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ABSTRACT. In this paper, some properties of the minimal speeds of pulsat-
ing Fisher-KPP fronts in periodic environments are established. The limit of
the speeds at the homogenization limit is proved rigorously. Near this limit,
generically, the fronts move faster when the spatial period is enlarged, but the
speeds vary only at the second order. The dependence of the speeds on habitat
fragmentation is also analyzed in the case of the patch model.

1. Introduction and main hypotheses. In homogeneous environments, the pro-
bably most used population dynamics reaction-diffusion model is the Fisher-KPP
model [13, 23]. In a one-dimensional space, it corresponds to the following equation

—=D—+u(p—vu), t>0, x €R. (1)
x

The unknown u = u(t, z) is the population density at time ¢ and position z, and the
positive constant coefficients D, u and v respectively correspond to the diffusivity
(mobility of the individuals), the intrinsic growth rate and the susceptibility to
crowding effects.
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A natural extension of this model to heterogeneous environments is the Shigesada-
Kawasaki-Teramoto model [32],

% = (9% (adx)?i) +u (pr(x) —vp(x)u), t >0, z € R, (2)

where the coefficients depend on the space variable x in a L-periodic fashion:

Definition 1.1 (L-periodicity). Let L be a positive real number. We say that a
function h : R — R is L-periodic if

VaeR, h(z+ L) = h(x).

In this paper, we are concerned with the general equation:

ou 0 ou
E:% (aL(q;)am) + fr(z,u), teR, xeR. (3)

The diffusion term a;, satisfies
ar(x) =a(x/L),
where a is a C*9(R) (with § > 0) 1-periodic function that satisfies
J0<ag <ag, Ve eR, a1 <a(z) < as. (4)

On other hand, the reaction term satisfies fr(x,-) = f(x/L,-), where f := f(z,s) :
R x Ry — R is I-periodic in z, of class C'% in (z,s) and C? in s. In this setting,
both ay, and f, are L-periodic in the variable x. Furthermore, we assume that:

VeeR, f(z,0)=0,
IM>0,Vs>M, VaxeR, f(z,s) <0, (5)
VazeR, s f(z,s)/sis decreasing in s > 0.

Moreover, we set
p(x) = lim f(z,s)/s,

s—0t

and

o = By = ()

The growth rate p may be positive in some regions (favorable regions) or negative
in others (unfavorable regions).
The stationary states p(x) of (3) satisfy the equation

5 (@) + fulen) =0, e R (©)

Under general hypotheses including those of this paper, and in any space dimension,
it was proved in [4] that a necessary and sufficient condition for the existence of a
positive and bounded solution p of (6) was the negativity of the principal eigenvalue
p1,1 of the linear operator

Lo: & —(ar(z)®) — pr(2)®, (7)

with periodicity conditions. In this case, the solution p was also proved to be
unique, and therefore L-periodic. Actually, it is easy to see that the map L +— p;1 1,
is nonincreasing in L > 0, and even decreasing as soon as a is not constant (see the
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1
proof of Lemma 3.1). Furthermore, p; ; — —/ p(z)dz as L — 01, In this paper,

in addition to the above-mentioned hypotheses, we make the assumption that

1
/ w(x)dz > 0. (8)
0
This assumption then guarantees that
VL>O0, p1,L < 0,

whence, for all L > 0, there exists a unique positive periodic and bounded solution
pr, of (6). Notice that assumption (8) is immediately fulfilled if p(x) is positive
everywhere.

In this work, we are concerned with the propagation of pulsating traveling fronts
which are particular solutions of the reaction-diffusion equation (3). Before going
further on, we recall the definition of such solutions:

Definition 1.2 (Pulsating traveling fronts). A function v = wu(t,z) is called a
pulsating traveling front propagating from right to left with an effective speed ¢ # 0,
if u is a classical solution of:

ou 0 Ou
5% = B2 <aL(x)ax) + fro(z,u), teR, zeR,
kL

VkeZ,V(t,z) € R x R, u(t—|—7,x) = u(t,x + kL), (9)

0 < wu(t,z) < pr(z),
lim wu(t,z) =0and lim w(t,z)—pr(z) = 0,

T — —00 T— +00

where the above limits hold locally in ¢.

This definition has been introduced in [31, 32]. It has also been extended in
higher dimensions with p;, =1 in [1] and [35], and with p;, # 1 in [5].

Under the above assumptions, it follows from [5] that there exists ¢} > 0 such
that pulsating traveling fronts satisfying (9) with a speed of propagation ¢ exist
if and only if ¢ > ¢}. Moreover, the pulsating fronts (with speeds ¢ > ¢}) are
increasing in time ¢t. Further uniqueness and qualitative properties are proved in
[14, 15]. The value ¢} is called the minimal speed of propagation. We refer to
[2, 3, 11, 18, 25, 27, 28, 34] for further existence results and properties of the
minimal speeds of KPP pulsating fronts. For existence, uniqueness, stability and
further qualitative results for combustion or bistable nonlinearities in the periodic
framework, we refer to [6, 7, 12, 16, 17, 19, 24, 26, 35, 36, 37, 38|.

In the particular case of the Shigesada et al model (2), when a(x) = 1, the effects
of the spatial distribution of the function pr, on the existence and global stability of a
positive stationary state py, of equation (2) have been investigated both numerically
[30, 31] and theoretically [4, 8, 29]. In particular, as already noticed, enlarging the
scale of fragmentation, i.e. increasing L, was proved to decrease the value of p; .
Biologically, this result means that larger scales have a positive effect on species
persistence, for species whose dynamics is modelled by the Shigesada et al model.

