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Abstract

We study the eigenvalue problem involving the mixed local-nonlocal operator L := —A + (—A)* + g -
V + a(x)Id in a bounded domain € C RY, where a Dirichlet condition is posed on RN \ 2. The vector
field ¢ stands for a drift or advection in the medium. We prove the existence of a principal eigenvalue and
a principal eigenfunction for s € (0, 1/2]. Moreover, we prove C 2 regularity, up to the boundary, of the
solution to the problem Lu = f when coupled with a Dirichlet condition and 0 < s < 1/2. To prove the
regularity and the existence of a principal eigenvalue, we use the L? theory for L obtained via a continuation
argument, Krein-Rutman theorem as well as a Hopf Lemma and a maximum principle for the operator L,
which we derive in this paper.
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1. Introduction and main results

The study of the principal eigenvalue of an operator is essential for many important results in
the analysis of elliptic and parabolic PDE as well as the analysis of elliptic and parabolic integro-
differential equations (IDE). For instance, the principal eigenvalue is fundamental in the study
of semi-linear problems [8,12], bifurcation theory, stability analysis of equilibrium of reaction-
diffusion [5,6], large deviation principle, and risk-sensitive control [2]. The principal eigenvalue
of an operator also plays a role in determining whether the maximum principle holds or not for
the operator at hand [7,17,24].

We are interested in the study of the principal eigenvalue for an operator involving an advec-
tion term (or drift) and a mixed local (elliptic) and nonlocal operator. We consider the following
problem

Lu:=—Au+(—A’u+q-Vu+ax)u=iu in
(1.1)
u=0 on RN\,
where, for some « € (0, 1),
2 is an open bounded domain of RY with ¢ boundary. (1.2)

The operator L is an elliptic operator (in general non-self-adjoint, unless g = 0) obtained by the
superposition of the classical and the fractional Laplacian (—A)* where s € (0, 1/2]. Problem
(1.1) has also an advection term ¢ - Vu, where

q:Q2— RY is a vector field in the Holder space CO’“(ﬁ). (1.3)

The vector field ¢ can be viewed as a transport flow in (1.1). The function a in (1.1) is assumed
to satisfy

a el Q). (1.4)
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We recall that the operator (—A)*, s € (0, 1), stands for the fractional Laplacian and it is
defined, for a compactly supported function u : RN — R of class CZ, by

s . u(x) —u(y)
(=A)'u(x)=Cn gl_l)%lJr / Xy Y.

]RN\Bs (x)

The constant Cy  in the above definition is given by

F(¥ +5)

Cn s i=n" 2%
S r'(l—s)’

and it is chosen so that the operator (—A)* is equivalently defined by its Fourier transform
F(=8)u) =[P Fw).
It is known that we have the following limits

lim (~A)u=u and lim (~A)u=—Au for ucC>(R"Y).

s—0t s—1-

Definition 1.1. By the principal eigenvalue of L, we mean a value A1 € R for which (1.1) admits
a positive solution u (1 > 0) in 2. Throughout the paper, we will denote by A; := 11(£2, q)
the first eigenvalue of L in € with a Dirichlet condition on RY \ Q. We will denote by ¢; the
corresponding unique (up to multiplication by a nonzero real) eigenfunction of L. We will refer
to ¢1, which will have a constant sign over €2, as the principal eigenfunction of L.

The interest in the study of problems involving mixed local-nonlocal operator has been grow-
ing rapidly in recent years. This is due to their ability to describe the superstition of two stochastic
processes with different scales (Brownian motion and Lévy process) [16]. The mixed local-
nonlocal operator in the form (without advection and without a zero order term)

Lo:=—-A+(-4)", s€(0,1),

has received by far great attention from different points of view. This includes existence and
non-existence results [1,4,8,10,21,23], regularity results [13,18,22,28,31], associated eigenvalue
problems [9,12,14,26,29], and radial symmetry results [11].

In this paper, we consider a mixed local-nonlocal operator with the additional advection term
q -V, where g € L*°(Q) is a bounded vector field. We aim to study the existence of the principal
eigenvalue and the corresponding eigenfunction in Q for L := —A + (—A)’ +¢q -V +a(x)Id
with s € (0, 1/2]. To the best of our knowledge, the presence of an advection term has not been
addressed before.

It is important to note that when the operator L does not include an advection term, that is
L = Ly, the operator is self-adjoint and the study of the principal eigenvalue for L relies on a
variational characterization via the Rayleigh quotient (see [8,9,14]). Namely,

A(Q):= inf [”]’gJ (1.5)
MGXS(Q)\{O} ”u”LZ(Q)
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where the space Xg (£2) and the semi-norm [-]ys(q) are defined in Section 2, below. However,
in the presence of advection, the operator L is no longer self-adjoint and so there is no simple
variational formulation for the first eigenvalue as in (1.5). We will prove the existence of such
principal eigenvalue of L and the corresponding eigenfunction with the aid of the Krein-Rutman
theorem (see [15]). We will use the version of Krein-Rutman theorem stated in [17, Theorem
1.2] and we recall it in Theorem A below.

Lastly, we mention that integro-differential equations arise naturally in the study of stochastic
processes with jumps. They describe a biological species whose individuals diffuse either by a
random walk or by a jump process according to the prescribe probabilities [31]. The generator
of a Lévy process has the following general structure [27]

Lu = Z a;jjDiju + quDju +a(x)u+ PV. /(u(x) —u(Y)K(x —y)dy, (1.6)
i j=1 j=1 RN

where K is a measurable kernel on RY satisfying f]RN min{1, |z|*}K (z) dz < 0o and a(x)u is
a zero order term. The first and second terms in (1.6) correspond to the diffusion and the drift
respectively [14]. The study of the operator £ in (1.6) with all its components (diffusion, drift,
zero order term and jump) is quite intriguing. By far, there are just a few contributions in this
direction. In [2], while studying the risk-sensitive control for a class of diffusion with jumps, the
authors investigated the existence of the principal eigenvalue for the class of operators £ where
the kernel is locally integrable. In [3], the authors also considered a locally integrable kernel and
proved the existence of generalized principal eigenvalue in R". We refer to [24, Chap. 3] where
elliptic problems involving general second order elliptic integro-differential operator have been
considered. Note that our operator L in (1.1) corresponds to a;; = §;; in (1.6). In this present
work, we only consider an L where the nonlocal operator is replaced by the fractional Laplacian.
We state our first result as follows.

Theorem 1.2. Assume that q and a satisfy (1.3) and (1.4) respectively and let s € (0, 1/2]. Then,
there exists a principal eigenpair (L1($2, q), ¢1) for the problem (1.1) such that

(@) A1(R2,q) is an eigenvalue of L in Q and the corresponding eigenfunction ¢ has a constant
sign in Q and it is unique up to multiplication by a nonzero constant. Moreover, @1 satisfies
@1 < 0 on 02, where v stands for the outward normal on 0€2.

(b) Forall s € (0,1/2], we have ¢ € C2(22) NCH*(Q) NC(RN). Moreover, if s € (0, 1/2) and
0 <« < 1 — 2s, the principal eigenfunction satisfies ¢ € C>*(Q).

(©) If » e R is a real eigenvalue of L and ) # A1(2, q), then A > A1(2, q).

(d) If » € C is an eigenvalue of L, and A # A1(R2, q), then R(L) > A1(R2, q), where R(L) is the
real part of A.

(e) The principal eigenvalue A1 (2, q) is characterized by the following min-max formula

Lu
A(R2,9) = max inf —, 1.7
ueV(Q)xeQ u

where
V(Q) = {uecz(g)mcl(ﬁ)mCC(RN): u>0inQ and u=0on RN\Q}.

