
(2.30)

for all A and M in (0,+00), where

\V4 N M N v N M N\

The result of Lemma 2.1 will remain true with (2.17) replaced by
lim Da(N,M,) = 0.
n—-+00

Finally, due to the coercivity of the diffusion matrix A given in (1.4), we
can easily adapt the proof of the results of Proposition 2.1 to the function
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A= hA(\) defined by
A oo 1 2
VA€ (0,400), (N = [ (q-&)w’ + 1 [Cw? = Vw- AVw], (2.31)
C C

which coincides with A +— h(\) defined in (2.4) when A = Id.

2.2. Cases of large advection with small reaction or large diffusion
(Proof of Theorem 1.2). We mention that the proof of (1.12) is very
similar to that of (1.11). We are going to prove the limit in (1.11) only.

Step 1. Existence of a maximizer for (1.11). To begin, we prove that

su fc(Q'é)w
Pwel Vo Vw-AVw

is finite. For any w € Z, we define

w = fcw(m)daz,

and we write w = w+v. We notice that Vw = Vv and, thanks to Poincaré’s
inequality, we get

lvll?,.., < \W\Q =k !Vw|2 <oy ),V Ave, (2.32)
L2<C)

for some Kk > 0 1ndependent of w and v, where a; > 0 is given by (1.4).
Moreover, it follows from the fourth line in (1.5) that

/q-éw:/q-év.
C C

Thus, applying the Cauchy-Schwarz inequality, we get Yw € Z,

| [a-eu]=| [a-e0] <la- el 0l

< \//i/alHq-éHLQ(C)”/CVw-AVw.

Hence, for any w € 7 such that w is not constant,
N
CClipae) <
fc Vw - AVw

since ¢ € C19(Q). Consequently, the quantity

l:= sup fcq-e

wEI,/fCVw AVw

>0
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is well defined. We mention that if [-(¢-€&)w = 0 for each w € Z, then
[ = 0 and the supremum is a maximum attained by any nonconstant w € Z.
In what follows, we have to treat the case where there exists at least a
wg € Z (nonconstant almost everywhere in C') such that [ (q-€)wo # 0 and
consequently [ > 0.

Now, we prove that the above supremum is actually a maximum. We take
{wn }nen as a maximizing sequence. As was done in (2.32) above, we may
assume that

L20) —

VneN, |w,l|? < /@/ |V, |2 < H/ Vw, - AVw,. (2.33)
c a1 Jo
Moreover, we can consider
Wn,
n ‘=
\/fc Vw,, - AVw,
as a maximizing sequence. The advantage is that {0y, },, is bounded in L?(C)

(due to (2.33)) and in H'(C) since [, Vi, - AV, = 1 for each n € N. As
a consequence, there exists 1w € H'(C) such that

w

W, — W in L?(C) strongly and w, — @ in H'(C) weakly as n — +oc.
Thus,
1 = lim inf / Vit - AV, > / Vi - AV, (2.34)
n—+oo Jo c

and w € 7 is the weak limit of first integrals of q.
On the other hand, strong convergence in L?(C), the definition of the
maximizing sequence {wy, }n, and (2.34) yield that

/(q.é)ﬁ) = lim (q-é)wnzzzm/vw'Avw. (2.35)
C C C

n—-+00

We mention that @w cannot be constant almost everywhere in C' because in
this case one gets | = [,(q- €)W = W [,q-€ =0, and this contradicts the
assumption that [ > 0.

Therefore, it follows from (2.35) and the definition of [ that

f()(q - e)w

NI

and so the maximum of (1.11) is attained at w.
We also obtain [, Vi - AV = 1, which yields that {0y}, converges to
w in HY(C) strongly as n — +o0.

[ =
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Step 2. Theorem 1.1 yields that, for any € > 0, the limit of ¢, 4 7, c7(€)/M
is related to the set

If"s = {w € 7 such that e[ Cw? > / Vw-AVw}.
C C

As we did at the beginning of Step 1, we write each w € If’s as w = v+ w,

where w = I\CTT For each w € If"a with |lwl|z2(cy = 1, we have [w]| <

1/1/1C|. We also have | [ov] < /|C]||[v]lr2(c). Owing to (2.32) together

with the facts that w € If‘ “ and ( is globally bounded, one consequently
gets

/ v=0(ye)ase — 0. (2.36)
C
On the other hand,
1:/w2:w2]C|+2w/v+/v2.
C C C
—_—— =
O(Ve)  O()