The effects of the spatial distribution of the functions ay, and py on the minimal
speed of propagation ¢} have not yet been investigated rigorously. This is a diffi-
cult problem, since the known variational formula for ¢} bears on non-self-adjoint
operators, and therefore, the methods used to analyze the dependence of p; ; on
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fragmentation cannot be used in this situation. However, in the case of model (2),
when a;, = 1, v, = 1 and pp(z) = wp(x/L), for a 1-periodic function p taking
only two values, Kinezaki et al [22] numerically observed that ¢} was an increasing
function of the parameter L. For sinusoidally varying coefficients, the relationships
between ¢} and L have also been investigated formally by Kinezaki, Kawasaki,
Shigesada [21]. The case of a rapidly oscillating coefficient ay,(z), corresponding to
small L values, and the homogenization limit L — 0, have been discussed in [19]
and [38] for combustion and bistable nonlinearities f(u).

The first aim of our work is to analyze rigorously the dependence of the speed
of propagation ¢; with respect to L, under the general setting of equation (3),
for small L values. We determine the limit of the minimal speeds ¢} as L — 0
(the homogenization limit), and we also prove that near the homogenization limit,
the species tends to propagate faster when the spatial period of the environment is
enlarged. Next, in the case of an environment composed of patches of “habitat” and
“non-habitat”, we consider the dependence of the minimal speed with respect to
habitat fragmentation. We prove that fragmentation decreases the minimal speed.

2. Main results. In this section, we describe the main results of this paper. Unless
otherwise mentioned, we make the assumptions of Section 1. The first theorem gives
the limit of ¢} as L goes to 0.

Theorem 2.1. Let ¢} be the minimal speed of propagation of pulsating traveling
fronts solving (9). Then,

lim ¢} =2v/<a>g <p>a, 10
oy €L H <H>A (10)

where
-1

1 1
<p>ap = / plx)de and <a>pg = </ (a(x))_ldm> = <al>7!
0 0
denote the arithmetic mean of u and the harmonic mean of a over the interval [0, 1].

Formula (10) was derived formally in [33] for sinusoidally varying coefficients.
Theorem 2.1 then provides a generalization of the formula in [33] and a rigorous
analysis of the homogenization limit for general diffusion and growth rate profiles.

Remark 1. The previous theorem gives the limit of ¢ as L — 0 when the space di-
mension is 1. Theorem 3.3 of El Smaily [11] answered this issue in any dimensions N,
but under an additional assumption of free divergence of the diffusion field (in the
one-dimensional case considered here, this assumption reduces to da/dx = 0 in R).
Lastly, we refer to [6, 7, 16] for other homogenization limits with combustion-type
nonlinearities.

Our second result describes the behavior of the function L — ¢}, for small L
values.

Theorem 2.2. Let ¢} be the minimal speed of propagation of pulsating traveling
fronts solving (9). Then, the map L — ¢} is of class C* in an interval (0, Lg) for
some Loy > 0. Furthermore,

dcy,
=0 11
Lg]([)l+ dL (1)
and 2
L
=~>0. 12
ngJr dL? T= (12)
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Lastly, v > 0 if and only if the function
% <a>pg
<pu>A a

is not identically equal to 2.

Corollary 1. Under the notations of Theorem 2.2, it follows that if a is constant
and p is not constant, or if y is constant and a is not constant, then v > 0 and the
speeds ¢} are increasing with respect to L when L is close to 0.

Remark 2. The question of the monotonicity of the map L — ¢} had also been
studied under different assumptions in [11] (see Theorem 5.3). The author answered
this question for a reaction-advection-diffusion equation over a periodic domain €2 C
R under an additional assumption on the diffusion coefficient (like in Remark 1,
this assumption would mean again in our present setting that the diffusion coefficient
a(x) is constant over R). Our result gives the behavior of the minimal speeds of
propagation near the homogenization limit for general diffusion and growth rate
coefficients. The condition v > 0 is generically fulfilled, which means that, roughly
speaking, the more oscillating the medium is, the slower the species moves. But
the speeds vary only at the second order with respect to the period L. Based
on numerical observations which have been carried out in [21] for special types of
diffusion and growth rate coefficients, we conjecture that the monotonicity of cj,
holds for all L > 0.

Lastly, we give a first theoretical evidence that habitat fragmentation, without
changing the scale L, can decrease the minimal speed c¢*. We here fix a period
Ly > 0.

We assume that @ = 1, and that pr, := p, takes only the two values 0 and
m > 0, and depends on a parameter z. More precisely:

There exist 0 < z and [ € (0, Lg) such that [ + z < Ly,
e =mon [0,1/2)U[l/2+ 2,1 + 2), (13)
»=0o0n[l/2,1/24+ z)U[l + z, Lo).

With this setting, the region where p, is positive, which can be interpreted as
“habitat” in the Shigesada et al model, is of Lebesgue measure [ in each period cell
[0, Lo]. For z = 0, this region is simply an interval. However, whenever z is positive,
this region is fragmented into two parts of same length 1/2 (see Figure 1). Our next
result means that this fragmentation into two parts reduces the speed c*.

Theorem 2.3. Let ¢ be the minimal speed of propagation of pulsating traveling
fronts solving (9), with ar, = 1 and ur, = p. defined by (13). Assume that | €
(3Lo/4,Lo). Then z — c& is decreasing in [0, (Lo — 1)/2], and increasing in [(Lo —
1)/2,Ly —1].

Remark 3. Note that, whenever z > (Lo — [)/2, the two habitat components in
the period cell [I/2+ z, Lo +1/2 + z] are at a distance smaller than (Lo —1)/2 from
each other. In fact, Theorem 2.3 proves that, when z varies in (0, Lo — 1), ¢} is all
the larger as the minimal distance separating two habitat components is small, that
is as the maximal distance between two consecutive habitat components is large.

Remark 4. Here, the function p, does not satisfy the general regularity assump-
tions of Section 1. However, ¢} can still be interpreted as the minimal speed of
propagation of weak solutions of (9), whose existence can be obtained by approa-
ching 1, with regular functions.
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FIGURE 1. The Lg-periodic function & — u.(z), (a): with z = 0;
(b): with z > 0.

