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ABSTRACT. In this paper, we consider a Leslie-Gower predator-prey model
in one-dimensional environment. We study the asymptotic behavior of two
species evolving in a domain with a free boundary. Sufficient conditions for
spreading success and spreading failure are obtained. We also derive sharp
criteria for spreading and vanishing of the two species. Finally, when spreading
is successful, we show that the spreading speed is between the minimal speed
of traveling wavefront solutions for the predator-prey model on the whole real
line (without a free boundary) and an elliptic problem that follows from the
original model.

1. Introduction. A variety of models are used to describe the predator-prey inter-
actions. The dynamical relationship between a predator and a prey has long been
among the dominant topics in mathematical ecology due to its universal existence
and importance. Recently, many works studied the predator-prey system with the
Leslie-Gower scheme [1, 3, 8, 9, 11, 17, 20]. A typical Leslie-Gower predator-prey
model is the following

dN N
7 =rN (1 G> bN P,

E—P a—icp
dt N+ Gy ’

where NV and P denote the population densities of the prey and predator populations
respectively. The parameter r represents the intrinsic growth rate of the prey species

(1)
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and G stands for its carrying capacity. The parameter a is the growth rate for the
predator and b (resp. ¢) is the maximum value which per capita reduction rate
of N (resp. P) can attain. G; denotes the extent to which environment provides
protection to predator P. All parameters are assumed to be positive.

In order to get the spatiotemporal dynamics of system (1), the following reaction-
diffusion equations are widely accepted

ON 0°N N
— =d N|(l1——)—-bNP t R
ot = Mo T ( G) ’ P reR
oP 0P cP ®
— =dy——+Pla— — t R.
ot~ oz T (a N+G1)7 e
By setting
G t d
N=Gu, P=—uv, t=-, z= —1A,
r r
abG G, a da
e YT g T di’
and dropping the hat sign, (2) turns into the following system
%:um—i—u(l—u)—éuv, t,r € R,
v v ®)
:Dvm—&—nv(l— )7 t,x € R.
ot U+«

System (3) has at least three boundary equilibrium solutions F; = (0,0), Fy =
(0,a), E5 = (1,0). Moreover, if dar < 1, there exists a unique interior equilibrium
solution F, = (u*,v*), where
1-da
1+0°

Our main objective is to understand the long time behavior of a Leslie-Gower
predator-prey model via a free boundary. In this paper, we consider the following
model:

ou

v =a+u* and uF =

azum—l—u(l—u)—&w, for all t > 0 and 0 < z < h(t),
ov v

— =Duvgy +rv|1— , for all t > 0 and 0 < & < h(t),
ot U+«

() = —p(us(t, h(t)) + pva(t, h(1))), for all £ > 0,

h(0) = ho,

Uy (t,0) = v,(¢,0) = u(t, h(t)) = v(t, h(t)) =0, forallt >0,

u(0,z) = up(z) and v(0,z) = vo(x), for all z € [0, hgl,

with the positive parameters p, p > 0. The initial data (ug,v) satisfy
Ug, Vo € 02([()’ hO])’

up(0) = v5(0) = uo(ho) = vo(ho) =0, (5)
ho >0, up(xz) >0 and wvo(xz) >0 for all = € [0, hy).
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From a biological point of view, model (4) describes how the two species evolve
if they initially occupy the bounded region [0, ho]. The homogeneous Neumann
boundary condition at x = 0 indicates that the left boundary is fixed, with the
population confined to move only to right of the boundary point x = 0. We assume
that both species have a tendency to emigrate throught the right boundary point
to obtain their new habitat: the free boundary x = h(t) represents the spreading
front. Moreover, it is assumed that the expanding speed of the free boundary is
proportional to the normalized population gradient at the free boundary. This is
well-known as the Stefan condition.

Many previous works study free boundary problems in predator-prey or compe-
tition models. We refer the reader, for instance, to [12, 14, 15, 18, 21] and references
cited therein.

In this paper, we have been working under the following assumption

(H1): da+0<1.

Organization of the paper. In Section 2, we use a contraction mapping argument
to prove the local existence and uniqueness of the solution to (4), then make use of
suitable estimates on the solution to show that it exists for all time ¢ > 0. In Section
3, we derive several lemmas which will be used later. Section 4 is devoted to the
long time behavior of (u,v), proving a spreading-vanishing dichotomy and finally
deriving criteria for spreading and vanishing. We estimate the spreading speed in
Section 5 and then summarize through a brief discussion in Section 7.

2. Existence and uniqueness of solutions. In this section, we first state a result
about the local existence and uniqueness of a solution to (4) in Lemma 2.1. Then
we derive a priori estimates (Lemma 2.2) in order justify that the solution is defined
for all time ¢ > 0. The global existence of a solution to the system (4) is stated in
Theorem 2.3.