4
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We also prove the following Hopf Lemma for the operator L. We emphasize that the result
holds for any s € (0, 1). We will use the following result in proving Theorem 1.2 but we will
state the result in a general setting.

Theorem 1.3 (Hopf Lemma). Assume that q and a satisfy (1.3) and (1.4) respectively. Assume

furthermore that a(x) > 0 for all x € Q. Let s € (0, 1). Suppose that @ C RN is a bounded C*
domain and let ¢y € R such that

coa(x) <0, x € Q. (1.8)
Letu € C2(Q) NCRN) N C(Q) such that u is bounded in RN and
Lu:=—Au+ (—A’u+qgx)-Vu+ax)u>0in Q. (1.9)

Let xo € 0K2. Assume that u(x) = co on Br,(xo) N 982, for some Ry > 0, and that u > ¢y in RV,
Ifu % co in RN, then

dyu(xg) <0, (1.10)
where v denotes the outer unit normal to Q2 at x.

Remark 1.4. Observe that the condition (1.8) is not needed whenever ¢ = 0 in 2. In other words,
co can be an arbitrary constant in R when a =0.

We also have the following remark:

Remark 1.5. Note that Theorem 1.3 holds for all 0 < s < 1 and that the function u is not assumed
to be C2(2). We only assume that u is differentiable at xo € 9<2. We will state another version
of the Hopf Lemma in Theorem 3.2 below. However, the other version requires more regularity
on u. The proof of Theorem 3.2 turns out to be shorter because it relies on an inequality satisfied
by (—A)*u in a neighborhood of xq. As C? regularity, up to the boundary, is not confirmed for
s = 1/2, we will see that Theorem 1.3 turns out to be more helpful, than Theorem 3.2, in proving
Theorem 1.2.

The following three theorems address the regularity of solutions to the linear problem

Lu:=—Au+(—A’u+q-Vu+au=f in &,
(1.11)
u=0 on RM\Q.

We mention that the regularity of u—up to the boundary of €2, occurs for 0 < s < 1/2 and
0 <a <1 —2s.In general, for s € (0, 1/2], we prove an interior regularity result.

Theorem 1.6 (C>% interior regularity). Let a, f and q be in CO%(Q), for some «a € (0, 1).

Assume that s € (0,1/2] and that u € W>P () is a solution of (1.11). Then u € C2o () for
every Q' CC Q. Moreover, there exists a constant C > 0 such that

”M”Cz,a(ﬁ) < C”f”COa(§) (1]2)

5
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The following theorem provides a W27 estimate for the solution to the mixed local/nonlocal
problem (1.1).

Theorem 1.7. Let Q@ C RN be an open bounded set and s € (0, 1/2]. Assume that f € L? ()
with 1 < p < 00, a € C%%(Q) satisfies a(x) > 0 in Q and g € C**(Q). Then, the problem (1.11)
has a unique solution u € W2P (). Furthermore, there exists a constant C := C(N, s, p,R2)>0
such that

lullwzr ) < CllfllLr)- (1.13)

As a consequence of Theorem 1.7, we have the following C>* regularity, up to the boundary,
for (1.11) when 0 < s < 1/2.

Theorem 1.8 (Holder regularity up to the boundary when s < 1/2). Let s € (0, %) and 0 <a <
1 — 2s. Assume that the advection term satisfies g € C%*(Q) and that a € C**(Q) satisfies
a(x) > 0 in Q. Then, there is some C > 0 such that for all f € CO’“(ﬁ) there is some u €
C>%(Q) that satisfies

Lu=—Au+(—A’u+q-Vut+au=f in £,

B N (1.14)
u=20 on R™\ Q.

Moreover, we have

”u”(;la(ﬁ) = C”f”c(lor(ﬁ)-

We briefly comment on the proof of Theorem 1.2. The main ingredient in the proof of The-
orem 1.2 is the Krein-Rutman theorem, which relies on the strong maximum principle for the
operator L and the L”-theory of the problem (1.11) (see Theorem 1.7).

Indeed, with the aid of the LP-theory of Lo developed in [31, Theorem 1.4] and for more
general second order elliptic integro-differential operators developed in [24, Theorem 3.1.23],
we first prove using the method of continuity (see [25, Theorem 5.2]) that for f € L?(2), there
exists a unique solution u € W>? () of problem (1.11) for any 1 < p < oo. Then, using the
Sobolev (Morrey) embedding theorem we in fact have that u € C1# (), for any B € (0, 1).
Exploiting the fact that u € C'# (), we obtain an interior C** regularity for « in Theorem 1.6
for all s € (0, 1/2] thanks to the regularity result of [30, Proposition 2.7]. This allows us to apply
the strong maximum principle for L in Theorem 3.1 and thus complete the proof of Theorem 1.7.

We point out that since our strategy of proving Theorem 1.2 relies on the L?-theory of prob-
lem (1.11), combined with the application of the Krein-Rutmen theorem, our result holds for
more general mixed local-nonlocal operators satisfying the strong maximum principle as given
in (1.6) with the kernel of K satisfying

K1 K2

<Kx—-y=

m_ _m, Kl,K2>0,S€(0,1/2]. (115)

We refer the interested reader to [24, Chap. 3] for general second order elliptic integro-differential
operators satisfying such properties. In particular, any nonlocal operator of small order will sat-
isfy (1.15) (see [19,20] and the references therein).

6
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The rest of this paper is organized as follows. In Section 2, we introduce some functional
spaces. In Section 3, we prove the strong maximum principle and the Hopf Lemma for L. In
Section 4, we develop the LP-theory for L and prove the existence and uniqueness of solution
u € W2P(Q) to problem (1.11). Section 5 is devoted to the proof of Theorem 1.2 by using most
of the results in the previous sections.

2. Functional setting
We start this section by fixing some notation. Let Q@ ¢ RY _be an open bounded set. For the
vector field g : Q@ — RY, we write q € L*®(Q) (resp. g € €Y% (Q)) whenever q; € L>(R) (resp.

q; €C*(Q)),j=1,2,---, N.We denote by C** (), 0 < & < 1, the Banach space of functions
u € C*(Q) such that derivative of order k belongs to C%% () with the norm

el era gy = Nl + D [P Ulcoa ),

|t|=k
where
Wl — sy D= u0)]
COx(Q) — T s _ ol
@ X,yEQ,xH£y |x — y|a

and C%%(Q) is the Banach space of functions u € C%(Q2) which are Holder continuous with
exponent « and the norm ||u||C0,a(§) = lullLo) + [u]co,a@).
If k € N, as usual we set

WhP(Q) = [u € LP(Q) : Du exists foralla € NV, [a| <k and u € L”(Q) }

for the Banach space of k-times (weakly) differentiable functions in L?(£2). Moreover, in the
fractional setting, for s € (0, 1) and p € [1, 00), we set

u(x) — u(y)

WP (Q) := {u eLP(Q) : € LP(Q x Q)}

Ix—yl

The space W*P(2) is a Banach space with the norm

Ju(x) —u()|? 1
lullws.rc@y = (Nl gy + // S dxdy)”.

QxQ

We also define the space A*(2) by
X5(Q) = |u cLX(Q): uloe H'(Q): [ulysq) < oo} :

where the corresponding Gagliardo seminorm [-]ys(q) is given by

7
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_ 2
[ulxs @) :=/|Vu|2 dx+/ M dxdy.
Q

|x _ y|N+2s
RN RN

Note that the space X*(£2) is a Hilbert space when furnished with the scalar product
u@) —u)P
(M,U)XS(Q) I:/MU d.x+/VMVU dx+/ /dedy
Q Q RN RN
and the corresponding norm is given by [lull xs (@) = /{u, v) x5 (). Define
X5 Q) :={ueX’(Q): u=0 on RY\Q}.