The main tool of this paper is a variational formulation for ¢} involving elliptic
eigenvalue problems which depend strongly on the coefficients a and f. Such a
formulation was given in any space dimension in [3] in the case where the bounded
stationary state p of the equation (3) is constant, and in [5] in the case of a general
nonconstant bounded stationary state p(z).

3. The homogenization limit: proof of Theorem 2.1. This proof is divided
into three main steps.

Step 1: a rough upper bound for c¢j. For each L > 0, the minimal speed cj, is
positive and, from [5] (see also [3] in the case when p = 1), it is given by the
variational formula

« . k(L) k(ML)
< U CI (14)

where A} > 0 and, for each A € R and L > 0, k(\,L) denotes the principal
eigenvalue of the problem

(arth.n) + 2Xarh o + Aaloar + Napyar + pras = k(A L)y in R, (15)

with L-periodicity conditions. In (15), 1, denotes a principal eigenfunction, which
is of class C%(R), positive, unique up to multiplication by a positive constant, and
L-periodic. Furthermore, it follows from Section 3 of [5] that the map A — k(\, L)
is convex and that %(O7 L) =0 for each L > 0. Therefore, for each L > 0, the map
A+ k(A L) is nondecreasing in Ry and

YA>0,VL>0, k(\L)>k0,L) =—p>0 (16)

under the notations of Section 1.
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Multiplying (15) by 1 and integrating by parts over [0, L], we get, due to the
L-periodicity of az, and 9y f, :

k(A L) /OL1/1,2\,L = —/OLGL (1/13\,L)2 +)\2/0

for all A > 0 and for all L > 0. Consequently,
YA>0, VL>0 k(\L)<Nay+pu, (17)

L

L
aL?/]/Q\,L'i_/ ﬂLwi,Lv
0

where

ay = r;lgﬂica(x) >0 and py = r;lgﬂécu(x) > 0.

Using (14), we get that

VL>0,0<c) <2yanpr- (18)

Step 2: the sharp upper bound for ¢j. For any A > 0 and L > 0, consider the
functions

oar(x) = ey (), © €R.
Since 9 1, is unique up to multiplication, we will assume in this step 2 that

/0 @?\)L(x)dx =1. (19)

The above choice ensures that
2 2 2
[ Guwae< [ i wie= [ A=t @)
0 0 0
We are now going to prove that the families (¥ r)xr and (¢a,r)a,r remain
bounded in H'(0,1) for L small enough and as soon as A stays bounded. For each
L > 0, we call
Mp=[1/L]+1€N,
where [1/L] stands for the integer part of 1/L. Multiplying (15) by % and
integrating by parts over [0, My, L], we get that

MLL 9 ML L ML L MLL
- / at i+ / Nagd , + / ppt? = k(L) / W
0 0 0 0

Using (4), (16) and (17), it follows that

MyL ) 1 My L
0 S/ Y < — X (/\2CLM + par) X / ¢§,L~
0 a1 0

Since 1 < ML <1+ L for all L > 0, we have that 1 < ML < 2 for all L < 1.
Thus, forall 0 < L < 1,

1 ) MLL ) MLL 2
2 2
/ ZZ/A,L S/ wi\,L and / 1/’>\,L S/ w)\.,L <1
0 0 0 0

from (20). It follows now that

< Nay +NM.

< (21)
ai

1
YA>0,VO<L<I, / UL
0

From (20) and (21), we conclude that, for any given A > 0, the family (5 ) (with
0<A<Aand0< L<1)is bounded in H*(0,1). On the other hand,

O\(@) = Xpa () + e”w&,L(:v)-
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Owing to (19) and (21), we get:
VA>0, VL1, loy Lllzzon < Allear

lz2(0,1) +6A||¢3\7L||L2(0,1)

<1

(22)
At x| ety
< A

From (19) and (22), we obtain that, for any given A > 0, the family (px )
(with 0 < A < Aand 0 < L < 1) is bounded in H'(0,1) and that the family
(ar®h 1)o<r<a, 0<r<1 is bounded in L*(0,1) (due to (4)). Moreover,

!
(am’u) = Nage iy + 2 arer TPy + Al et T
+eral gl e aryy g

Multiplying (15) by e**, we then get

(aLgolAyL)/ +prexar = k(A L)psr in R. (23)
Let
oz 1(7) = ar ()@ 1 (x)
for all A > 0, L > 0 and = € R. Pick any A > 0. One already knows that the family
(va.L)o<r<a, o<r<1 is bounded in L?(0,1). Furthermore,

O\ +prpan = k(A L)psr in R. (24)

Notice that the family (k(\, L))o<a<a, o<r<1 is bounded from (16) and (17). From

(19) and (24), it follows that the family (v} ;)o<x<a, 0<r<1 is bounded in L*(0,1).
Eventually, (vx.1)o<x<A, 0<r<1 is bounded in H1(0,1).

Pick now any sequence (Ly,)nen such that 0 < L, < 1foralln € N, and L,, — 07

as n — +00. Choose any A > 0 and any sequence (A, )nen of positive numbers such
that A\, & X as n — +oo0. We claim that

E(An,Lp) = N2 <a>p + <p>4 asn — 400, (25)

1 1
where <a>g= (/ (a(x))_ldx) and <p>7= / p(x)dz. To do so, call
0 0

Y = Vrn,Lns Pn = Prn,L, a0d vy =vx, L,.-

It follows from the above computations that the sequences (v¢,) and (v,) are
bounded in H*(0,1). Hence, up to extraction of a subsequence,

¥p — 1 and v, — w as N — 400,
strongly in L?(0,1) and weakly in H'(0,1). By Sobolev injections, the sequence
(1) is bounded in C%1/2(][0,1]). But since each function 1), is L,-periodic (with
L, — 07), it follows from Arzela-Ascoli theorem that 1) has to be constant over

[0,1]. Moreover, the boundedness of the sequence (k(An, Ly)),, oy implies that, up
to extraction of another subsequence,

k(An, Lyn) — k() € R as n — +oo.