Lemma 2.1. Assume that (ug,vo) satisfies the condition (5), then for any 6 €
(0,1), there is a T > 0 such that the problem (/) admits a unique solution
(u(t,x),v(t,z), h(t)), which satisfies
(u,v,h) € CTFHIHQr) x CTERIH(Qr) x CHHE ([0, 7).
where Qr = {(t,z) € R*: t € [0,T], x € [0, h(t)]}.
The proof of Lemma 2.1 will be postponed to Section 6.

Lemma 2.2. Let (u,v,h(t)) be a solution of (4) for ¢t € [0,T] for some T > 0.
Then

0 < u(t,z) <max{l,||ug|lec} := My for t€[0,T] and x € [0, h(t)), (6)
0 <v(t,z) <max{M; + «, ||vollec } := M2 for t €[0,T] and x € [0,h(t)), (7)
0<h(t)<A foral te(0,T). (8)
where A > 0 depends on p, p, D, K, |[uollco, [[Volloos 1U'[|cl0,n0] and [|V"[lc0,h)-
The proof of Lemma 2.2 will be postponed to Section 6 as well.

Theorem 2.3. Assume that (ug,vo) satisfies the condition (5), then for any 6 €
(0,1), the problem (4) admits a unique solution (u(t,x),v(t, ), h(t)), which satisfies

(1+6)

(u,v,h) € C 2

(1+6)

Q) x €75 1HI(Q) x CHHE([0, +00)),
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where

Q={(t,z) eR*: t €[0,+00), x € [0,h(t)]}.

On the proof of Theorem 2.3. We only give a brief sketch of the proof here since it
is similar to those done in [5] and [6]: the global existence of the solution to problem
(4) follows from the uniqueness of the local solution, Zorn’s lemma and the uniform
estimates of u, v and h'(t) obtained in Lemma 2.2, above. O

3. Known results from prior works. In this section, we recall from prior works
some important results that will be used repeatedly in our arguments. We start
with some results regarding the stationary state(s) of the model

ou

Fri duge + au(l — bu), (t,z) € (0,00) x (0,L), )

uz(t,0) =wu(t,L) =0, t>0.
The stationary state will be determined via the eigenvalue problem
dpey + adp = 0o, 0<xz<L,
{ ¢(0) = ¢(L) =0

as well as the spatial domain’s size. The following lemma summarizes the result.

(10)

B 4al?

d
Lemma 3.1 ([2] and [22]). Let L* = g\/7 and d* 5—- Then we have:
a ™

(1) if L < L*, all positive solutions of (9) tend to zero in C([0, L]) as t — +o0.

(ii) If L > L*, then (9) has a minimal positive equilibrium ¢, and all positive
solutions to (9) approach ¢ in C([0,L]) ast — +oo.

(iii) If 0 < d < d*, the principal eigenvalue of (10) is positive (o1 > 0.) If d = d*
then o1 =0, and if d > d* then o1 < 0.

For a detailed proof of (i) and (ii) one can refer to Proposition 3.1 and 3.2 of [2].
The result in (iii) is obtained through a simple computation and can be found in
the proof of Corollary 3.1 in [22].

Now, we state a comparison principle that we will use in the proving the results
of Section 4, below. This comparison principle is extracted from Lemma 4.1 and
Lemma 4.2 of [13] with minor modifications.

Lemma 3.2. Let h and h be two postive C*([0,+00)) functions (h,h > 0 in
[0,4+00)). Denote by

Q={(t,z): t >0,z €[0,h(t)]}
and
Q ={(t,z): t >0,z €[0,h(t)]}.
Let w,v € C(Q) N CH2(Q) and u,v € C(Q1) N CH2(Qy). Assume that

O<a, u< M and 0 < D,v < My
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and that (4,0, h) satisfies

Uy — Uy > (1 — a),
U — DUgy > KU (1—%),

Uy (t,0) <0,0,(¢,0) <0,
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t>0,0 <z <h(t),
t>0,0<x<h(t),

t>0, (11)

u(t, h(t)) = o(t, h(t)) =0, t>0,
W (t) > —p(us(t, h(t) + pos(t, h(1))), >0,
and the couple (u, h) satisfies

wy — Uy, < u(l—6My —u), t>0,0 <z <h(t),

u,(t,0) >0, t>0,
u(t, h(t)) =0, t>0, (12)
I'(t) < —pa, (t, h(t)), t>0
and the couple (v, h) satisfies
v, — Dv,, < kv(l—2), t>0 0<uz<h(?),
v, (t,0) >0, t>0,
(13)
u(t, h(t)) =0, t>0,
W (t) < —ppu, (t, b(1)), t>0.

Assume that the initial data of (11) satisfy
h(0) > hg, @(0,2),0(0,2) >0 on [0,(0)]

and

(0, x) > ug(z) and ©(0,2) > vo(x) on [0, hgl,
and the initial data of (12) and (13) satisfy

h(0) < hg, 0 <u(0,z) <up(z) and 0 < v(0,z) < vo(x) on [0, A(0)].
Then, the solution (u,v,h) of (4) satisfies
ht) < h(t) < h(t) on [0, +o0),

u<u & v<o forallt>0and 0 <z <h(t),

and

u>u&v>wv foralt>0and 0 <z <h(t).