Note that if u € Xg (2) then u|q € HOl (£2) due to the regularity assumption of 9€2.
Finally, we define the space £!(R") by

CSI (RN) := {u :RY — R, such that u is measurable and ||”||Lj, RNy < oo},

where

||M||£5(RN) :/de
1 1+ |y|N+2s

RN

3. Hopf lemma, maximum principle and interior regularity: proof of Theorem 1.3 and
Theorem 1.6

In this section, we derive some results for the operator L. These will be important in the proof
of Theorem 1.2. We start with the following result on the strong maximum principle for L.

Theorem 3.1 (Strong maximum principle). Let Q@ C RN be an open bounded set, q and a be in
L>®(Q) with a(x) > 0in Q. Let s € (0, 1) and u € L} (RN) be a function in C*(Q) NC(RN) that
satisfies

Lu >0in
u >0 on RN\SZ.

Thenu>0inQoru=0inRY.

Proof of Theorem 3.1. Suppose to the contrary that u is not positive in 2. Since €2 is bounded,
€2 is compact. Since u is continuous in RY andu > 0in RY \ 2, there is a point xp € 2 with

u(xp) =minu(x) <O0. 3.1
xeQ

Therefore, as xo is an interior point where the minimum of u is attained, it follows that ¢ -
Vu(xp) =0 and Au(xg) > 0. Hence, from the definition of the operator L, and since a(x) > 0 in
2, we have that
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Fig. 1. The open set K C € is the intersection of the ball centered at xy with the ball centered at X, which is tangent to
9% at x(. Note that K N9 = {x¢}.

(=A) u(xo) = Au(xo) — a(xo)u(xo) = 0.
Whereas by (3.1), we have that u(xo) < u(x) for all x € R Tt follows that

ulxo) —u(y) [ ulxo) —u(y)

s _ ulxo) —uly) b L0 £
0<(=A)u(xg)=P.V. xo — y[V42s y= lxo — y|N+2s y=
N

Moreover, since the integrand is non-positive by assumption and (3.1), we conclude that

u=u(x) in RV.

Now, since u > 0 in RV \ €, it follows that u = 0 in  and therefore u = 0 in R". This leads to
a contradiction and the proof is established. O

We now prove the Hopf Lemma stated in Theorem 1.3, for all s € (0, 1).

Proof of Theorem 1.3. Let be B,(x) a ball centered at x € Q2 that touches 92 at xg € 0L2. Let
K be the set defined by

K := B,(¥) N B; (x0).

We introduce the auxiliary function

1
p(x) 1= e KW _o=00+2  where K(x) = (x = x>+ 1)%

and 6 is a positive constant to be chosen later. (Fig. 1.)
We have

v>0 in B,(x), v=0on 0B, (x) and v <O on RN\Br(i).

For any x € RN, computation shows that
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Lv(x) =—Av(x) + (A’ v(x) + g(x) - Vu(x) + a(x)v(x)
_ ON (x)- (x —%) _ 0 92
—_ K@) _p4 —lx—x 2
¢ (/cm e T Ve +/c2(x>>> G2
+ (=AY v(x) +ax)v(x).

Observe that 1 — e < p for all p € R. Therefore,

Cns [ 20() —vr+y) —vlx —y)
K _ 5
-arun =32 | e
RN
Cy e KD 2 _ g0+ -K@) _ p=0(Kx=y)-K(x))
= 2 / |y|N+2s dy
RN 3.3)
2 O™ (K4 y) = Ko) + (K —y) = K()
- 2 |y|N+2s
RN

—0e KD (ZAY K ().
We see that
1 < K(x) < (diam(Q)> + 1)'/2:= A. (3.4)

The constant A in (3.4) depends only on the domain 2. We now compute

2|(=AY K (x)]
CN,S
[(Kx+y) —Kx) + (K —y) — Kx))] 2/C(X)
5/ [y |V +2s dy+ / ly |N+23
B ]RN\BI

1
S/ (VKX +1y)) — VE(x — ty)’detdy—}— / | 2A

|y |[V+2s yINF2s dy
By 0 RN\B;
- |V’C(x +1ty)) — VEK(x — fy)| 2woy_1A
— |y|N+2s 1 y+ 2s :
Bl 0

We also have

(x+ry) (k=)
Kx+1y) K —1ty)

IVK(x +ty)) — VK(x —ty)| = ’

1 1 | 1
- ‘ty (K(x+ty) TXG —ty)) A (K(x+ty) T K@ —ty))‘

10
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§2t|y|+' x|, as K > 1

1
Kx+ty) K —ty)

1
<2t|y| (1 + ‘V <m>

7—X _
§2t|y|(1+‘m |X|> <2yl (1 + 1z — x| |x])

<2yl (A +lz = x| |x] + [x[x]) < 2[y| (L + Gty + [x])|x]).

|x|), for some z € [x —ty, x +ty]

Since x,x € Q2 and Q is bounded, we have |x|, [x| < D, where D is a positive constant that
depends on 2. Also, |y| < 1 for y € B;. Therefore,

1
Cns / IVE(x +1y)) = VE(x —1y)] didy + 2on—1A

(=AYK@ == N 2
By 0
c [ (14 Gyl + 17DIxD 2on-1 A
N.s + Gty + |xD|x WN—1
=< 5 /2t |y NF2s=2 drdy + )
B 0
(3.5)
Cns [2(1+ @B+ D)D) 2oN-_1A
< y+
) [y|N+2s—2 25
By
N _ 2wn_1A
<Cns(14 B+ D)D) 4 =
2—2s 2s
::M.

We denote the constant obtained in the upper bound of (—A)*K(x) by M. Observe that for all
x € , we have

a(x)v(x) < a@)e "W < ||| Lsoqe W,

Thus, it follows from (3.2), (3.3) and (3.5) that, for all x € RV,

Lv(x) =

_ ON (x)- (x = %) _ 0 92
0K (x) 4 oy 72 _
‘ (K(x) o maleEi Verre Rilre ey

) - oM+ ||a||oo>.
Now, if x € K = B, (x) N B%(xo), we have |x — x| > % and hence

Lv(x) <

ok (N Qllqlloolx—il_f( 6 N 02
K(x) K(x) 4 \C3(x)  K2(x)

)—om+ ||a||Loc<m).

Since IC(x) > 1, for all x, we can choose 0 large enough so that

11
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Lv<0 in B%(xo) N Q.
Consider the function w := —u + ev + ¢, where ¢ is a positive constant to be chosen later. Since
u > co in RY, the maximum principle in Theorem 3.1, applied to u — ¢, yields that u > cg in

Q (as u #£ cg in RY). As the set B, () \ K is compact, the minimum of u over B, (%) \ K is
attained. So this minimum will be strictly greater than cg. That is,

_min u(x) > cp.
By (W)\K

Thus, we can find a constant § > 0 such that
u>co+8 in B,(X)\K.