We denote this limit by k(\), we will see later that indeed it depends only on . It
follows now, from (24) after replacing (X, L) by (An, L, ) and passing to the limit as
n — 400, that

w'+ <p>p NP = E(\)Per® ae. in (0,1).
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Notice indeed that pu; —=<pu>4 as L — 07 in L?(0,1) weakly. Meanwhile,
)
@l = Ape T, + e Ty = a—" —~<a >4 wasn— +oo,

1
weakly in L2(0,1), where <a=!>,= / (a(x))"'dx. Thus, we obtain
0

w=<a"" >Zl N Y =< a>p e .
Consequently, B S
M <a>g v+ <p>a Y =EkN\)Y.
Actually, since the functions ¢, are L,-periodic (with L,, — 07) and converge to
the constant v strongly in L?(0,1), they converge to v in L? (R). But

loc

2 2 2
2 4N, 2 4M 2
1 = / gpn S € / ¢n S € / ¢n?
0 0 0

where M = sup,,cy A. Hence, ¢ # 0 and
N <a>p + <p>a=k(N). (26)

By uniqueness of the limit, one deduces that the whole sequence (k(A,, Ly ))nen
converges to this quantity k()\) as n — 400, which proves the claim (25).

Now, take any sequence L,, — 07 such that ¢y, —limsupy_,o+ ¢} as n — +oo.
For each A\ > 0 and for each n € N, one has

< — - 7
L, = )\
from (14), whence
) , k() <pu>a
limsupc} = 1 < ——=A<a>y+ .
mswei =l ci, < = = <an + <

Since this holds for all A > 0, one concludes that
limsupcr < 2v/<a>pg <p>a. (27)
L—0t

Step 3: the sharp lower bound for c¢j. The aim of this step is to prove that
liminf ¢} > 2v/<a>g <pu>
oot L= H <H=>A

which would complete the proof of Theorem 2.1.

For each L > 0, the minimal speed ¢} is given by (14) and the map (0, +o00) >
A = k(A L)/X attains its minimum at A] > 0.We will prove that, for L small
enough, the family (A% ) is bounded from above and from below by A > 0 and A > 0
respectively. Namely, one has

Lemma 3.1. There exist Ly and 0 < A < X < 400 such that
A <A <Xforall0< L < Ly.

The proof is postponed at the end of this section. Take now any sequence (L),
such that 0 < L,, < L for all n, and L,, = 0% as n — +00. From Lemma 3.1, there
exists A* > 0 such that, up to extraction of a subsequence, A7 — A* as n — +oc.
One also has

k(X; ,Ly) k(X\*) <p>4
)\*Ln n—>——&>-oo - N<a>g + e > 2/<a>g <pu>a

* —
L, =
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from (25) and (26). Therefore, liminf; o+ ¢} > 2/<a>g <p>a. Eventually,
li T =2/<a>g <pu>
g i = 2V<a <

and the proof of Theorem 2.1 is complete. O

Proof of Lemma 3.1. Observe first that, for A = 0 and for any L > 0, k(0,L) is
the principal eigenvalue of the problem

(ar¢y) + prér = k(0,L)¢r in R,

and we denote ¢, = 1,1, a principal eigenfunction, which is L-periodic, positive and
unique up to multiplication. In other words, k(0, L) = —p1,, under the notations
of Section 1. Dividing the above elliptic equation by ¢ and integrating by parts
over [0, L], one gets

1 LaL(b/Lz 1
k(O’L):Z/O 52 +/O wle)de > <p>q >0,

On the other hand, as already recalled, 9%(0,L) = 0 and the map A = k(X, L) is
convex for all L > 0. Therefore,

YA>0,VL>0, k(A,L) > k(0,L) > <u>4> 0.

Assume here that there exists a sequence (L, )nen of positive numbers such that
L, — 0T and AL, = 0" as n — +o0o. One then gets
kAL, Ln)  <p>a

cL, = e 2 = 7 tooasm = +oo.
Ln Ln

This is contradiction with (27). Thus, for L > 0 small enough, the family (A} )z is
bounded from below by a positive constant A > 0 (actually, these arguments show
that the whole family (A} )r>o is bounded from below by a positive constant).

It remains now to prove that (A\}) is bounded from above when L is small
enough. We assume, to the contrary, that there exists a sequence L, — 0T as
n — +oo such that A} ~— +o00 as n — +o0. Call

i = KX L)y o) = 31, ()
and
on(T) = Py Ln (z) = 6/\2”'z¢n(x)
for all n € N and x € R. Rewriting (23) for A = A} and for L = L,, one
consequently gets
VneN, (ap, @) + pr, on = kngn in R (28)

Owing to the positivity and the L,-periodicity of the C?(R) eigenfunction 1,,, it
follows that

VneN, 30, ¢€l0,L,], ¥n(0,) = r;lgﬁcwn(w) = x| VY (),

whence
Vn eN, ¢, (0,) = 0.
For each n € N, let My, =[1/L,]+ 1 € N. Thus,

VneN, o 0, + Mg, L, = )\znexzn (9n,+MLnLn>¢n(9n>.
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Multiplying (28) by ¢,, and integrating by parts over the interval [0,,,0,, + My, L],
one then obtains

a'Ln(en +MLnLn)<)0;l (0r, +MLnLn)90n(9n+MLnLn) _aLn(en)QDil (0n)en(0n)

A(n)