The proof of Lemma 3.2 is very similar to the proofs of Lemma 5.1 of [7], Lemma
4.1 and Lemma 4.2 of [13]. We hence omit the details here.

In order to discuss the spreading of the species, we will use Lemma A.2, Lemma
A .3 of [19] and Proposition 8.1 of [16]. We restate these results here for the reader’s
convenience.

Lemma 3.3. Let M > 0. For any given € > 0 and I > 0, there exist

d
[ > max {lg, g\/>} such that, if the continuous and non-negative function U (t, )
a
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satisfies

Uy — dUy, > U(a —bU), t>0,0<z<l,
(14)

Uz(tv 0) =0, U(ta l) > M, t>0,
and if U(0,2z) > 0 in [0,1), then
liminf U (¢, x) > % — € uniformly on [0,l.].

t——+oo

d
Lemma 3.4. For any given € > 0 and l. > 0, there exists [ > max lmg }
a

such that , if the continuous and non-negative function V (t,x) satisfies
Vi —dVye < V(a—0bV), t>0,0<z<l,
{ V. (t,0) =0,V (¢, 1) =0, t>0,
and if V(0,z) > 0 in [0,1), then

(15)

limsup V (¢, 2) < % + & uniformly on [0,1.].

t——+oo
On the contrary, we will use the following lemma, which is Proposition 3.1 of
[13], in order to discuss the vanishing case of the species.

Lemma 3.5 (Proposition 3.1 in [13]). Let d and so be positive constants and let
a € R. Assume that wy € C?([0, s0]) satisfies

wh(0) =0, wo(so) =0 and wo(z) >0 for all z € (0, s).
Let s € C1+5([0, +00)) andw € CE5149(]0, 00) x [0, s(t)]), for some 6 > 0. Assume

that s(t) > 0 and w(t,z) > 0 for all0 <t < 0o and 0 < x < s(t). We further assume
that

lim s(t) = 50 < +00, lim s'(t) =0 and |w(t, )| cro.sy < M for all t > 1,

t——+oo t——+oo

for some constant M > 0. If the functions w and s satisfy

wt — dwzy > w(a — w), t>0and 0 < x < s(t),

Sl(t) = 7Mw£(ta S(t)), t> Oa

s(0) = so, (16)
wz(t,0) =0, w(t,s(t)) =0, t>0,

w(0,z) = wp(x), x €10, sol,

then
lim || w(t,) [lefo,se= 0

t—+o0
To discuss the asymptotic behaviors of w and v in the vanishing case, we need
the following lemma.
Lemma 3.6. Let (u, v, h(t)) be the solution of (4) and recall that heo = . lir+n h(t).
—+00

If hoo < 00, then there exists M, for all t > 0, such that |[u(t,-)||c1jo,ne)) < M and
o, )lcrpo,ne) < M. Moreover, , ligl B'(t) = 0.
—+00

We skip the proof of the above lemma since it is similar to that of Theorem 4.1
in [16].

Furthermore, we need the following lemma which appears in [7] and [13] (page
893 and page 3388 respectively).
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Lemma 3.7. Consider the following problem

0
5%:um+ug_u% t>0,2>0,
(17)
a—U*DU +rv|1-— v t>0,>0
o Mi+a)’ ’ ’

Assume that u(t, x)
equivalent to

U&) and v(t,x) = V(§), where & = x — st. Then (3.7) is

sU'+U" +U(1-U) =0, ¢ ER,

(18)

sV + DV 4 KV (1 - M}ga) —0, £ER,
If s > Spin = 2max{1,V Dk}, then problem of (18) admits a solution (U, V') which
satisfies the conditions

U(—o0) =1, V(-00) =M +a, U(+oo)=V(+00)=0,

(19)
U'(€)<0and V'(€) <0 forall £ €R.

The following lemma will be used to give a lower estimate of the “asymptotic
spreading speed” (when spreading occurs). The notion of spreading and spreading
speed will become more clear later on.

Before we state the needed lemma, let us first consider the following problem
(which is relevant to the original problem (4). It will also initiate problem (22), the
subject of Lemma 3.8.)

0yv — DOypv = Kv (1 - g) ,

t>0,0<az<h(t),

«
d,v(t,0) =0, t>0, 20)
v(t, h(t)) =0, t>0,
B (t) = —ppdzu(t, h(1)), t>0.

We assume that (v, h) is the unique solution of (20) and A(t) — +oo as t — +oo.

Setting

w(t’ Jf) = Q(tvh(t) - x)a

we then obtain

Wi — Dwge + B (H)wy = kw(l — 8), for all t > 0 and 0 < x < h(?),
et
wy(t, h(t)) =0, t>0, (21)
w(t,0) =0, t>0,
W' (t) = ppw.(t,0), t>0.