Then, for x € B, (x) \ K

i 1
W) = —8 v = =8 +e(e W — 0D < gp(1 - e 00D,
Chosen ¢ sufficiently small, say

8

£< —
1 — ¢—6(1+r)2

s

we have
w<0 in B,(%)\K.
Since u > ¢g and v < 0 in RY \ B;(x), we have that w < 0 on RY \ K. We also have
w<0 in 0K \ {xg} and w(xg) =0.
Moreover, using the condition (1.8) on ¢g and a(x), we get
Lw=L(—u+ev+cy) <cpa+eLv<0 in K.
From the maximum principle, applied to w, we obtain w < 0 in K (since w # 0 in RV). As

w(xg) = 0, it follows that the maximum of w over K is attained at xq. Therefore, the normal
derivative 0, w satisfies

dyw(xo) = —dyu(xo) + £dyv(xo) = 0. (3.6)

We now compute the normal derivative of v over d B, (x). We have

Vu(x) =—0 %e*mm, for all x € Q.

Thus, for x € 0B, (x), we have

12
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—r—1)- _ = ek
dv(x)=(x —x)-Vo(x)=-6 o) e < 0.

In particular, d,v(xg) < 0 and it follows from (3.6) that
dyu(xg) <edyv(xg) <O.
This completes the proof. O
We state and prove another version of the Hopf Lemma in the next theorem. We refer the

reader to Remark 1.5 above for more details on the difference between Theorem 3.2 and Theo-
rem 1.3.

Theorem 3.2 (Hopf Lemma). Suppose that @ C RV is a bounded C 2 domain and let q and a be
in L°°(Q) with a(x) >0 in Q. Let ¢ € R and u € C*() NC(RN) be such that u is bounded in
RN and

Lu>0in Q. 3.7

Let xo € 9$2. Assume that u(x) = co on Br,(x9) N L2, for some Ry > 0, and that u > cq in RV,
Ifu s coin RN, then

dyu(xg) <0, 3.8)
where v denotes the outer unit normal to 02 at x.

Proof of Theorem 3.2. The proof mostly relies on the fact that

(—A)’u <0in B, (xp) N, for some 0 < p < Ry, (3.9)

and the Hopf lemma for elliptic operators. The proof of inequality (3.9) is done in details in [9,
inequality (2.9) in the proof of Theorem 2.9] and we will omit it here.

We note that if there is a point y € B,(xp) such that u(y) = co, we apply the maximum
principle in Theorem 3.1 to (3.7) (knowing that u > co in R") and conclude that u = ¢y in R",
which is a contradiction.

Now, we combine (3.7) and (3.9) to deduce that there exists p > 0 such that

O0<Lu<—-Au+gq-Vu+au in B,(xo) NS, (3.10)

and u > co in RV . The elliptic maximum principle (see [25, Lemma 3.4], for e.g.) implies that
either u = ¢p in B, (x0) N €2 (this cannot happen because of the note above) or u > cg in B, (xg) N
Q. Moreover, the Hopf Lemma for elliptic operators (here, we have —A + g - V) implies that
oyu(x) < 0 for all x € B,(xg) N €2, which is part of 9(B,(xo) N ). In particular, we have
dyu(xp) < 0 and this completes the proof. O

Next, we give the proof of the interior regularity when s = 1/2. We mention that, for 0 <s <
1/2, we will have regularity C%%($2) up to the boundary. The latter is done in Theorem 1.8.

13
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Proof of Theorem 1.6. Let f € C%%(Q). Let Q' and ; be two open subsets of & C RY such
that

Q' ccecca.
Define the cut-off function 1 € C2°(2) as
nx)=1 if xeQ and nx)=0 if xeRM\Q, (3.11)
such that 0 < n(x) <1 forall x € R¥ and there exists C1, C; > 0 such that

C
-1
dist(%2', 092)

C

d  |Dpl<—F2
and 1Dl < e o) 2

|Dn|
We set

vi=nu and w:=(1—nu

Since u € W27 (), it holds that u € C'*($2) applying the Bootstrap argument as in Lemma 4.1
with 8 = «. Then, we compute

—Av=—n((=A)'u+q-Vu+au— f)—2Vu-Vn—uln
= f.
We note that all elements of f are supported in ;. We need to show that fe Co¢(RN). To

do so, we only need to show that (—A)*u € CO%(R") since the other terms follow easily. We
write

N(=A)u=(=A)"v—u(=2)'n+1u,n

where

T, n)x):= C;’S / () —u +|§|)1)\,(J:72(sx) —nbe+2) dz.
RN

Since supp v C 2, we have

Illcray) = Il < Cllullra). (3.12)

We distinguish two cases depending on whether s = % or0<s<1/2.

Ifs = %, then, we use the regularity result of [30, Proposition 2.7] with [ = 0 to get (—A)% vE
CO%*(RN) and

1
[(=A)2v]lcoemryy = Clivligremyy < Cllullcre g)-

14
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Ifs <1/2,thenclearly 1 + o —2s > o > 0. Now, if @« < 1 + o —2s < 1, we use the regularity
result of [30, Proposition 2.7] with [ =0 to get (—A)*v € CO1+e=2s(RN'y and

”(_A)SUHCO,I-HX—ZS(]RN) S C”U”Cl,a(RN) S C”M”C]a(§)
Hence, by inclusion of Holder spaces, we have
(=AY vl eow@yyll < CI=A)Y vllotsa2s @) < Cllvlica@yy < Cllllore g

Now, if 1+« —2s > 1, then @ —2s > 0 and [30, Proposition 2.7] with / = 1 yields that (—A)*v €
cle=2(RN) and

I(=A) vllgraas @y < Cllvllerey) < Clullgrag-
We also know that if ¥ € C1¥ (RN) for some y < o < 1, then ¥ € C**(RV) and
¥ llcoemnyy < CllYllcry mny- (3.13)
Thus, as 0 < o — 2s < « < 1, it follows (taking ¥ = (—A)®v in (3.13)) that
I(=A) vlicoa@y) < Cll (=AY vlicra-2s@y) < Cllvligre@y) < Cllullerag.-

The above can be summarized as follows. Given 0 < « < 1, for all s € (0, 1/2], the fractional
Laplacian (—A)*®v satisfies the estimate

||(—A)SU||CO,a(RN) < C”M”Cl,a(RN), (3]4)

where C is a positive constant that depends only on 2, o, N and s. We also have
(= A) nllcoa®ry < Cll (=AY Nl po@n) lullcoa gy < Clltleragy. (315
We now show that I (u,n) € CO“"(]R{N ). Note that since €2; is bounded, we let Bg, be a ball
centered at zero with radius Ry > 0 and containing €21. We set R := Ry + |x| + 1 for any fixed

x € Q1. Observe that if |z] > R, then |x 4+ z| > |z] — |x] = R — |x| = Ro + 1 > Rg. Therefore,
n(x +z)=0o0n RY \ Bg. Next, for x1, x2 € Q1, we write

Cw.s
) () = 1) )| < =52 (111] + 112,

where

|Z|N+2s

o /Z}‘;zl(—l)k1[(u<xk)—u(xk+z))<n(xk>—n(xk+z>)1 J
1:= Z
Bg

and

15
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b= / it (D @) —ui+ )Gl

|Z|N+2s
RN\ Bg

We estimate the integrand of /; using the fundamental theorem of calculus as follows,

2
| DR ) — i + )09 00) = 1+ 2)]

k=1
1
= ‘ /(Vu()q +1z7) — Vu(xy +12), z) dt(n(x1) — n(x1 +2))
0
1
+ /(Vn(xl +72) — Vn(x2 + 72), 2) dT(u(x2) — u(x2 +2))|
0
1
< C|z|2/|w(x1 +12) — Vu(xy +t2)| dt
0
1
+ Clluller gl / [Vi(x1 +12) = Vn(x2 + 12)| dT
0
< C(lulloragg + lullor )z lxr = x21% < Cllullora g |21 X1 — x2|*.
Consequently,

H dZ§C||u||Cl.a(§)|xl — x|

z|?
N+2s

|11 < Cllullragg I —xz|“/
Br

We now estimate 1. Observe first that

2
D D ) — u + 2)n()]

k=1
=[v(x1) —v(x2)] — [u(x1 + 2) —u(x2 + 2)In(x1) + [n(x1) — n(x2)Ju(x2 + 2).