On+Mp,, Ly 5 0n+Mp, L, ) 0n+Mp, Ln ) (29)
!
—/ ar,¥n +/ KL, Pn :kn/ o
0 0

n On n

B(n) C(n)

But, for each n € N, My € N while ar,, and 1, are L,-periodic. Hence, aL (0 +
ﬂan-L ) =ar, (0n), Yn(0n+Mr, L) = Pn(0n), and oy, (0n + My, Ly) = 9;,(0,) =
0. Then,

Aln) = ar, (02X, W7 (0) (£ On T Min ) — 22500 )

(30)

Y

% X N5 2 (B,)e en OntMin Ln) () > 0 is given by (4)),

whenever n is large enough so that 2 < e L Mrp Ln (remember that AL, — too as

n — 400, by assumption). Meanwhile, for all n € N,

9n+MLn L, T .
cwl < [ ()| ity (o) da
0 Ln
S Hoo X n\7n/ X 62)\2" (0’177’F]\4Lnl’n)7
2AL.,

where 1o, = maxgeg |(2)]. On the other hand, (14) and (18) yield
kn < 2\/ apppM X )\zﬂ

for all n € N, whence

0n+MLn L, On“l’MLn L, N
kn, 2=k, e? *Lnf”wfl x)dx
0, 4 0, (z) (32)

< Vanpar X 2 (0,) X 2 Ly, (On+Mr, Ly)
Now, the term B(n) can be estimated as follows

Mpn =1 0, +(j+1)L,

B = > [ e () + A, (@) d
=0 On+3iLn
Mg, —1 ) } 0n+(G+1) Ly )
< Z oy €2>\Ln(9"+(]+1)Ln)/ (U (z) + AL n(2))” da
=0 Op+3jLy
[from (4)]
MLVL—I n
= 3 oa PR [ @+ x ) a

since 1, is Ln—pel"lOdlC. One has
Ly, L, w/ ($) )2
! n 29, n Py dz.
[ @i me) e < vdo) [ (5045 a

We refer now to equation (15). Taking A = A} , dividing this equation (15) by the
L,-periodic function v, and then integrating by parts over the interval [0, L], we
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Ln ,(/)/ 2 Ln w/ 9 Ln Ln
/ ar, <"> +2A7, / ar, — + AL, / ar, + / pr, = knLy
0 wn 0 n 0 0

for all n € N. Thus,

get

L, / 2 L,
/ ar,, (n + )\zn> +/ nr, = koL, < 2\ ap s X )\*Ln L,.
0 0

n

>0

Owing to (4), it follows that

L, ’ 2 )
VneN, / (wn—‘r)\zn> Si‘/ajwpdwx/\*7 L,.
0

n

Putting the above result into B(n), we obtain, for all n € N,

Mrp, —1
2 u . .
Bn) < =YL L (0n) Yo Ui
§=0

20 /an s * 62)‘271, LnMr, _q
= ZVOAMEM e 120 o2 M, OntLa) , 0 T T T 0
a Ly nwn( n) 62/\LnL" -1 (33)

2000 /ans fing 2 Ni Lpe?inln
S ——— X)) X 555 7——

277, (0n+Mrz,, Ly)
aq i ln _q

X e

< B x wZ(Gn)eQAZn(97L+MLn Ln) w« ()\zﬂLn + ]_)’

where 8 = (2a2./aM,uM/a1) x C and C is a positive constant such that
2x

Vx >0, pr—

<Cx(z+1).
Lastly, let us rewrite equation (29) as
On+Mrp, Ly
VneN, A(n)—i—C’(n)—kn/ ©? = B(n).
On

Together with (30), (31), (32) and (33), one concludes that there exists ny € N such
that for n > ng,

(&5} k12 205 (0p+Mp,, Ly) r2L(en> 2X%, (On+Mp,, Ly)

5 X ALY (On)e e " = foo X X e Ly n

2 ’ 2);

— Vanfinr X P2 (6,,)€2 i (Ot My L) (34)

< B X ()P Nin Ot M E) 5 (M) Ly +1).
Divide (34) by A} 12 (6,,)e?*bn @nFMen Ln)  Then
Vn>ng, O e VIMEM g <Ln+; )

2 20\ )2 Ap

Ln

Passing to the limit as n — 400, one has L,, — 0 and AL, — +00, whence a; <0,
which is impossible.
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Therefore the assumption that A} ~— +o0 as L, — 07 is false and consequently

the family (A7), is bounded from above by some positive A > 0 whenever L is small
(i.e. 0 < L < Lp). This completes the proof of Lemma 3.1. O

Remark 5. From Theorem 10, one concludes that the map (0, +00) > L — ¢} can
be extended by continuity to the right at L = 07. Furthermore, for any sequence
(Ly)y of positive numbers such that L,, — 07 as n — +oo, one claims that the pos-

itive numbers A7 given in (14) converge to \/<a>I§1<u>A =v<a l>a<pu>4u
as n — +oo. Indeed
k(AL,> Ln)
AL
and Lemma 3.1 implies that, up to extraction of a subsequence, A} ~— A* > 0.

Passing to the limit as n — +oo in the above equation and due (26) together with
Step 2 of the proof of Theorem 10, one gets

2V/<a>pg<pu>4 =

VneN, ¢ =

k(A\*) <p>4
:>\*
e <a>g + O

whence \* =/ <a >1_11 <> 4. Since the limit does not depend on any subsequence,

one concludes that the limit of A5, as L — 0T, exits and

lim A} =\/<a>g'<p>a=vV<a 1>s<p>a.