Since . ligl h(t) = +o0, if A’ (t) approaches a constant s, and w(t, z) approaches
—+00

a positive function V(z) as t — 400, then V(x) must be a positive solution of (22)

with s, = upV’(0).
We now state the lemma.
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Lemma 3.8 (Proposition 4.1 in [5]). For any s > 0, the following problem

! 1" V —
sV — DV —nV(l—a =0, z>0, (22)
V(0) =0,

admits a unique positive solution V. = V. Furthermore, for each pu,p > 0, there
exists a unique s, such that ppV, (0) = s,.

4. The spreading-vanishing dichotomy. We have seen in Lemma 2.2 that
R (t) > 0 for all t > 0. This allows us to define

heo = tl}gloo h(t) in [0, +00) U {oo}. (23)
This will allow us to define the notions of spreading and vanishing as follows.
Definition 4.1. We say that the two species u and v vanish eventually if ho, < 00

and

tl}frnoo lu(t, Meqone) = tlgrﬂoo lv(t, eqonw) = 0.

We say that the two species u and v spread successfully if

heo = +00, liminfu(t, ) > 0 and liminfv(t,z) > 0
t——+oo t——+oo

uniformly in any compact subset of [0, +00).

4.1. The spreading case. The following theorem shows that h,, = 400 is suffi-
cient for a successful spreading;:

Theorem 4.2. Suppose that (u,v,h(t)) is the solution of (4). If hoo = +00, then
we have

lm w(t,z) =u* and lim o(t,x) =0
t—+o00 t—+o0

Proof. We will divide the proof of this theorem into two steps.

Step 1. Since hoo = 400, then for any [, there exists 77 > 0 and l; > 0 such that
ly > max {ls, g}, when ¢ > T, and then u satisfies

Ut — Uz < u(l —u), t>T1, 0<x<l,
uz(t,O) = O7 u(t,ll) < M, t> Tl, (24)
U(T1,.17) > O7 T e [0,[1),

where M = max{M;, Ms} (the constants appearing in (6) and (7).) Applying
Lemma 3.4, we obtain that

limsup u(t, z) < 1 + € uniformly in [0, [.].
t——+oo

Since € and . are arbitrary, then lim sup u(¢,2) < 1 =: @; uniformly on [0, +00).
t——+o0

T | D
Now let l5 > max< ., 5 | — ». In view of the last conclusion, there exists T >
K

T such that u(t,xz) < @1 +¢ when ¢ > T5 and 0 < x < l. Then v satisfies
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v
- D < 1—-— t>15, 0 l
Ut Uxx_’ﬂ)( u1+5+a)’ > 1o, U< <o,
(25)
vz(t,0) = 0 and v(t,l2) < M, t> Ty,
U(TQ;J;) > 07 T e [O,ZQ)

Applying Lemma 3.4 again, we get limsupv(t,z) <4 +«+¢ uniformly
t—+oo
on [0,l;]. The arbitrariness of e and [. allows us to conclude that

limsupv(t, ) < @3 + o =: U1, uniformly on [0, +00).
t—+o0

T
Let I3 > max {157 5} From the above conclusion, we know that there exists

T3 > Ty such that v(t,z) < U1 + ¢ and u(t,z) > 0 whenver t > T5 and 0 < = < [3.
Then u satisfies

Up — Uge > u(l —u) —ou(oy +¢), t>T5 0<a<ls,
uz(tao) = O,U(t,lg) = Oa t> T3a (26)
u(Ts,x) > 0, x € 10,13).

By Lemma 3.3, we get aim_gnfu(tw) > 1— 601 — e uniformly on [0,l.]. Again us-
——+o0
ing the arbitrariness of ¢ and [., it follows that ltimJinf u(t,z) >1—3601 =1uqy >0
— 400

because of the hypothesis (H1).
D
Let I4 > max {ZE, g\ / } In view of above result, then there exists Ty, > T3
K

such that u(t,z) > u; — e whenever ¢t > Ty and 0 < = < l4. Then v satisfies

UtD’UmmZI{U<1U>, t>Ty, 0<z<ly,

U — e+«

va(t,0) = 0, 0(t, 14) = 0, t> T, (27)
v(Ty,x) > 0, x € [0,14).

Applying Lemma 3.3, we have ltimlnfv(t, x) > u; + o — ¢ uniformly on [0,1.], and
—+00
consequently (as € and [, are arbitrary) we obtain ltimJinfv(t, x) > up +a=:v.
—+o0
Now we will build a us.
Denote I5 > max {l67 g} By above conclusion, we know that there exists T5 >
Ty such that v(t,x) > vy — e when ¢t > T5, 0 < & <5, and then u satisfies:
Ut — Ugy < u(l —u) —du(v; —e), t>Ts 0<ax<ls,
Uy (t,0) = 0,u(t,ls) = M, t>Ts, (28)
u(Ts,z) > 0, x €10,15).
By Lemma 3.4, we have limsup,_, , ., u(t,z) < 1—00; —e uniformly on [0,l.]. Again
using the arbitrariness of £ and I, it follows that liminf; o u(t,z) <1 — dv; =:

@2 > 0 uniformly on [0, 4+00).
The construction of Us.