Therefore, we have

dz
12l = C(Iollev + luler + s =l [ e

RN\Bg

= C”””Cl.a(§)|x1 —x2|.

Since it not difficult to see that 7 (u, n) € LOO(RNQ, we conclude that I (u, n) € CO%(RY). The
latter, together with (3.14) and (3.15), yields that f € CO%(RM).

16
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We then consider the equation
—Av= f in RV,
Since f € CO*(RN), we can apply the regularity theory for classical elliptic PDEs to see that
veCH*(Q).
Since v = u in Q' and since ' was arbitrary, the proof of Theorem 1.6 is now complete. O
4. L? theory and regularity up to the boundary: proof of Theorem 1.7 and Theorem 1.8

This section is dedicated to the L?-theory of the operator L and to the C> (%) regularity. We
will first prove the following problem

{Lu:=—Au+(—A)su+q.w+a(x)u =f in  Q,
(4.1)

u=0 on RM\Q,

has a unique solution a u € W?2P(Q) (see Theorem 1.7). This extends the W2 P estimate done in
[31] for Ly to the case where an advection term and a zero order term are present in the equation.
We will need the following lemma.

Lemma 4.1. Assume that 0 <s < 1/2, 1 < p < oo, the advection g € C**(Q) and a € C**(Q)
with a(x) > 0 in Q. Let u € W22 () be a solution of

Lu=0 in Q

N 4.2)
u=0 on R"\Q.

Then, u = 0.

Proof of Lemma 4.1. We need to prove the solution is sufficiently regular first (so that we use
the strong maximum principle, stated in Theorem 3.1).

First, consider the case of p > N and then note that we have Lou = —q - Vu — au. The right
hand side is in LT () for all T < 0o and we can then apply the L? theory for the operator Lg
in [31] to see that u € W27 (Q) for all T < oo and hence u € C1# () for all 0 < 8 < 1. Now,
since we have u € C!"#(Q), and thanks to the regularity assumption on the boundary of 2, we
can extend u by zero outside €2 and still denote by u (see [25, Lemma 6.37]) and get that the
extension is a C%!(R™V) function. We can then apply the regularity result of [30, Proposition 2.5]
to see that

g:=(=A)'ue O3 RM).
Now, we can write the equation as —Au = —g — ¢ - Vu — au in 2 with u = 0 on 9£2. Hence,
as the functions g and a belong to C%%(Q), the right hand side —g — ¢ - Vu — au is a Holder
function. Thus, u € C%1~%(Q) from the classical theory of elliptic PDEs. We can then apply the

maximum principle to get that u = 0 in RV,

17
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Second, we suppose 1 < p < N and set #; := NN—_pp. Then we have

ueWrP(Q)c whi(Q)

by the Sobolev embedding theorem. Hence, as Lou = —q - Vu — au, the L? theory for the
operator Lg in [31] yields that u € W>" (). Again, the Sobolev embedding theorem implies
that u € W2(), where 1, := 1\1/\,—[1:1 > 11.If t, < N, we can do this a finite number of times until
we get u € W2 (Q) for some 7 > N. At this stage, we become in the setting of the first case. The
proof of Lemma 4.1 is complete. O

We now have all what is needed to prove Theorem 1.7, which we do as follows.

Proof of Theorem 1.7. We apply the method of continuity. To ease the notation, we define the
operator

Lou:=—Au+ (—AN)’u,
and for A € R, we consider the family of operators
Lyu=(—ALou+XLu=Lo+ Ag-Vu+ rau.

Next, for u € W>P(2) and A € R, we consider the problem

Lyu= f in
v 4.3)
u=0 on R"\Q.
Let A be the set given by
A €[0,1]: 3C; > 0 such that for all f € LP(R2), (4.3) has a
A= . . 4.4)
solution u such that [|uly2.rq) < Cill fllLr()

In (4.4), we take the constant C;, to be the smallest constant such that ||uly2.,q) < Call fllLr (@)
holds for all functions f € L?(2). In other words, if C) > & > 0 then there exists f, € LP(R2)
such that

lullwzr @) = (Cr — )l fellLr(e)- 4.5)

Note that A is not empty since we have that 0 € A by [31, Theorem 1.4]. Therefore, we only
need to show that 1 € A. To do that, it suffices to prove that A4 is both open and closed in [0, 1].
More precisely, it suffices to prove that for any fixed Ao € A and f € L?(RQ), there is an ¢ > 0
such that Ao + ¢ € A and that any bounded sequence {A,}, C A has a convergence subsequence.

Ais open We fix Ao € A. We look for a solution u € W2P(2) of problem (4.3) in the form
u = vy + ®, where vg solves (4.3) with A = Aq. For ¢ € R, we introduce the operator AV, given
by

18
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"IJ = N{;‘(q))a
where W solves the equation
Ly¥Y=-¢(q-Vv+q -VO+avy+ad). 4.6)

The operator A, maps W27 () into itself. We claim that if & is chosen appropriately, then N
is a contraction in W27 (£2). Indeed, since Ao € A there exists a constant Cy, > 0 such that

INe (@) llw2r @) = W Ilw2r) < Calle (g - Vg +q - VO +avg+a®) e ().
Now, let ®; and @, be taken in W27 (2). Then
||M(®l) —Na(CDZ)”WZp(Q) = ||‘1’1 - lI’2||W2vp(52)

<1e1Ci (gl L@ IV(®1 — P2l r(2) + lallLo@)l|P1 — P2llzr)
< 1elCrC (gl + llallo@) 191 — Pallwzr(q)-

where the constant C and C;,, are independent of ¢ and ®. Taking ¢ such that

1

le] < ,
2C,C (gl + lallLe))

we get that \V; is a contraction mapping. By the fixed point theorem, for each such ¢ there exists a
fixed point ® such that N (®) = ®. We just showed that the equation Lj+.u = f has a solution
u € W2P(Q). Moreover, as A € A, it follows from (4.6) that for & small enough we have

||q>||w2-1’(§z) = ||‘I"||W2-P(Q) = ||~/\/a(q>)||w2,p(§z)

< 1elCxC (gl + llallz=) (1P Nw2r ) + lvollw2r )

1
=< 3 (HCD”WZ-P(Q) + ”UO”WZJ’(Q))'

This means that || Dl y2.»(q) < 2llvollw2.rq) and the norm of u in W2P(Q) becomes
leellyw2.p (@) < (Ivollw2.p @) + 1@lw2p o)

= C2llvollw2.r(q)

<ClfllLr-

Therefore, Ao & ¢ € A and this proves that A is open.
A is closed In order to complete the proof of theorem, we show that A is closed. Let then

{Au}n C A be a sequence such that A, — A9 € R as n — 0o. We claim that 19 € A. Let f €
LP(R2). Since A, € A for any n, there exists u, that satisfies (4.3) with A, in place of A and

lunllwzr@) < Call fliLr@

19



C. Cowan, M. El Smaily and PA. Feulefack Journal of Differential Equations 441 (2025) 113480

where C,, :=C;,,.
If the sequence {C, }, is bounded, then the sequence {u,}, is uniformly bounded in W2P(Q).
Thus, passing to a subsequence, we have

u, —u weakly in Wz”’(Q) and u, — u strongly in Wl’p(Q) asn — +oo.