L—o0t

Remark 6. As a matter of fact, the sharp lower bound
liminf ¢}, > 2v/<a>g <p>a
L—0t+

can be obtained by using another method.! It consists in proving that, if (L, )nen
is a sequence of positive real numbers such that lim, o0 ¢y = liminfy o+ ¢},
then the solutions up, of (9) with L = L, and speeds c} = converge, after suit-
able normalization and up to extraction of a subsequence, to a solution u of the
homogenized equation

ou 0*u

a =< a>g @
such that u(t, z) = U(x + ct), where ¢ = liminf; _,o+ ¢} . Furthermore, U is increa-
sing, U(—o0) = 0, U(+00) is the unique positive root of <f (-, U(400))>4= 0. Since
the function v —<f(-,u)>4 /u is decreasing over (0, +00) and since the minimal
speed of usual travelling front for (35) is equal to 2/<a>p<p>a, this implies
that liminfy_,o+ ¢} > 2y/<a>g<p>a.

This convergence result has its own interest. Actually, its proof requires technical
extra-arguments which are too long to be included in details in the present paper
and which will be the purpose of a forthcoming paper. We just sketch here the main
ideas: (i) proof of the uniform convergence of the positive solutions pr,, of (6) to
the unique positive zero p of <f(-,p)>a= 0, (ii) proof of H} (R x R) estimates for
the functions uy, , ar,, ag;" and %ﬁ” , which are independent of n, (iii) passage to
the limit, up to extraction of a subsequence, and convergence of the functions uy,,
to a travelling front u(t,z) = U(x + ct) of (35), satisfying the right conditions at
+o0.

+ <f( u)>a (35)

IThe authors thank the referee for pointing out this fact.
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4. Monotonicity of the minimal speeds c¢j near the homogenization limit.
This section is devoted to the proof of Theorem 2.2. Before going further in the
proof, we recall that for each L > 0, the minimal speed cj is given by the variational
formula

. k(AL) k(AL L)
SR < S WD VR

where A5 > 0 and k(A, L) is the principal eigenvalue of the elliptic equation (15).
Notice that k(\, L) can be defined for all A € R and L > 0.

Step 1: properties of k(), L) and definition of k(\, L). The principal eigenfunc-

tion ¥y, 1, of (15) is L-periodic, positive and unique up to multiplication. Denote

oa.L(z) = ¥ L(Lx)

for all L >0, A € R and x € R. Each function ¢, 1, is 1-periodic, positive and it is
the principal eigenfunction of

(adh.) + 2LAag)y  + LA éx.L + L*N2ada 1 + L2pdaL = L2k(N, L)¢a,L,

associated to the principal eigenvalue L?k(),L). But the above problem can be
defined for all A € R and L € R. That is, for each (\,L) € R?, there exists a
unique principal eigenvalue l;:()\, L) and a unique (up to multiplication) principal
eigenfunction ¢(\, L) of

(aq;/)\,L)/ + 2L)\WZ;/,\}L + LA Oy 1 + L*N2agy 1 + L udrr = k(N L)dr . (36)

Furthermore, (%\, 1, is 1-periodic, positive and it can be normalized so that

1
| #plade=1 (37)
0
for all (\, L) € R2. By uniqueness of the principal eigenelements, it follows that
VL>0,VAeR, k(\L)=L%(\L)

and qZSA, L and ¢y are equal up to multiplication by positive constants for each
L>0and A € R.

Some useful properties of k(\, L) as L — 0T shall now be derived from the study
the function k. Notice first that, since the coefficients of the left-hand side of (36)
are analytic in (X, L), the function k is analytic, and from the normalization (37),
the functions qg,\, 1 also depend analytically in H7 _(R) on the parameters A and L
(see [10, 20]). In particular, the function & is analytic in R x (0, +00). Observe also
that

E(X\,0) =0 and ¢y =1 for all A € R.

Lastly, when A is changed into —\ or when L is changed into — L, then the operator
in (36) is changed into its adjoint. But since the principal eigenvalues of the operator
and its adjoint are identical, it follows that

Y (\L)eR?  E(\L)=k(\—L)=k(-\,L).
In particular, it follows that
'k DRI
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Therefore, for all A € R,

k(ML) L Ok

E(\ L) = 72 5% 312

(A,0) as (A, L) — (X,07).

But since this limit is equal to E(X) —N < a>yg + <p>4 from Step 2 of the proof
of Theorem 2.1, one then gets that

1 2
2L2()‘ O)—/\ <a>p+ <p>4 forall X €R. (39)
It also follows from (38) that
02k L 02k 1o o -
e (ML) = — x W(A L)— 8/\23L2( 0) as (A, L) — (A\,07). (40)
From (39) and (4 ) one deduces that
0%k _
8)\2()\ L) —2<a>y >0as (\L)— (X,07). (41)
Similarly, as (A, L) — (X,07)
ok 9 [k(\L) 1 Pk~
0%k o (1 ok 1 9%k~
oL ™M = oz ( “aa L)> s oo MU= (1Y)
%k 9% (k(\L) 1 %k ~
oz ML) = 5 ( =) 7 XY

Remark 7. As a byproduct of the fact that & and k are even in ), it follows
that the minimal speed of pulsating fronts propagating from right to left (as in
Definition 1.2) is the same as that of fronts propagating from left to right.