Let lg > max {ZE, g,/%}. In view of (28), there exists Tg > Ty such
that u(t,x) < @z + ¢ when t > T, 0 < z < lg, and then v such that
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Ut—Dvmgnv(l—wﬁ), t>1Tg, 0<x<lg,
vz (t,0) = 0,v(¢,lg) < M, t > Tg, (29)
U(Tﬁ,il?) >0, x e [0516)

Applying Lemma 3.4, we have limsup,_, , ., v(t, ) < Uz + a +¢ uniformly on [0, I].
Considering the arbitrariness of € and I, we then have limsup, , . v(t,z) <tz +
« =: U, uniformly on [0, +00).

Furthermore, let I; > max{ls, g} By above conclusion, we know that there
exists Ty > Tg such that v(t,z) < U2 + € and u(t,z) > 0 when t > T, 0 < z < I,
and then u satisfies:

Up — Ugy > u(l —u) —ou(Oa+e), t>Tr 0<z<ly,
ug(t,0) = 0,u(t,ly) =0, t>1Tx, (30)
u(Tr, ) > 0, xz €10,17).

By Lemma 3.3, we have liminf;_, { .o u(t, z) > 1 — 3§02 — £ uniformly on [0,1.]. Again

using the arbitrariness of € and I., it follows that liminf, , . u(t, x) > 1—3509 =: u,.
In order to sharpen the upper and lower bounds above, we continue to use the

above approach and find lg > max {ZE, %«/%}- In view of above result, then there

exists Tg > T7 such that u(t,z) > u, — e, when t > Ty, 0 < = < lg, and then v
satisfies

v — Duge > ko(1 — ), t>Ts, 0<uz<lg,

Uy —EFa
’Ua;(t,O) = O,U(t,lg) = 0, t> Tg, (31)
U(Tg,fﬂ) > 0, WS [0718)

Applying Lemma 3.3, we have liminf;_, { oo v(¢, ) > u; + a — € uniformly on [0, [.],

because of the arbitrariness of ¢ and I., it implies that liminf; o v(¢, ) > uy +
o =:v,.

Step 2. Indeed, we can continue the above strategy to obtain the following se-
quences, whose monotonicity is a straightforward conclusion

w <. <y <. <liminfu(t,z) <limsupu(t,z) <...<a; <...<,
t—+oo t—+oo
v; <...<wyu, <...<liminfo(t,z) <limsupo(t,z) <...<y; <... <7,

t—+oo t—+o00

where u; =1 —-60;, 4, =1—-0v,_, v, =y, +aand 0; =4, + o« for i =1,2,3,---

Since the constant sequences {@;} and {¥;} are monotone non-increasing and
bounded from below, and the sequences {u; } and {v,} are monotone non-decreasing,
and are bounded from above, the limits of these sequences exist. Let us denote their
limits, as ¢ — 400, by 4, U, u and v respectively. We then have

u=1—-6v, u=1-900, v=u+aandv=u+a.

Thus,

(32)
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From hypothesis (H1), we can easily conclude that @ = u = «* and this implies
that

liminf u(t, ) = limsup u(t, ) = ™ and liminf v(¢, z) = limsup v(t, x) = v*.
i u(t,2) = limsup u(t, 2 jmin o(t,2) = limsup (¢,

The proof of Theorem 4.2 is now complete. O

4.2. The vanishing case. The following theorem shows that the finiteness of hoo
leads both species, v and v, to vanish.

Theorem 4.3. Let (u,v, h(t)) be the solution of (4). If heo < 00, then we have
Aimlu(t,lloroney = 0 and lim J[o(E,-llofo,ncy = 0-

Proof. Since u(t,z) > 0 and wu, (¢, h(t)) < 0, then v satisfies

Ut—D’UmeIi’U<1—B), for all t > 0 and 0 < a < h(¢),

a

v (t,0) =0, t >0, (33)
v(t, h(t)) =0, (t) > —ppvs(t, h(t)), t>0

v(0,z) = vo(x), x € [0, ho).

In view of Lemmas 3.5 and 3.6, we have that . liin lv(t, )llcro,ne) = 0. Hence,
— 00

there exists T' > 0 such that v(¢,z) < € for all t > T and 0 < = < h(t), where
0 < e << 1. Since u(t,z) > 0 and v, (¢, h(t)) < 0, then

Up — Uy > u(l — de — u), t>T,0 <z <h(t),
uz(t,0) =0, t>T,
(34)
u(t,h(t)) =0,h'(t) > —puy(t,h(t)), t>T,
U(T,I‘) ZUO(x)a (S [O7h0]
Applying Lemmas 3.5 and 3.6, we obtain that tium llu(t, ) co,ne) = 0. O

4.3. Sharp criteria for spreading and vanishing. In this section, we derive
some criteria governing the spreading and vanishing for the free-boundary problem

(4).
T D
Lemma 4.4. If ho, < 00, then heo < §mm {1, \/ } := hy. Furthermore, hy >
K
hs implies that hoo = +00.