Thus, w?|C| = 1 + O(y/€) as ¢ — 0. Now, we write
w’|C| =1 = (w/|C] - 1)(@wV/|C| + 1) = O(Ve),
and we use the fact that
1<w+/|C|+1<2whenw >0, and —2<wy/|C|—1< -1 when w <0,

to obtain, Vw € IIA’E,
1
(lwllrz@ey =1) = w= sgn(@)ﬁ +0(Ve) as e — 0" (2.37)

For such w’s, having ¢ - € € L*(C), it then follows from (2.36) and (2.37)

that
/C(q-é)wz=2w/C(Q~é)er/C(q-é)v2

_ 2sgn(@)fc(q.é)vdx+0(g) as & — 0F

VIC]

_ 2 sgn(w) [ (q- e)wdx

Vicl

O(e),
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Ae f\/fccw Ae
smcefcqe )=0.Asw eIy WehaveW>1 Hence, Vw € 7"

/ St < Ve Jo Cuw? 2|fc(q-é)wdac‘ N

~ e Vw - AV VICl

whenever |[w|| 2y = 1.
Moreover, if [, Vw - AVw = ef, (w? and ||w||;2(cy = 1, then we have

0@),  (238)

w? n(w é)w dx
/(Q-é)w2— VeVl | 2sen(@) Jola- Dud L 0@).  (2.39)
C

oV Ave VIOl

Step 3. For a fixed € > 0, we know from Theorem 1.1 that
. C;‘l A,M q af(e) 1 / ~ 2 1 ~ 2
lim ——— = = max - —= (g-w*=— [ (¢-é)ws, (2.40)
M—+too  My/e wezie, Ve Jo Ve Je :
lwllz2(cy =1

for some w. € If"g with ||w5||L2(C) = 1. However,

€ 0
Vel < o [ Tue- ave. < K

since w, € If"s. Hence, Vw. — 0 in L?(C) as ¢ — 0F. Consequently, the
sequence {w; } is bounded in H'(C), and thus there exists wy € H'(C) such
that w. — wp in H'(C) weakly, and w. — wp in L?*(C) strongly, as e —
0. Strong convergence in L*(C) yields that wg # 0 in C and [Jwo| 12(cy = 1.
Besides, weak convergence implies that

/]Vw()]Q gliminf/ Ve |* =
c e—=0t Jo

Therefore, |Vwg| = 0 almost everywhere in C' and wy = ilé'l is constant
almost everywhere in C'. One concludes that
Cw? — / ¢ ase —07.
R
These results together with (2.38) and (2.40) lead to
* 2 f ~
c e cé)w
limsup lim 0.4Mgef( ) > ma Jola-©) (2.41)

— X :
cob M—too Mz €l weI /[ vuw. AV
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Step 4. To prove equality, we take any maximizer v € Z (nonconstant) of
f c(q “€)w

SV AV

over Z. It is easy to see that for any k € R, v + k is also a maximizer of R.
Thus, we can choose without any loss of generality v so that v > 0.

We want to prove that there exists eg > 0 such that for any 0 < € < g
we can find a maximizer w. € Z of R satisfying

|wellp2(cy = 1 and /Csz - AVw, = /chz. (2.42)

R(w) :=

Using Poincaré’s inequality (as in Step 1), we have

/C(v—v)2 §/~$/C|Vv|2

for some k > 0 depending only on the set C. Moreover, the function ( is
positive and belongs to L>°(C). Thus, for any 0 < ¢ < gg := R”%ﬁ (where

aq is given by (1.4)), we have

e/og(u—u)Z g/cvu-Avv. (2.43)

Now, let’s fix £ in (0,&0]. Since T > 0, one can then find a constant m =
m(e,v) < 0 depending on € and v such that

E/CC(v—m)Qze(minC(z)) /C(v—m)zz/CVv-AVv. (2.44)

zeC

The continuity of

tHs/(v—t)Q—/Vv-AVv
C C

together with (2.43) and (2.44) yield that there exists r = r(e,v) € [m,7],

such that
/ C(v—r)= / Vv - AVv.
C C

€
e
We call w, := =2

since v does and since [ q- €= 0. Moreover, W, > 0 since r € [m,7]. Imi-
tating the argument used in Step 3, one gets that, up to the extraction of a
subsequence, w, — —— strongly in L2(C).

q We = gly ()

. Then, w, satisfies (2.42) and it maximizes R(w)
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Applying (2.39) for w = w. (where sgn(w.) = +1) and since w; € If’e,
we then get for any 0 < ¢ < g,

ma%(R(w):R(we) = \/ﬁ (q- &)w? + O(Ve)
we Ef CwQ

<oe + D Jola- 2

max
92 w2 weZA8 Ve
ViIeCws it =1
In other words, V0 < ¢ < &g,

\/’C‘ . CFZAM z—:f(e)
max R(w) < O(ve) + ——— lim —=— %27 2.45
wel ( ) ( ) 9 /fcgwg M —+o00 M\/g ( )

Passing to the limit as € — 07 in (2.45) and using the strong convergence of
we in L?(C), we obtain

C o e
max R(w) <0+ €] liminf lim M (2.46)
wel 92 e—0t M—4oc0 M\/g
Jo ¢
This inequality and (2.41) finish the proof of (1.11). O

3. THE TWO-DIMENSIONAL CASE (N = 2)

In this section, the space dimension is N = 2. In what follows, we find
the form of any divergence-free advection field and then prove Theorem 1.3
after passing by many auxiliary lemmas. We first start by proving Lemma
1.1, which was announced in Section 1.