Step 2: properties of ¢; and A} in the neighbourhood of L = 0%. Let us first pro-
ve that, for each fixed L > 0, the positive real number A > 0 given in (14) is unique.
Indeed, if there are 0 < A1 < Ay such that

kE(M,L)  k(A, L) . k(ML)

¢, = = = min

A1 A2 A0 A

then k(\, L) = ¢; A for all X € [A1, \2] since k is convex with respect to A. Then
E(A,L) = c; X for all A € R by analyticity of the map R 3 A — k(A,L). But
k(0,L) = —p1,1, > 0, which gives a contradiction. Therefore, for each L > 0, A} is
the unique minimum of the map (0, +00) 3 A — k(A\, L)/

Furthermore, we claim that L — A} and L +— ¢} are of class C*° in a right
neighbourhood of L = 0. Indeed, by definition, A} satisfies

ok
F(A;,L) = —
The function (X, L) — F(X,L) is of class C on R x (0,+00) and 2K (\, L) =
a,\2 k(A L) x \. But

;= A =y/<a>gz'<p>a > 0as L — 0

(ML, L) x A} —k(A, L) =0. (43)
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from Remark 5, and

Ok s L 2 L +
W( ) = 2 <a>y >0asL—0
from (41). Therefore, from the implicit function theorem, the map L — A
class C* in an interval (0, Lg) for some Ly > 0. As a consequence of formula (14)
the map L — ¢} is also of class C* on (0, L)
For each L € (0, Ly), one has

7 is of
dc: 1 ok, KOS, L)\ d\i 1 ok
= ([—xZ ) - AL &)
dL ()\*L oA L) = 5 ar
B 1 N
* L

7, L

aL( )

by definition of )\L and formula (14). But A} — A* > 0 and ak 7 (AL, L) — 0 as
L — 0" from (42). Thus

dey,

+
il —+0asL —0
On the other hand, it follows from (41), (42) and (

43) that
ax; 1 ok . 0%k,
L~ Pk <8L( A I L’”) -0
>\ 8)\2 (AL?L)
as L — 0%. Therefore,
d? dx; 1 ok 1 0%
- - P L)+ — s L
dL? dL X< R AR T FTAGS )>
1%k
aLQ( L) (44)
= Ton 6L4()\ 0) asL —0
from (42).

Step 3: calculation of gL’Z

(A*,0). In this step, we fix \* = \/<a>g'<pu>a
Gre.p =14 Loy + L*ga + L¢3 + L ¢4
is valid in H7 (R) i i

Since the functions ¢y« 1, depend analytically on L € R in H;. (R), the expansion
0 +...
(R) in a neighbourhood of L = 0, where 1 = ¢« ¢ and

1 5 Ore.L
¢i =

1! OL?
for each ¢ > 1. We now put this expansion into

L=0

(ady. ;) + 20N adh. | + LN*a pa 1, + L2(N*)2agr- 1 + L2 pudy-
= k(\*, L)L
and remember that

. ok . Pk .
F(V,0) = 52 (V7,0 = 52 (V,0) =0
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and
Ok
L2
from (38) and (39). Since both ¢y« and k(A\*, L) depend analytically on L, it
follows in particular that

(ad}) + X a’ =0,

(A,0)=2x [(A\*)? <a>pg +<p>a] =4 <p>a

(agh)’ + 2X*ag) + X a'¢1 + (N )a+pu =2 <p>a4,
(agh)' + 2\ adhy + N*a'ds + (N*)?agy + pdr =2 <p>a ¢1, (45)
(agy)’ + 2\ agy + N*d'¢3 + (\*)2agz + pda

1 9%,
2<:U/>A¢2+ 8L4()‘ )

in R. Furthermore, each function ¢; is 1-periodic and, by dlﬁerentlatlng the normal-
ization condition ||¢/\*,LH%2(0 1) = 1 with respect to L at L = 0, it follows especially

that
1 1 1t ,
/¢1:0and/¢2:—§/ o1
0 0 0

It is then found that, for all x € R,

® 1
p1(z) = A" x (—a:—i— <(JJ>H/O @dy—%— <a>H/O a(yy)dy>

and
) = oty [T _<a>H1y}
) = <wmax i [ o= [t [t
1 Lrr oy x
vt (<o [ (g ) v ao— [
+(A*)? <a:+ ;) .
Moreover, it follows from the third equation of (45) that, for all z € R,
a@)dhe) = —2A / iy =X [ a)aa(u)dy
A* — d
~( )/0 awon()ds— [ utwon )iy
+2 <u>A/ $1(y)dy+ <a>p c,
0
where

CZ/OL(Z)X( / a(2)dh (= dz—i—)\/ dz+A*)20ya() [(2)dz
+ [ >dzf2<u>A/¢1 iz) | ay

On the other hand, by integrating the fourth equation of (45) over the interval
[0,1], one gets that

1 84 1 1 1 1
350 = =2 < [ [ad e 007 [t [ )
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Now, put all the previous calculations into (46). After a lengthy sequence of inte-
grations by parts, it is finally found that
2

Lo = [ A oo ([ A

x x
1
A(%)Z/ n(y)dy + <,U>A<a>H/ ——dy — 2<p>s w.
0 0

a(y)
From (44), it follows that

&2t \/—_1 b A(x)? EIGFRY
I72 == 2/ <a>p<p>y X /0 a(z) e — <a>y </0 a(z) dx>

as L — 0T. Cauchy-Schwarz inequality yields v > 0. Furthermore, v = 0 if and
only if A is constant. But since A(0) = 0, the condition v = 0 is equivalent to
A’(xz) = 0 for all z, which means that

where

w(x) <a>pg

=2 for all z € R.
<p>a a(x)

In particular, if 1 is constant and a is not constant (resp. if a is constant and pu is

2k
not constant), then this condition is not satisfied, whence limy,_,q+ % > 0 in this
case. That completes the proofs of Theorem 2.2 and Corollary 1. O

Remark 8. In the case when <p>4=0 and p # 0, then p; 1 <0 for each L > 0,
and the minimal speed ¢} of pulsating traveling fronts is well-defined and it is still
positive. jFrom the arguments developed in this section and in the previous one,
one can check that, in this case,

dXy, o B
dL <a>g

d*
CLL—>2 B<a>g >0

c; =0t A\ =0T, >0 and

2

as L — 0", where
B ! A(z)? ! A(z)
B—/O a(@) dr — <a>g (/0 a(x)dx> >0

and A(z) = / p(y)dy. Therefore, the speeds ¢ are increasing in a right neigh-

0
bourhood of L = 0 but, in this case, the variation is of the first order. Notice that
the formula limy,_, g+ ddc—LL = 24/ <a>p is coherent with the numerical calculations
done by Kinezaki, Kawasaki and Shigesada in [21] (see Figure 3b with <pu>4= 0,
that is A = 0 under the notations of [21]).