Proof. The proof of Lemma 4.4 is essentially the same as that of Theorem 5.1 in
[13]. By Theorem 4.3, we know that if hy, < 0o, then

t_I}HlOO llu(t, -)llco,ne) =0, tl}inoo lv(t, ) llcro,ne) = 0.

| D
In the following, we assume that ho, > gmin {1, } to get the contradiction.
K

1
First, as heo > g, there exists € > 0 such that hy, > g T e For such e,
— ¢

™ 1
2V 1-—90e

there exists T > 0 such that h(T) > and v(t,z) < ¢, for t > T and
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x € [0, h(T)]. Let u(t,x) be the solution of the following problem:
Ot — Oy = u(l — 0 —w), fort>T and 0 <z < h(T),
Ozu(t,0) =u(t,h(T)) =0, t>T, (35)
w(T,x) = u(T, z), 0 <z <h(T).

By the comparison principle, we have wu(t,z) < w(t,z), for all ¢ > T and
T

1
0 < z < h(T). Since W(T)> 5”1755’ the Proposition 3.2 of [2] yields

lim inf u(¢, z) > liminf u(¢, ) > 0, which is a contradiction to Theorem 4.3.
t—+o00 t——+o0

D D
Secondly, as hoo > g\/ —, there exists T > 0 such that h(T) > g\/— and
K K

u(t,z) > 0, for all t > T and 0 < = < h(T). Let v(t,x) be the solution of the
following equation

Bpv — DOyyv = @(1— g)’ t>T, 0<ax<h(T),

(6]
dpu(t,0) = v(t,(T)) =0, t>T, (36)
(T, x) =v(T,x), 0 <z <h(T).

By the comparison principle, we have v(t,z) < v(t,z), for all t > T and 0 < z <

D
h(T). Since h(T) > g\/ —, by the Proposition 3.2 of [2] , we have
K

liminfo(t,z) > liminfu(t,z) > 0,
t——+o00 t—+oc0

which is a contradiction to Theorem 4.3.
Finally, since h'(t) > 0 for all ¢ > 0, then together with the above arguments we

D
can see that h,, = +0o0 when hg > gmin {1, } O
K

Lemma 4.5. Suppose that the initial datum hg in problem (4) is such that hg < h..
Then, there exists i > 0 depending on uy and vy such that hoo = 400 when p > [.
More precisely, we have

e D 3 00 (g\ﬁ ) h) ( [ Uo<x>dx>

Furthermore, if ||volleoc <146 and |Juplleo < 1, then i = min{uy, uo}, where

o {1 ol (2 ) ([ o)

—1
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Proof. We consider the following problem:

8ty—D8My:ng(1—§), t>0,0 <z <h(t),

d,v(t,0) =0, t>0,

v(t, h(t)) =0, t >0, (37)
W' (t) = —pupu(t, h(t)), t>0,

v(0,2) = vo(x), 0 <z < h,

ho = h(0), t=0.

By Lemma 3.2, we have h(t) < h(t) and v(t,x) < v(t,z), fort > 0and 0 < = < h(t).

/D
Using Lemma 3.7 of [5], if A(0) = hg < hy < g — and p > fi, we have h(o0) =
K
+00. It then follows that ho, = +00.

Suppose now that ||vgllec < 1+ a and |lup|lec < 1. That is Mz = 1 4+ a. We
consider the following problem

O — Ogpu =u(l —0(14+a) —u), t>0,0<z<h(t),
0z u(t,0) =0, t>0,
u(t, h(t)) = 0, t>0,
(38)
E(wa) = U’O(l‘>7 0 S X S h(0)7
h(0) = ho, t=0.

From Lemma 3.7 of [5], we know that ~(0) = hg < h, < g and p > po, which imply

that h(co) = +o00. Thus p > min{p;, po} implies that h(co) = +oo. Therefore, we
have hy = +00 when p > min{uq, po}. O

Lemma 4.6. Suppose that the initial datum hg, in problem (4), is such that hg <
hy. Then, there exists j1 > 0 depending on ug(x) and vo(x) such that hoy < 00 when

w< p
Proof. We adopt the same method used to prove Lemma 5.2 of [13], Lemma 3.8 of

1 [ hy .
[5] and Corollary 1 of [7]. Let e = 3 ( - 1) > 0 since hg < h.. Define

ho

h(t) = ho(1 + ¢ — %e*f”) for ¢ >0

V(y) :cos%y for 0<y<1;
and

u(t,x) = o(t,x) = Me PtV () for 0 < < h(?),
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1 2 D T\ 2 1
o= i () 25 ) 1)
where 2mm{ 2) arom " \3) arom >0, as ho(1+¢) <
h, and
= max {uolloe, o)
(7))
cos
2+e¢
h23(2
fp<up= 606(7—’_51 , then a direct computation yields
— 214 p)mM

U — e — U1 —0) = Me PV ((5) g — 1 8) 20,
t>0, 0 <z <h(t),

'D —_— e D
Op — Dgy — k0 [ 1 — > Me PV(=)?———— —k—B) >
vt = Blaw "“( M1+a> > Me™"V((3) FESE B) =0,

t>0,0<x<h(t),
Uy (t,0) = 0,(¢,0) =0, t>0,

,Bt T
S ehofe {— 2u(21 +p)mM >0,
2 ehiB(2+¢)

t>0.