Proof of Lemma 1.1. We first prove by contradiction that, for d = 1,

all the trajectories are Ljej-periodic. Indeed, suppose that there exists a

periodic unbounded trajectory 7'(z), which is not Lje;j-periodic. Then it is

pLie; periodic for some p € N, p > 2. By periodicity of ¢, T'(x)+ Lye; is also

an unbounded periodic trajectory of ¢ in , different from 7'(z). Moreover,

T(z) N (T(x)+ Lier) = 0, because two different trajectories never intersect.
We set

m := min {y2 such that (y1,y2) € T'(z)},
M := max {y2 such that (y1,y2) € T'(z)}.

We have m # M; otherwise, T'(z) is a horizontal straight line and is Lje;-
periodic.
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We also define

aj := min{y; > 0 such that (y;,m) € T'(x)},
as := min {y; > a; such that (y1, M) € T(z)}.

Let T'(z) := T(x) \ ({(a1,m)} U{(aa, M)}). Since T'(z) is a simple curve,
T'(x) has exactly three connected components, two of which are unbounded.
Let Ty(z) be the bounded component of T"(z); we set Ty () = Ty(z), which
is a compact subset of T'(x), with boundary { (a1, m)}U{(ag, M)}. We define

then

by = min{y; such that (y1,y2) € T,(x)},
by = max{y; such that (y1,y2) € T,(x)}.

We define the following curve:

C:= T(I(‘r) U {(a’lvy?)v Y2 < m} U {(a27y2)7 Y2 > M}

The curve C is a simple connected curve, which splits €2 into several connected
components, two of which are unbounded. Let €27 be the left unbounded
component, more precisely the component containing the set {y = (y1,y2) €
Q such that y; < b1}, and Qg be the right unbounded component, the one
containing the set {y = (y1,y2) € Q such that y; > by}.

Let z € Q1 and 2’ € Q9 be two points of T(x) + Liey; then, following
T(x) + Lyey, there is a continuous path in €2 from z to z’. This path must
cross C for obvious reasons of continuity. However, it can not cross {(a1,y2) :
y2 < m} or {(az,y2) : y2 > M} because of the definition of m and M.

Hence this path, which is a subset of T'(z) + Lie;, must cross T, (z),
which is a subset of T'(x). This leads to T'(z) N (T'(x) + Lie1) # (). This is a
contradiction and proves the lemma for d = 1.

In the case d = 2, we need to prove that if there exists an a-periodic
unbounded trajectory, then any other unbounded periodic trajectory will be
a-periodic. The idea is to reduce this proof to the proof of the case d = 1.
Suppose that there exists an a-periodic unbounded trajectory T'(x) of ¢ in
Q. We set €] = a/|a|, and €}, such that (e}, €}) is a direct orthonormal frame
of R2. In this new basis, q is L)-periodic in the ¢/ directions, with L} = |a.

Thus, T'(x) is bounded in the €} direction. Suppose now that y = yje} +
yheh, € Q is such that T'(y) is an unbounded periodic trajectory. Let z; €
I1Z x LoZ such that inf,cpy s, 2 - €5 > ys, and 22 € L1Z X LyZ such
that SUp.cp(y)tz, 2 - €5 < yp. We have that T'(z) + z1 and T'(z) + 22 are two
trajectories of ¢ in €2, and they split € into three connected components,
one of which is bounded in the €}, direction. We shall denote it ;. By
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construction y € . Since two different trajectories can not intersect, 7'(y)
must stay inside €2, and using the same procedure as the case d = 1 we
conclude that T'(y) is L}e} = a-periodic. O

Proposition 3.1. Let d = 1 or 2, where d is defined in (1.2). Let q €
01’5(9), L-periodic with respect to x and satisfying the conditions

Jea =0,
V.qg = 01inQ, (3.1)
qg-v = 0 on 0.

Then, there exists ¢ € C*9(Q), L-periodic with respect to x, such that
q=Vte inQ. (3.2)
Moreover, ¢ is constant on every connected component of OS.