The function u solves problem (4.3) with X¢ in place of A and
||u||W2-I’(Q) =< lilgigéfﬂun [ w2r(Q) = CllfllLr(e)-

This shows that A € A and ends the proof in the case where {C},}, is bounded.

Indeed, we will show next that this is the only possible case (i.e. {C,}, is bounded). Assume
to the contrary that {C,}, is unbounded. Then, passing to a subsequence, we may have that
C,, — oo as n — o0. Thus, there exists a sequence { f;,}, such that for large n we have

lunllw2r @y = (Co = Dl fullLr(e)-

Note that the above inequality holds because of (4.5), in which the constant C, := Cj,, is the
smallest constant such that [[u[|y2.pq) < Cull f |l Lr(@) holds. We let

Un ~ Jn
tn = unllw2r)y, vn:=-— and f,:="—.
t t

Then [[vnlly2.p(q) =1 for all n, ]"71 — 0in L?(R2) as n — 00, and v, satisfies the equation

Lovp = —Anq - Vvp — Apava + f, in L, vy, =0 on RV\ Q. 4.7)

Let A > 0 be such that |1,| < A for all n (recall that A,, — A¢) and K > 0 such that IIf;, lLr() <
K for all n. We now apply [31, Theorem 1.4] to the operator L appearing in (4.7) and conclude
that there exists C > 0 (depending only on €2) such that, for all n, we have

lvnlw2.r@y < C (I fn = 2ng - Vu — AnavallLre)
< C (I fallzry + Mgl lvallwir @) + MalliLe@llvallLr)
<C (K +Alglire + Alalle)) -
Thus the sequence {v,}, is uniformly bounded in W27 (). The Banach-Alaoglu Theorem then
implies the existence of a subsequence, which we still label as {v,},, that converges weakly
to some vy € W2P () and strongly in WP () thanks to the compactness of the Sobolev
embedding. Hence |lvolly2r ) <1 (as [[vo| < liminf,— o [[Unllw2r(q))- We now consider two

possibilities.
If vo =0, this will contradict the normalization [[v,[|y2.q) = 1: indeed, if vo = 0, then

Ang - Vv, = 0 and a(x)v, — 0 strongly in L? ()
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as we have strong convergence of {v,}, in W!” and the functions ¢ and a are bounded on .

Also, fn — 0 strongly in L?(2). Hence, we can use the L? theory for Lo ([31, Theorem 1.4])

and (4.7) to see that v, — 0 in W2P(2), which contradicts the normalization of v, in W27 ().
The other possibility is that vg 7 0. In such case, we can pass to the limit in (4.7) to get

Liyvo=0 in €, vo=0 on RV \ Q. (4.8)

We will discuss the consequences of (4.8) in what follows.

The interior regularity result, in Theorem 1.6, allows us to conclude that vy € C%(2). The
Sobolev embedding also tells us that vg € C'* (). Thus, vg € C2() NC(RN) (after extending
vg by 0 on RV \ Q). The maximum principle in Theorem 3.1 implies that vy = 0, which is a
contradiction.

Thus, for s € (0, 1/2], the assumption that {C} },, is unbounded leads to a contradiction. Hence
{C,.},, is bounded and this in turn yields that Ao € A, as we showed earlier. Therefore, A is closed
and this completes the proof of Theorem 1.7. O

Proof of Theorem 1.8. We use the L” theory derived in Theorem 1.7. Indeed, since f €
C%9(Q) and Q is bounded, f € L?() for any p < oo. It then follows from Theorem 1.7

that u € CH8(Q) for any B € (0, 1) (we choose all p > N). Take in particular § = «. From
the uniqueness of the solution, we get that

”u”cl,a(ﬁ) 5 ||f||Ll’(§2) <C ||f||(;0,a(§)’ 4.9)
for some constant C; > 0.
As before, we can extend u by zero outside © by a C%! function in R" and still denote

the extension by u. We apply again the regularity result of [30, Proposition 2.5] to see that
g:=(—=A)u e C%'=2RY) with a control on the C%'~2- norm of g as follows

lgllcor-2®ny S lullcormyy < lullcragy = Crll fllcoagy-cc (4.10)
() ()
Asa <1 —2s, we get
lgllcoa@yy S lellcragg < Cill fllcongg)- @.11)

Next, since ¢ and a are Holder over ©, we have that g - Vi € C%%(Q) and a(x)u € C**(Q).
Now, we write the equation as

—Au=—-—g—¢q-Vu—au inQ withu=0 on Q.

Hence, as Q2 has smooth boundary, it follows from the classical theory of elliptic PDEs that
u € C%2(Q) and there exists a constant C; > 0 such that

”u”C‘Z,a(ﬁ) <Cll—g—q-Vu-— au”CO,a(ﬁ)

= G5 (gl conmy, + 19l cou @ Il cro + lallcoa g lllcong ) -
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We now combine the latter estimate with (4.9) and (4.11) to conclude there exists a constant
C > 0 such that

il c2agg) < CILf Nl oy -
The proof of Theorem 1.8 is now complete. O
5. Proof of Theorem 1.2

In this section we complete the proof of Theorem 1.2. We recall the following statement of
Krein-Rutman Theorem from [17, Theorem 1.2] as we will use it in the proof of Theorem 1.2.

Theorem A (Krein-Rutman Theorem, [17]). Let X be a Banach space, K C X a solid cone (that
is, K has a nonempty interior), and let T : X — X a compact linear operator which satisfies
T (K \ {0}) C K° (K° denotes the interior of K ). Then,

(i) r(T) > 0and r(T) is a simple eigenvalue with an eigenfunction v € K°; there is no other

eigenvalue with a positive eigenfunction.

(ii) || < r(T) for all eigenvalues p # r(T).
We now give the proof of Theorem 1.2.
Proof of Theorem 1.2-(a). We define the space

X:={ueC®'(Q): u=0ondQandu=0 in R\ Q}
and the cone
K::{ueX: u>0 in 5}

We will denote the interior of K by K°. Indeed,

K° ={u € X : there is some ¢ > 0 such that u(x) > edist(x, 92)) for all x € Q}.

It is important here to highlight that the coefficient a (x) is not assumed to be nonnegative. We
let M > 0 be a large enough positive constant so that

d(x):=a(x)+ M >0forall x € Q. (5.1)
We now define the operator
T:X—>X
by T f = u, where u is the solution of the problem

Lu(x)+Mu(x):=—Au(x)+ (—=A)’u(x)+q-Vu+dx)u(x) = f in Q

(5.2)
u=0on RM\Q.
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Problem (5.2)_admits a 1£1ique solution u € W>7 () for all p > 1, because of (5.1), the fact
that f € C%1(Q) c ¢%%(Q) and Theorem 1.7. The operator T is linear. Moreover, 7T is bounded
since, by Theorem 1.7 and the Sobolev embedding, we have ||u| 1.« @ = Clfl CO () Thus,

lull o @ < 1F o -

Let us now prove that T(K \ {0}) € K°. Let f € K such that f %0 and set Tf = w. Hence,
Lw+ Mw = f and w satisfies (5.2).
The interior regularity of w, that is w € C2(2), follows from Theorem 1.6 as w solves (5.2) and
@ > 0in Q. Moreover, w € C1*(R) by the Sobolev embedding (w € W2P(Q) fora large enough
p > N). Thus, after extending w by 0 on R \ Q (we still denote the extension by w), we have
w e C*(Q)NCH¥(Q) NCRYN). Applying the Hopf Lemma—stated in Theorem 1.3, we obtain
that 9, w(x) < O for all x € 9.