(39)
Since hg < h(0), @(0,z) > up(x) and ©(0,x) > vo(x) for all x € [0, hy), then Lemma
3.2 yields that h(t) < h(t) on [0,+00). Taking t — +oo, we obtain

hoo < h(00) = ho(1 +0) < h..
This, together with Lemma 4.4, complete the proof. O

Lemmas 4.4 and 4.6 lead to other criteria for spreading and vanishing, in terms
of the parameter D, when hg is fixed.

4kh3
Lemma 4.7. For a fived hg > 0, let D* = —=. Then,
™

(i) if 0 < D < D*, spreading occurs (see Definition 4.1).

(ii) Suppose that D* < D < k. If p > [i, then the spreading occurs. If p < p, then
vanishing occurs (see Definition 4.1).

5. Spreading speed. In this section, we derive upper and lower bounds for the
spreading speed under the free boundary conditions stated in (4). The estimates
are given in terms of well-known parameters.

Theorem 5.1. Let (u,v,h) be the solution of problem (4) with hoo = 00 and recall

that
Smin = 2max {1, \/D/@} .
Then,
Sy < liminf @ < lim sup @ < Smin,

t—4oco ¢ t—+00
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where s, s the constant appearing in Lemma 3.8.

h(t
Proof of Theorem 5.1. First we will prove lim Supﬁ < Smin- From Lemma 3.7,
t——+o0

we know that (U(£),V(£)) — (0,0) and (U’ (£),V'(€)) — (0,0) as & — +oo. Then,
we can choose [ and g > 1 such that

W (&) = [luolles, gV (&) = [lvolloo for all £ € [0, ho]. (40)

Moreover, there exists og > hg depending on D, k, i, p such that

U(op) < min (U@ﬂim@ﬂ),vqmﬁ<irmn (V@97“§”>, (41)

0<z<ho l 0<z<ho
1 1
U(O’o) <1- 7, V(O’o) < (1 — g) (Ml —I—a), (42)
and
— u(lU (00) + gpV'(00)) < Smin- (43)

Now let o(t) = 09 + Smint for ¢t >0,
@ =1U(x — $mint) — U (0g) and © = gV (x — smint) — gV (0p) for t >0
and 0 <z < o(t).
It is obvious from (41) and (43) that
(0, z) > uo(x), ©(0,2) > vo(z), for 0 <z < hyp;
and
o' (t) = Smin > —p(Uz(t,0(t)) + pvL(t,o(t))).

Moreover,
u(t,o(t)) = ov(t,o(t)) =0 for all t > 0;

Ug(t,0) <0, 0,(t,0) <0 forall t >0 (by Lemma 3.7).
Then by a calculation, we obtain from (42) that

. ZU(O'())) +U(O’0)lililU(O—0)

mﬁmaua)l[UU(U o —

>0

)

and

U
U — DUyy — kO [ 1 —
U 0 m}( M1+a)

01 (v -2 v

(9 =DM + ) = gV(o0)
g—1

__9r
_M1+a

> 0.

Then, by Lemma 3.2, we have h

—~
~

t) < o(t) for t > 0. Therefore,

limsup —= <
t—+oo L t—+oo 1
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h(t
Now, we prove lim inf Q > s.. Let (v, h) be the solution of the free boundary

t——+oo
problem
v
(9tQ—D8MEQ=I€Q(1— :) , t>0,0<z<h(t),
«
Q(L(t70) = 07 t > 07
(14)
v(t,h(t)) =0, t>0,

By the comparison principle, we then have h(t) < h(t). From Theorem 4.2 in [5],
we have
< liminf @

t——+oo

S, = lim @

t—+oco

O

6. Proof of existence and uniqueness. This section is devoted to prove the
results about local existence and uniqueness of the solution to the main problem

(4)-

Proof of Lemma 2.1. The main idea is adapted from [4]. Let ¢ € C3(]0,00)) such
> <

that ((y) = 1if [y — ho| < B, C(y) = 0if [y — ho| > B, [¢'(y)| < 3, for all y.
Define

z =y +((y)(h(t) = ho), 0 <y < o0 (45)
Note that, as long as |h(t) — ho| < %, (z,t) — (y,t) is a diffeomorphism from
[0,400) to [0,4+00). Moreover,
0<z<h(t)=0<y<hyand z=~h(t) < y=ho. (46)
We then compute

@ B 1
dr ~ 1+ C(y)(h() — ho)

Py —C"W)(h(t) —ho)
0z [1+C(y)(h(t) —ho)]® B(h(t),y(t)),

9y _ W)
ot 1+ (y)(h(t) -

Now, we denote

Ult,y(t)) = u(t,z), V(t,y(t) =v(t,z), F({UV)=U1~-U—4§V)

and G(U,V)=«kV (1 - U‘—l/—oz> .