Remark 3.1. We mention that the representation ¢ = V1¢ is already
known in the case where the domain €2 is bounded and simply connected
or equal to the whole space R?. However, the above proposition applies in
more cases due to the condition ¢ - v = 0 on 9Q (see the proof below).
For example, it applies when € is the whole space R? with a periodic array
of holes or when {2 is an infinite cylinder which may have an oscillating
boundary and/or a periodic array of holes.

Proof of Proposition 3.1. We first consider the case where d = 2. We
define Q := Q/(L1Zx LyZ) and T := R%/(L1Zx LoZ). If 2 € R?, we denote
by 4 its class of equivalence in T, and if ¢ : R? — R is L-periodic, we denote
by ¢ the function T — R? satisfying o(x) = qg(i)

Finding ¢ € C?9(€2), which is L-periodic with respect to z and satisfying
(3.2), is then equivalent to finding ¢ € C29(Q) satisfying (3.2). We consider
the map ¢ defined as follows:

Gg:T — R?, £€6+—>q(x), :f:gﬁﬁr—ﬂ)
We claim that § is a divergence-free vector field on 7" in the sense of distri-
butions. Indeed, if 1» € C°°(T'), we then have

(iv(@), ) = —(@VY) = — /T i vy

= —/QQ-WJZ—/qu‘wr/ﬂqu:OJro:O,

because of the conditions (3.1). Moreover, we clearly have chj = 0. Now,
we denote by R the matrix of a direct rotation of angle 7/2.
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The next step is to solve the following equation in H'(T):
—A¢ =V -(Rj). (3.3)

A function ¢ € H'(T) is a weak solution of (3.3) if we have, for all 1) €
HY(T),

/Tvgz-wz—/TRq-w. (3.4)

We set E := {1 € H'(T) such that [;.1 = 0}, so that, thanks to Poincaré’s
inequality,

(u,v) g :—/Vu-Vv
T

is an inner product on E. Moreover, ¢ € E — fT Rq - V) is a continuous
linear form on F, so by the Lax-Milgram theorem, there exists a unique
¢ € E solution of (3.4). The condition Jp ¥ = 0 is not restrictive because
only the gradients of functions belonging to £ appear in the weak formulation
(3.4). We then have ¢ € H'(T) such that in the sense of distributions

V-R(G—Vt¢)=0inT and
V- (G—V+t¢)=0in T since V-§=0in D'(T) and div(V+-) = 0.

This implies that § — V¢ is a harmonic distribution on 7. Using Weyl’s
theorem (see [10]), we conclude that § — V¢ is a harmonic function on
the torus T and therefore is constant. Indeed, if h is a harmonic scalar
function on 7', then by multiplying h by Ah and integrating by parts we get
Jr |Vh|? = 0, which leads to h being constant on 7.

Finally, since [(G— Vﬂg) = 0 and §— V+¢ is constant, we conclude that,
in the sense of distributions,

Gg=Vto. (3.5)
We set ¢ = (;EIQ, which solves (3.2) in Q). The corresponding L-periodic
function ¢ € H} () solves then (3.2) in Q. The C?? regularity of ¢ in Q0 is
a consequence of the Schauder estimates for the Laplace equation.

The fact that ¢ is constant on every connected component of 9f) is a
straightforward consequence of the identity

Vig-v=q-v=0 on .

For the case d = 1, we symmetrize the set Q (resp. the cell C) and the
field ¢ with respect to the line y = R and we call the resulting set by €
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(resp. Cs) and the resulting vector field by gs. For the sake of completeness,
we mention that ¢s(x,y) is given by

g, y) = q(z,y) for (z,y) € &,
A q1(z,2R — y)e1—q2(x, 2R — y)eg for (z,y) € Qs \ Q.

One can easily notice that sz gs = 0. We generate (in the direction eg) a
periodic set 21 from the set 2 in order to reduce this case to the case d = 2.
For that purpose, since we already have 23 C R x [-R, 3R] (take d = 1 and
N =21in (1.2)), we define ; in the following way:

O o= | {Qs +i(4R + 2)es}. (3.6)
i€EZ
Thus, €21 is periodic in the direction of e; and es and is the disjoint reunion
of translations of €. We set

Q:=0/(I1Z x (4R +2)Z) and T :=R?/(I1Z x (4R + 2)7),
and the procedure used for the case d = 2 still works in this case and gives
¢ € C*9(Q), L-periodic, solving ¢ = V. O
Corollary 3.1. Let
J :={no¢ such that n: R — R is Lipschitz}, (3.7)
where ¢, such that ¢ = V¢, is given by Proposition 3.1. Then, J C TU{0}.