Thus, for all s € (0,1/2], we have d,w(x) < O for all x € 92. As 92 is compact, then
n;gx d,w(x) < 0. This allows us to find an open C%! neighborhood O of w, such that

O C{u € X : there is some ¢ > 0 such that u(x) > edist(x, 9Q2)), Vx € Q} C K°.

Thus, w=Tf € K°.

We now verify that T is compact. Let {f,}, C X be a bounded sequence in X. Let us say
that || fullLo(q) < 1. It follows that f, € LP(2) for any 1 < p < oo and from the L”- theory in
Theorem 1.7, we have that u, :=Tf, € WZ’P(Q) for any 1 < p < co. The Sobolev embedding
implies that u, = Tf, € C"*(Q). Furthermore, the estimate (1.13) coupled with the Sobolev
embedding now reads

lunlicrey S lunllw2r) S I fallr@) = C,

where C is a constant independent of n. This implies that {7 f,,},, is bounded in C'**($). By the
Arzela-Ascoli theorem, the sequence {7 f;,}, has a convergent subsequence (the convergence of
the subsequence holds in C!(€2) and hence in C%1(RQ)). This proves that 7" is compact.
Therefore, we can apply the Krein-Rutman theorem to assert that there exists a unique positive
real number o(7) > 0 and a unique (up to multiplication by a nonzero constant) positive function
f € K°suchthat Tf = o(T) f. Therefore, the function ¢; := T f > 0 in Q satisfies the problem

Lor+Mei=(1/e(T))e1 in Q

5.3)
¢1=0 on RM\Q.
Furthermore, as ¢; =T f and f € K°, it follows that ¢; € K° and hence
dyp1(x) <0 forall x € 092. 64
We set k(€2,q) :=1/0(T) > 0 and let
rM(R,q9) =k(R2,q9) — M. 5.5

Then ¢ satisfies

23



C. Cowan, M. El Smaily and PA. Feulefack Journal of Differential Equations 441 (2025) 113480

Loy =211(R2,9)p1 in

_o RN (5.6)
Y1 = on \ Q.

To see that ¢ is the principal eigenfunction of L, we show that any function ¢ satisfying (5.6)
must be a constant multiple of ¢;. Indeed, let ¢ be such that

Lo=21(R,q)¢ in &
and ¢ =0 in RV \ Q. Then,
Lo+Me=x1(2,q9) +M)p=k(Q,q)p in Q.

Dividing by « (€2, g) > 0, we then have

4

L+MId
(L + )K(Q’q)

=¢ in Q.

The latter implies that T = o(T )¢ in Q with ¢ =0 in RV \ Q. In other words, ¢ is an eigen-
function of T associated with (7). The fact that o(7') is the principal eigenvalue of T implies
that ¢ = c¢; for some constant ¢ # 0. Therefore, ¢ is the principal eigenfunction of L and hence
A1(£2, q) is the principal eigenvalue of L. The proof of part (a) is now complete.

Proof of (b). We first recall that the function ¢; was introduced in the proof of (a) as ¢; =T f
where f € K° c C®1(Q). Hence, ¢; € LP() for all p > 1. Looking at (5.3), and applying
Theorem 1.7 (note that a(x) + M > 0), we get ¢ € WZP(Q) for all p > 1. Thus, choosing p
large enough we have ¢ € C Lo (Q). As Q1 € C%1(Q), we can extend @1 to a continuous function
over the whole space RY and keep ¢1 =0 on RV \ Q. So ¢; € C1*(Q) NC(RY). We now apply
Theorem 1.6 to (5.3) and get ¢ € C%(Q') for all Q' cC Q. Hence ¢; € C2(Q). In summary,

@1 €CHHQ)NCMERY)NC*(Q) whenever 0 <s <1/2and 0 <« < 1.
If we assume further that 0 < s < 1/2 and 0 < @ < 1 — 2s, then Theorem 1.8 yields that ¢ €

C%%(Q). This completes the proof of (b).

Proof of (c). Here, we have a real eigenvalue ) # A1(2,q) of L and we want to show that
A > A1(R2, g). We let ¢ be the eigenfunction of L associated with A. Then 1 must be real-valued
since A € R and the coefficients g, a and f are real-valued functions on 2. We then have

(L+My=0+My in

N 5.7
v =0 on R\ Q,

and ¢ satisfies (5.6). Recall that if A = A1 (€2, ¢), then we must have ¥ € Ry;.

Assume to the contrary that A < X1(£2, ¢). As we are given that A # A1(£2, ¢), our assumption
becomes that A < A1(£2, g). Without loss of generality, as ¢ has a constant sign on €2, we may
assume that ¢; > 0in 2 and ¢; =0 on RY \ Q. Then, by (5.4) we have 9,1 < 0 on d€2 and so
we can find 79 > 0 such that

vVt € R with |t]| <1y, we have ¢ >ty in Q.
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We now let
tFi=sup{t>0: ¢ >ty in Q). (5.8)

It is clear that #* > 7o > 0 and ¢* is finite since the functions ¥ and ¢, are in C Le(Q) (hence,
bounded functions on £2). Also, we have ¢; > t*¢ in Q. We denote

zi=@ =ty
and see that z satisfies

VxeQ, (L+M)z(x)=(L+M)p(x)—t"(L+ M)y(x)
= (A1(2,9) + M)p1(x) — (A + M)t* ) (x)
> (A4 M)z(x), since A1(2,q) > A.

As z>01in £, we may still add a large enough constant M > 0, so that A + M + M >0, and
have (A + M + M)z > 0 in Q2. Thus, z satisfies

(L+M+M7z>0 in
z=0 on RM\Q. (5.9

z>0 in Q.

Two alternatives may then occur.
Alternative 1. There exists xg € 2 such that z(xg) = 0. In such case, as

ax)+M+M=>0 in S,

the maximum principle (Theorem 3.1) yields that z =0 in R¥. Hence, @1 = t*y and, by the
uniqueness of ¢ (as a principal eigenfunction), we must then have A = A1 (€2, ¢). This contra-
dicts our assumption that 1 < A1(€2, ¢).

Alternative 2. As Alternative 1 is ruled out, we will have z > 0 in Q. Then, ¢ > t*¢ in € and,
because d,¢; < 0 on 92 (see (5.4)), we can still find § > 0 such that ¢; > (#* + §)¥ in Q.
However, this contradicts the definition of #* in (5.8).

In both cases, we obtained a contradiction. Therefore, our assumption is false and we must have
A > A1(€2, g) for all real eigenvalues of L. The proof of (¢) is now complete.

Proof of (d). From part (ii) of Theorem A, we know that any eigenvalue u # o(T) of T satisfies
|| < o(T). This means that any eigenvalue u # 1/0(T) of L + M1d satisfies

|l k(82 q).

> — =

o(T)
Now, let . € C be an eigenvalue of L such A # A1 (€2, ¢) and let v be an eigenfunction associated
with A. Then, A + M is an eigenvalue of L + M Id and v is still an eigenfunction associated with
A+ M. Hence, |A+ M| > 1/0o(T). From (5.5), it follows that
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1
A+M—M>——M=2%1(R,q).
o(T)

Hence, |A| > 11(2, q).

In what follows, we prove the stronger inequality, R(L) > A1(£2, q), for any eigenvalue (pos-
sibly complex) A of L. Since the coefficients a, g and f of L are real-valued functions, it follows
that if the eigenfunction i associated with A is real-valued, then A must be a real number. In
such case, the claim in (d) follows from (c).