5. Proof of Theorem 2.3 . As in the proofs of the previous theorems, we use the
following formula for the minimal speed:

k(N R(XD)
FTR0N T A

(47)

where k. ()) is defined as the unique real number such that there exists a positive
Lo-periodic function v satisfying:

V" 42X Y 4+ AN+ p ()Y = k. (M) in (0, Lo). (48)
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Setting ¢(x) = e’ (z), the above equation and periodicity conditions become
equivalent to:

¢" + pz(x)p = k(N in (0, Lo),
¢(Lo) = e*(0), (49)
¢'(Lo) = eMoy'(0),
which therefore admits, for every positive A, a unique solution (¢, k,(\)) with ¢ > 0
satisfying the normalisation condition ¢(0) = 1.

Let A > 0 be fixed. System (49), together with the normalization condition
©(0) = 1, is equivalent to:

" = (kz(A) —m)p on [0,1/2),
" = k(Npon[l/2,1/2+ z),
" = (k,(A)—m)pon[l/2+ 2,1+ z), (50)
¢" = k:(Ngon[l+z Lo,
e(0) = 1, p(Lo) = eM2p(0), ¢'(Lo) = ey (0).

For each z € [0,Lg — ], let A% be defined by the formula (47). We have the

following lemma:

Lemma 5.1. Assume that | > 3Lo/4. Then, for all z € [0,Lg —1], we have
k. (AL) > m.

Proof. Let us divide equation (48) by ¢ and integrate by parts over [0, Lo]. Using
the Lg-periodicity of 1, we obtain:

o2 fo
/ — + Lo\’ +/ o (2)dx = Lok, ().
o ¥ 0

Thus,

1 [l l
k() > A2 + L—O/O o (x)de = N2 + mL—O. (51)

From (47) and (51) and since, from (18), ¢t < 2y/m, we get:
l
(A5)? + my— < ko (AY) < 2XI/m.
0

Thus, (A\%)? — 2\*\/m + ml/Ly < 0, which implies that

)\z > \/E—\/m—ml/[/o.

Using (51), we finally get

k.(\3) > 2m(1 —+/1—1/Lg) > m,

as soon as | > 3Ly /4. O

We now turn to the proof of Theorem 2.3 and we assume that [ € (3Lo/4, Lo).
Using the fact that ¢ € C(R), a straightforward but lengthy computation shows
that, whenever k,(\) > m, system (50) is equivalent to

F(z, X k. (N)

Gk
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where F' and G are two functions, defined respectively in [0, Ly — {] x (0, 400) x
[m, +00) and [0, Lo — ] x [m, +00) by:
F(z,)\,s) = 4(2s —m)y/sy/s — msinh(ly/s — m) sinh(a/s)
+m? cosh(B+/5)(1 — cosh(l\/s —m))
+8(s% — ms)[cosh(ly/s —m) cosh(a/s) — cosh(ALg)]
+m? cosh(ay/s)(cosh(lv/s —m) — 1),

(52)

and
G(z,8) = my/scosh(lv/s —m) [4sinh(ay/s)(s/m — 1)
+ (sinh(ay/s) — sinh(8/s)) (1 — 1/c05h(lﬂ))] (53)

+mn/s — msinh(l\/s —m) cosh(a/s) f—l COSh(ﬁ\/g)

cosh(ay/s) |’
with oo :== Ly —l and B := Ly — | — 2z.
Each factor in the expression (53) is positive, as soon as s > m, for z € [0, Ly — ].
Thus, whenever k,(\) > m, system (50) is equivalent to the simpler equation

F(z,\ k.(\) = 0. (54)

Furthermore, from Krein-Rutman theory, since the eigenfunction ¢ in (48) is pos-
itive, k,(\) is the largest real eigenvalue of the operator ¢ — 9" + 2\ ¥’ + \2¢ +
(). This result, implies that, for each z € [0, Ly — [], and each A > 0, k.(}\) is
the largest real root of equation (54), as soon as k,(\) > m.
From equation (52), we easily see that

SEEI}OO F(z,\ 8) = 400, (55)
for all z € [0, Lo — ] and A\ > 0. Moreover, differentiating (52) with respect to z,
we obtain

%f(z, A s) = 2m2/ssinh(v/3(Lo — [ - 22)) [cosh(lv/s —m) — 1].
Thus, for all s > m, and A > 0,
z—j(z,)\, s) >0 for z € [0, (Lo —1)/2), (56)
and
oF

a—(z,)\, s) <0for ze ((Lo—1)/2,Lo —1].
z
Now, take 21 < 23 in [0, (Lo — [)/2], and assume that ci < ci . It follows from
formula (47) that k., (\) > ¢, A, for all A > 0. In particular,
k(AL > €N, > ¢8OS = Ky (AR). (57)

z2°°21 Z1°°21

From Lemma 5.1, we know that k., (A% ) > m. Thus, (57) implies k.,(A\} ) >
m. From the above discussion, k., (A}, ) is therefore the largest real root of the
equation F'(zs, /\Zl, k.,(A},)) = 0, and, similarly, k., (A} ) is the largest real root of

F(z1,X;,, k2, (A5,)) = 0. Using (55) and (56), and since 0 < 21 < 29 < (Lo —1)/2,
we obtain k‘zQ()\f;l) < k2, (A},), which contradicts (57). Therefore, c} is a decreasing
function of z in [0, (Lo — 1)/2]. Similar arguments imply that ¢} is an increasing
function of z in [(Lg —1)/2, Lo — l]. This concludes the proof of Theorem 2.3. O
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