Proof. We first mention that if ¢ # 0 is the advection vector field and ¢ is
the function given by Proposition 3.1, then ¢ € Z. Indeed, ¢ € H. () and
we have

VzeQ, q(z)- Vo(z) =V o(2) - Vo(z) = 0.
Now, using Remark 1.1, we conclude that n o ¢ is a first integral whenever
7 : R — R is a Lipschitz function. O

Remark 3.2. For any w € J, we have [,(¢q-é)w? = 0. Indeed, w = no ¢
and ¢ = V+¢, which gives

La-aw =z [ (v46) o1 =c-r [ ViFoo).

where R the matrix of a direct rotation of angle 7/2 and F’ = n?. Let
¢ € HY(T) be defined by (3.5); then ¢ = ¢ on  and is constant on every
connected component of T\(), and so is F o ¢. We then have

/T\QV(FOQE) —0.
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/C(q-é)w2 - é~R/Tv(Foq3>:o,

because T has no boundary. Thus,
Vw e J, / (q-&)w* =0. (3.8)
C

We recall that the family of first integrals Z always contains the set 7.
However, this does not, in general, provide enough information about the
following quantities,

sup/ (q-&)w? or max/ (q-&)w?,
weZ JC wely Jo
which appear in the asymptotics of the minimal speed within a large drift.

Lemmas 3.1 and 3.2 are devoted to proving Theorem 1.3 and treat this
situation.

Hence,

Definition 3.1. Throughout the rest of this section, we denote

{T = R2/(L\Z x LyZ) and Q = Q)(I1Z x LoZ) if d=2,
T = R¥/(InZx{0}) and Q = Q/(L1Zx{0}) if d=1.
(3.9)

Moreover, if x € Q (respectively R?), & denotes its class of equivalence in
Q (respectively T'), and if u : Q@ — R is L-periodic, i denotes the function
Q — R satisfying u(z) = u(x) for almost every x € .
We also define the canonical projection on T by
M:R? — T, z+i. (3.10)

We need the following preliminary lemma in order to prove the main
theorem of this section:

Lemma 3.1. Let Q be the set defined in (3.6), U be an open subset of €,
and ¢ be given by (3.2). We suppose the following:

(i) (&) # 0 for all & € U,

(i) the level sets of ¢ in U are all connected.
Then, for every w € I, there exists a continuous function n : (;AS(U) — R

such that R X
w=mno¢ onU. (3.11)
Proof. For every \ € ¢(U), we denote by I'y the level set
'y := {& € U such that ¢(z) = \}.
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It follows from (i) that V¢ does not vanish on U, and hence @ has to be
constant on the connected components of the level sets of ¢ because

Vi e U, V*to(2) - V() = q(z) - Vw(z) = 0.

By (ii), the level sets of gﬁ in U are connected, so w is constant on every
level set of ngS If £ € Ty, we have g%(a?) = ), and @ is constant on I'y, and
so depends only on A. Then, we can define n by n(A) = w(I'y). To prove
the continuity of 7, we suppose, to the contrary, that there exists \g € ngS((A] )
such that 7 is not continuous at A\g. The set I', is a curve because U is open
and ng does not vanish on U by (i). The function @ then has a “jump”
along the level set I'y,, which is impossible because w € H 1((7 ), and so has
a trace on I'y,. O

Recalling Definition 1.3 of the trajectories of an advection field ¢, we
mention the following:

Remark 3.3. It is obvious that ¢ is constant on every trajectory of q.
Moreover, the trajectories of ¢ make a partition of Q\{z € Q such that
q(z) = 0}. )
If T'(z) is the trajectory of ¢ in 2, and T'(Z) is the trajectory of ¢ in €2, then
we have

T(z) =II(T(x)).
In other words, the trajectory of the projection is the projection of the
trajectory.

Definition 3.2. We define here the set of “regular trajectories” in Q. Let

A

U:= {i" € Q such that T(&) is well defined and closed in 5} . (3.12)

We denote by U; the connected components of U.

The set U is exactly the union of the trajectories which are simple closed
curves in 2. This is proved in the following proposition:

Proposition 3.2. Let & € U; then T(2) is a C' simple closed curve in Q.