It remains to check the case where the eigenfunction i is complex-valued. We will use the
same idea of [7] with the distinction that our operator here involves a fractional Laplacian. In this
case, we let @ C RN x RY be the open domain

Q=QxQ.

A point in Q is then denoted by (x,y), where x,y € Q. We denote the action of L in the x
variables by L, and the action of L in the y variables by L, and set!

L=L,+1L,.
Taking @1 (x, ¥) := @1 (x)@1(y), we note that
L@i(x,y) =241(2, 9)¢1(x)p1 () = 221(2, 91 (x, ),
for all (x, y) € @ and @ (x, y) = 0 for all (x, y) € (RY x RV)\ Q. Thus, 241 (L2, ¢) is an eigen-
value of L when considered over the domain €. Since @1 > 0 in £, it follows from part (a) of

this theorem (applied to L) that 211 (2, q) is the principal eigenvalue of L. Now, we define the
function i on 2 as

V(x, ) =y @¥ ) + Y (y), forall (x,y) €.

Observe that 1///\ is a real-valued function. Since Ly = Ay and ¥ =0 on RV \ €, it follows that
Y satisfies

Vi) €Q, LY (x,y) =200+ M (x, ),
with
=0 on [RYxRY)\Q.
1 ForafunctionU:ﬁ:SZxQ—)(C,Wehave

V(x, ) €Q, LU, y) = LyU(x, y) + LyU(x, y)
=M U@ Y)+ (AU, y) +q(0) - VeU, y) +a@)U(x, y)

— AU, y)+ (=AU, y) +q() - VyUx, y) +a()U (x, y).
By AU (x, y), we mean 3| 8,5, U (X1, -+, XN, ¥).
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Thus, 20() =2 + A is a real eigenvalue of L and it is associated with the real-valued eigen-
function Ip Applying part (c) to L, we conclude that 2(x 4 1) must be greater or equal to the
principal eigenvalue of L. That i is, 2(L 4+ 1) > 2A; and hence (1) > A;.

Next, we prove the strict inequality 9%t(A) > A1 (€2, ¢) under the assumption that A # A1 (€2, q).
Suppose to the contrary that R(1) = A1(2, ¢) and so 2(A + 1) = 241 (2, ¢). Since 2(A + A) =
211(L2, g) is the principal eigenvalue of L, then we can apply part (a) of this theorem to L and
conclude that the (real) eigenfunction $ € R@j. Thus, there exists a real constant ¢ # 0 such that

Y,y eQ, Y@y Q)+ ¥y =coi(x)er(y). (5.10)
Taking x = y in (5.10) implies that 2|y (x)|> = c(@;(x))? for all x € Q. As ¢; > 0 in Q, it

follows that ¢ > 0 and | (x)| = «/c/2¢1(x) for all x € Q. So we can write the complex-valued
eigenfunction v as

U (x) =/c/201 (x)e!?™ forall x € Q, (5.11)
where 6(x) is a real-valued function defined on 2. Implementing (5.11) in (5.10), we obtain
cos(@(x) —O(y)) =1 forall (x,y) € 2 x Q.
Thus, 6 must be identically constant over 2 (say 8 = 6y, for some 6y € R). If 6y =0, then (5.11)

yields ¢ € R¢; and consequently A = 1{(€2, g), which is a contradiction. Thus, 6y # 0 and we
now rewrite (5.11), with 6 = 0y, as

Y(x) =Agpi(x) forall x € €, (5.12)
where A = /c/2¢!% e C \ R. It follows that
LYy =AMy =LA@ in Q
and, on the other hand,
Ly = L(Ag1) = ALp1 =11(L2, 9) A in Q.

As ¢1 > 01in 2 and A # 0, it follows that A = A1(€2, ¢) and this is again a contradiction. There-
fore, M(A) > A1(€2, ¢) and this completes the proof of assertion (d) in Theorem 1.2.

Proof of (e). We are left to prove the max-inf formulation (1.7) of A{(£2, ¢), which is stated in
part (e) of Theorem 1.2. We recall that V(2) is given by

V(Q) = [ueCz(Q)ﬂCI(ﬁ)ﬁCC(RN): u>0inQ and u=0on RN\Q}.

Since ¢1 € V(R2), it follows that

A(2,g) < sup inf u(x).
MEV(Q)XEQ M(X)
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Thus, we only need to prove that

L
M@ > sup inf 24
MEV(Q)XEQ M(X)

Once we have equality then we can replace the sup with a max. So we now argue by contradiction.
Suppose that

. . Lu(x)
rM(2,9) < sup inf .
MGV(Q)XEQ M(.X)

Then, there exists € > 0 and a function v € V(2) such that

(2 q) +e < inf 22X
s <1 .
1844 €9 v(x)

(5.13)

Then note we have
Lv> (A(2,¢)+e)vinQ withv=0 on RV\Q.
Taking M > 0 so that (5.1) holds, and thanks to the fact that A (2, g) + M > 0, we have
Lv+Mv> X (R2,9)+ec+M)v>0 in Q, withv:OonRN\Q,

and hence by Hopf’s Lemma (Theorem 1.3) we have d,v < 0 on 9€2.
We now define

t*:=sup{t >0: v—1¢; >0 in Q} (5.14)
and note 0 < t* < oo since ¢y is sufficiently regular and the above Hopf result for v.

We now set w = v — t*¢;. First note that w > 0 in Q and w =0 on RV \ Q. Since ¢ > 0 we
see that v cannot be a multiple of ¢; and hence w is not identically zero. Then note we have

Lw=Lv—1t"Lo; >ev+1(Q,q)w>0 inQ.
Hence,
Lw+Mw=Lv—1t"Lo; + Mw > v+ 71 (2,¢)w+Mw>0 inQ.
From the strong maximum principle we have w > 0 in € or w =0 in R". However, w = 0 con-
tradicts that Lw > 0. Now, from Hopf Lemma (Theorem 1.3), we know that d,v — 9, (t*¢;) =
dyw < 0 on 9L2. Thus, as v > t™¢; > 0 and 9, (t*¢|) > d,v we can still find § > 0 such that

v > (7% 4 8)¢1 > 0in Q. This contradicts the fact that t* is the largest possible in (5.14). There-
fore (5.13) is false and we have

L
A1(R2,q)= sup inf u(x)

. (5.15)
MEV(Q)XEQ I/l(.x)
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Furthermore, we know from part (a) of this theorem that

@1 € V() and Lo = 11(L2, g¢)¢; in 2.

Thus, the sup in (5.15) is indeed a max attained at ;. This completes the proof of (e) and hence
the proof of Theorem 1.2. O

Appendix A. Proof of (3.13)

We sketch the proof of the fact (3.13) for the sake of completeness. Let ¥ € C1¥ (RN) for
some y < a < 1. We prove that ¢ € C>*(R") and

¥ llcoemyy < CllYlicry ®yy-

We make the following observations on the Holder seminorm:

- v = vl
[V]coewyy = sup a
x,yeRN x£y Ix =l
1Y (x) — ()
< sup — = P2Yil=~ww
x,yeRN 0<|x—y|<1 lx =yl
[ (x) — ()l -
< sup e = T 20 o)
x,yeRN 0<|x—y|<1 X =yl
1Y (x) — ¢ (y)]
< sup ——————— +2[¥ | Lo Y
x,yeRN 0<|x—y|<1 |x =yl

IA

IVl oo @ny + 201l oo )

Thus,

1V llcoamyy <3 IVl Loo@ny + 1l Lo @) < 31 ller @y < 31¥ llery @y
and this completes the proof of (3.13).
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