Proof. Let # € U. By definition of U, T(#) is closed. Moreover, since T'(i

)
is a subset of Q which is a compact set, T'(2) is then compact. & — |G(2)]
attains then its minimum on 7'(%) at some point &y € T'(&). Since &g € T(Z)
we have [G(Z9)| =n > 0. We then get

q(z)] >n>0. (3.13)

min
9€T(2)
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Besides, we know that ¢ is constant on T'(2). Let o := ¢(T'(2)), and Aq :=
{2 € Q such that ¢(x) > a}. Since V¢ does not vanish on T(i) because of
(3.13), we get T'(z) C 0A,. Using the Stokes formula on A, with the vector

field V¢ gives
| —ao=[ vl
Aq 0Aq

1 2 Ad
7waw»<émww<£\w<+w

where £! denote the 1-dimensional Lebesgue measure. The trajectory T'(2)
is then a C'! curve with finite length. It has no self intersection point because
such a point would be a critical point of ¢. T'(z) has no boundary because,
if y € 0T(2), since T'() is closed, y € T'(z), and so ¢(y) # 0 and we could
extend T'(z) at the point §. Consequently, if & € U, T(2) is a C! simple
closed curve with finite length. O

Thus,

Lemma 3.2. Let U; be as in the previous definition. Then,

(2) all the level sets of ¢ in U; are connected,

(ii) all the level sets of ¢ in U; are homeomorphic,

(7i1) OU; has exactly two connected components 41 and 42 such that

¢(11) = sup ¢(&) and (72) = inf ¢(2).
&eU; zel;

Proof. Let I'y := {& € U; such that ¢(&) = A} be a nonempty level set of ¢
in U;. Let T’ %\ be one of its connected components. Fi is a C! curve because

qg € C*9 and V¢ does not vanish on F}\ by definition of U. Let & € Fi; we
consider the following ODE:

Vo(y(t A
T P IO VI (3.14)
Vo (y(t))]
By classical ODE theory, there exists a maximal interval (t}c, ti) with t% <

0 < t2 on which there exists a C'! solution y; of (3.14). Moreover, either y(t)
(respectively y(t2)) is a critical point of ¢ or belongs to 9Q; otherwise, we
could extend the maximal solution y; to a larger interval, which is impossible.
We set
t' := maxt} and t?:= min t2.
zel} &el}

Since ¢! (respectively %) is equal to ¢} (respectively ¢2) for some point & € '},
we then have t; < 0 < to. We define the function g on (¢1,t2) X I& by
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9(2) = yz(t). We claim that ¢(g:(2)) = A+t for every (t,2) € (t1,12) x T'i.
Indeed, we have

d » ) d 4
o)) = L ows(0) = yi(t) - Vo(us (1))

_ Vé(y(1) (1) — 1
Vowap o=t

which leads to ¢(g:(2)) — (&) = t = d(ge(#)) — . Thus, on g,(T}), ¢ is
equal to the constant A +t. Moreover, g; is continuous with respect to £ due
to the continuity of the solution of an ODE with respect to initial data. We

set now
Vi= |J a(m.
t1<t<to
We need the following two claims, whose proofs are postponed until the end,
in order to prove that Vz = UZ

Claim 1: For every € > 0, there exists r. such that for every 2 € Vi,

te |J @)= B@Er)cV,

t1+e<t<to—e

and as a consequence V; is an open subset of T'.

Claim 2: 9V, has exactly two connected components C7 and Cs such that
dlc, = Mt and @|a, = A+ta, and either Cy (respectlvely () is a connected
component of 9} or contains a critical point of d)

By definition, V; is the union of connected components of level sets of )
on which VgZ) does not vanish. Hence, V; C U. Moreover, V; is connected
because, by construction, any point & € V; can be connected to I'} x> Which is
a connected set. Finally, UZ N VZ # () because it contains I’%\. We then can
affirm that Vz C Ul

Suppose that this inclusion is strict; then we can find zg € Ul\f/l Let
&1 € Vi, and 7 : [0,1] — U; be a continuous path connecting &y and ;. By
continuity, it crosses V. However, ovinU; =0 because, by Claim 2, the
connected components of OV are either connected components of 91, which
do not intersect U;, or contain a critical point of qb, and are thus removed
from U by construction.

Properties (i) and (ii) are straightforward, because a level set of U is a
level set of V; and can be written in the form g:(T}), and g; is a homeomor-
phism for any t; < t < ta. The level sets are then all homeomorphic to Fi\,
which is connected.
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Property (iii) has already been proved for Vi, and V; = Uj;. Eventually,
the proof of the lemma is complete. O

Proof of Claim 1. We prove this claim by contradiction. First, we have

U gt<F%\) :g([tl"i_evt?_g]?F%\)?

t1+e<t<to—e

where we denote g(t,z) = g;(&). Moreover, g is a continuous function,
because of the continuity of the solution of an ODE with respect to the
initial conditions. Therefore, |J,, fe<t<ts—e g(T'}) is compact, as it is the
image of a compact set by a continuous mapping.

Suppose now that Claim 1 is not true. Then, there exist ¢ > 0 and Z such
that & € 9V; and qg(i”) = Atac [infvi q[3+5,sup‘7i b — e.

Let 1 defined on (—@3, 3) be an arc length local parametrization of go(I'})
such that 1 (0) = Z. We define the following mapping for 0 < £ < e:

Gt (=6,0) % (=6,6) — Vi, (5,1) — gu(¥(s)).
We have G(0,0) = & and
, V(i)
DG(0,0)(s,t) = sy’ (0 .
(0.0)8) = ¥(0) =T

The linear mapping DG(0,0) is then an automorphism of R?, because

{¢'(0), |ij( 2) ~} is an orthogonal basis of R?. The application of the inverse
mapping theorem then gives two open sets Wy C (—83,0) x (=&,£), with
(0,0) € Wy, and Wy C V;, with # € W, such that G is a local diffeomorphism
from Wy to Wy. This prevents & from belonging to dV; and then gives a
contradiction.

The fact that V; is an open subset of T is a straightforward consequence,
because if & € V;, then for & small enough # € Uty re<t<ty—c g:(T'}) and so

we can find a neighborhood of Z in V.

Proof of Claim 2. Let & € 9V;; then qg(i) = A+11 or A+ to. Indeed, by
continuity of ¢ we have quﬁ( &) € [t1,t2]. Suppose for the sake of contradiction
that ¢(&) = a € (t1,t2); then for e sufficiently small we have a € [t1+25 to—
2%]. Let {#,} be a sequence in V; converging to &. We have then ¢(#,) — «
as p — oo. Hence for p large enough we have d)( &p) € [t1 +€,t2 — €], so by
Claim 1, there exists r > 0 such that for p large enough dist(Z,, 8‘72) >r >0,
leading to dist(Z, 8V;) > r > 0, which contradicts the fact that & € AV;.
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We NOW prove that AV; has exactAly two connected components. Let Cy :=
OV;N¢ (A +1t1) and Cq := OV; N~ 1 (A +t2). We have, using the previous

remark,

= [\ Vino H(A+t1, A+t + 1/p)).
peN

Since V; N ¢~ (X + t1, A + t1 + 1/p)) is a nonempty bounded open con-
nected subset of T, its closure is a nonempty compact connected subset of
T. Therefore, C is the decreasing intersection of nonempty connected com-
pact subsets of T', and is then a connected nonempty compact subset of T'.
Similarly, C'5 is connected.

Flnally, we prove that Cy (respectively C’g) is either a connected compo-
nent of A or contains a critical point of d) We suppose then that C7 does
not contain any critical point of ¢>. It must then contain a point zg of o
otherwise, for any & € I'} the solution of (3.14) could be extended at the
point ¢1, and this would contradict the definition of ¢;. We denote by D;
the connected component of o0 containing 9. We are left to prove that
Dy = (. First, we know that C} is a regular simple closed curve, because
it is a connected component of a level set of QAS on which gg does not vanish.
We have then C7 = T'(Zp). Moreover, the trajectories of ¢ intersecting the
boundary of 2 follow the boundary of € since g-v = 0 on 89, so T'(iy) C D;.
We conclude that C; C D1, and since C; and D; are both connected simple
closed curves we get C; = D;. Similarly, we get that Cs contains a critical
point of @ or is a connected component of ox. O

Proof of Theorem 1.3. Using (3.2), we have for any w € 7

L= [ (Vo =R [ (vé)e?

Let W := {2 € Q) such that ¢(&) is a critical value of ¢}. Using the co-area
formula ([7], [8]) we get

’/WuﬁVgg‘ < /W W2 V| = /¢;(W) </¢;_1(t) wZ(x)>dt.

Moreover, from Sard’s theorem (see [13], e.g.), since ¢ is C2, L} (¢(W)) =
where £! denotes the Lebesgue measure on R. It follows that

/ W’V = 0.
w
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Since O\W c U c Q, we get
2 _ N2 2\,2
/qu —R/U(qu)w =R % /Ul(VgZ))w . (3.15)

We now use Lemma 3.1 to get n; continuous such that

| vérat= [ (vénio).

U; Ui

We define the function F; by F = n? and F;(0) = 0, and we obtain

/m_(wB)uv? -/ V()

If we define Uf := {i € U; such that infy. e < px) < supyg, ¢ — e}, then
it follows from the dominated convergence theorem that

/ (Vo)yw? — [ (Vo). (3.16)
Us =0 Ju;

We now prove (i) = (ii) by contraposition. We suppose that there exist
no periodic unbounded trajectories of ¢. In U;, the trajectories of ¢ are
exactly the level sets of ¢. We consider the following set: U := II-1(U?).
Let zp € U7 and let U, be the connected component of U7 containing zo.
We claim that 11 is a surjection from Uiy to Uf For that purpose we prove
that II(U7) is open and closed in U:.

Let & € II(Ufy), and r > 0 be sufficiently small to have B(&,r) C Ue.
Let = € Uf, such that Il(z) = &; then II(B(x,r)) = B(&,r), which leads to
B(&,r) € I(UFy), so I(UE,) is open in UF.

On the other hand, let {2, } be a sequence of II(U; ;) converging to & € Ue.
Since Uf is open, for r > 0 sufficiently small B(z,r) C f/f Hence, for n
large enough, we have &,, € B(Z,r), so there exists N € N and s > 0 such
that B(Zn,s) C B(2,r) and & € B(iy,s). Finally, let zny € U, such that
II(zy) = Zn; then there exists © € B(xzy,s) such that II(z) = 2, which
leads to the conclusion that II(Uf,) is closed in Uf.

Now, by definition, U; and Uf only contain “regular” trajectories of ¢, and
so does Uy By assumption, there exist no periodic unbounded trajectories
of g, so all the trajectories of ¢ in U;, are bounded. Moreover, anE,o is the
disjoint reunion of two bounded, regular trajectories of ¢. All the trajectories

of ¢ in U7 are level sets of ¢, and by a compactness argument we get that
U; is bounded in €.
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From this boundedness, we obtain that II : U7y — Uf is a bijection.
Indeed, if it is not injective, since U is connected we would have a path
connecting two different points z1 and xg of U7, such that II(x) = II(z2),
and by periodicity, U7 could not be bounded. 7

We conclude that II : U7, — Uf is a measure-preserving bijection, by
definition of the measure on T. We get then

| wdit= [ o= [ vE@=[ FE@n

U? Uso Ufo ou;g,

where n is the unit outward normal vector field to an‘fo. Finally an‘fo is the
union of two level sets C'y and Cs of ¢ in 2, which are both simple closed
curves, so we can write

/Uiso(wﬁ)uﬁ :Fi(¢(Cl))/ n+Fi(¢(CQ))/ n,

Cl 02

/ n:/ n =0,
Ch Co

because the integral of the unit normal on a C' closed curve in R? is zero.
Therefore, using (3.15) and (3.16), we get [, quw* =0, for all w € Z.

We now prove (ii) = (i). Let x € Q and a # 0 such that T'(z) is a-
periodic and unbounded such that |a| is minimal. Let U; be the connected
component of U containing & := II(z). We define as previously Uf for
sufficiently small in order to have UF # 0. Let o € II1(U?); we define Ufo
to be the connected component of T~ (U?) containing zo. Let ¢, := a/|a],
and e}, be such that (e],€}) is an orthonormal frame of R2. We set

with

Ui = {z =z} + %€} € U such that 0 <z} <|a|}.

Using similar arguments to (i) = (ii), we get that II is a measure-preserving
bijection from U; to U7, and we have

/(%)w?: / Vo= [ VE@) = [ Fom
Uf Uf Uf BU,L.E

The boundary of U; consists then of the connected pieces Cj and Cy of
level sets of ¢, and two segments, which are S := Uf; N {z} = 0} and
Sy == UigN{z] = |a|}. We have S; = Sy + a. By periodicity of ¢, and
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the fact that the outward unit normal vector on S; is the opposite of the
outward unit normal vector on Sy, we get

F(¢n+ [ Fi(¢)n=0.
51 SQ

Moreover, we have

/ Fi(é)n = F(6(C1)) / n = F(6(Cy))Ra,
C1

Cy

where R is still the matrix of a rotation of angle /2. Besides,

[ F@m=r©(c) [ n=-F@C)Ra

Cy C2

It suffices now to consider a function F; defined by F! = n? which is not
constant on U;, so that we just need to consider a function 7; which has
compact support in ¢(Uf), but is not identically zero. This way we get
Fi(¢(C2)) # Fi(¢(C1)), and we obtain

VE(6) #0.
U;

We set then wg = 1;(¢) on U7, and 0 otherwise. The function wg obviously
belongs to Z, and using (3.15), all the terms in the sum vanish except for
the integral on U;, so Jo qwg # 0. This proves (ii).

In the last part of the theorem, we need to prove that whenever fC qw% #*
0, it is proportional to a, where a is such that all the unbounded periodic
trajectories of ¢ in {2 are a-periodic.

For that purpose, we return to the previous computations. We know that
for € > 0 sufficiently small we have

[ (v = (Ro() - RO Ra

U¢

Hence, for any € > 0 we have

a-/ (Vé)i? =0,

U¢

which remains true at the limit ¢ — 0. Using (3.15) we get

a~/V¢w2:0,
C
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which gives

Ra-/qw2:0,
C

for any w € Z. This is equivalent to saying fC qu? € Ra. O
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