Then problem (4) becomes
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%:AQUyy—F(B—C)Uy—i—F(U,V), t>0,0<y < ho,
%—‘;:DAQVyy+(DB—C)1/,J+G(U,V), t>0,0<y < ho,

U, (t,0) =V, (t,0) = U(t, ho) = V(t, hy) = 0, t>0, (47)
W (t) = —pu(Uy(t, ho) + pVy(t, ho)), t>0,

U(0,y) = Uo(y) = uo(y), y € [0, hol,t =0,
V(0,y) = Vo(y) = vo(y), y € [0, hol,t = 0.

We denote by h = —u(U4(ho) + pVi(ho)). As in [10], we shall prove the local
existence by using the contraction mapping theorem. We let T such that 0 < T <

50 fi}-l) and introduce the function spaces
Xir :={U € C(R) : U(0,y) = Up(y), |U — Uollc(r) < 1},
Xor :={V € C(R):V(0,y) = Vo(y),[IV - Vollor) <1},
Xsr :={h € C[0,T], |0 — B”C[O,T] <1},

where

R={(ty):0<t<T,0<y<ho}.
Then, the space X7 = X7 X Xor X X3 is a complete metric space, with the metric
d((U1, Vi, ), (U2, V2, h2)) = [|U1 = Uzllor) + V2 = Valler) + 177 — héllepo,r)-

We have

T _ ho

|h(t) — ho| < / [P/ (s)|ds <T(1+h) < 3

0
so that the mapping (¢,2) — (¢,y) is diffeomorphism.

As mentioned above, we will construct a contraction mapping from X into Xr
in order to prove the existence of a local solution. We begin this construction now.
As 0 < t < T, the coefficients A, B and C are bounded and A2 is between two
positive constants. By standard L? theory and the Sobolev imbedding theorem, for
any (U,V,h) € X, the following initial boundary value problem

oU

E:AQUyy+(BfC)ﬁy+F(U,V), t>0,0<y < ho,
%—Z:DAQVnyr(DB—C)VerG(U,V), t>0,0 <y < ho,

U,(t,0) = V,(t,0) = 0, t>0, (48)
U(t, ho) = V(t, ho) =0, t>0,

U(0,y) = Uo(y) = uo(y), y € [0, o,

V(0,y) = Vo(y) = vo(y), y € [0, o,

for any 0 € (0,1), admits a unique bounded solution (U,V) € C’@’HQ(R) X
o2 A+9(R). Moreover,

01140110, < €t and [V ager ) < Co
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where the constants Cy and Cy depend on ho, 0, ||Usl|c2(0,n,) and [|[Volc2(0,h0]-
We now define

B(t) = ho — 1 /0 [0, (7, ho) + pV, (7, ho)dr-

Then, A (t) = —u(U,(t, ho) + pVy(t, ho)) € C%[0,T] and HiL'HCg < (3, where Cy
depends on p, p, ho, a, [|[Uol|c2(0,e] and [[Vollc2(0,h)-

Now, we are ready to introduce the mapping ® : (U, V,h) — (U, v, iz) We claim
that ® maps X7 into itself for sufficiently small T": Indeed, if we take T" such that

=2 =2 -2
0 < T < min {01”976’2”9,03” } ,

we then have

) A 150 10
I = Uollory < IVl o240 T2 T2 <11,
IV = Vollogr) < ||V||Co,#(R)T# <CTF <1,

7 7 > A (4
I = hllcp,r) < ||h/\|cg[0 i = CsT2 < 1.

Thus we have ® as a map from Xr into itself.
Now we show that ® is a contraction mapping for sufficiently small 7. Let
(Ui, Vi, hy) € Xp for i =1,2. We set U = Uy — Uy, and V =V} — V,. Then,

O A2(ha(0) )+ [B(ha(t). y(1) — C(ha(8) 91T, + F.

for t > 0 and 0 < y < hyg.

O DA (ha(t), y(O)Tyy + (DB(halt), (1)) — Clhalt), y(1))V, + G,

ot )

fort >0 and 0 <y < hgp.

Uy(t70) = ‘/y(t70) =0, t>0,

U(ta hO) = V(ta hO) =0, t> 07

U,y) =V(0,y) =0, 0<y < ho,
where
Fi= [A2(l(),y(t) — A2(ha(t), y(1)]Uyy + [(B(hn(8), y(t)) — B(ha(t),

y(t))) — (C(ha (), y(t)) — C(ha(t), y(t)] Uy + F(Ur, V1) — F(Us, Va).

G = [DA’(ha(t),y(t)) — DA*(ha(t), y(1)]Viyy + [(DB(ha(t), y(t)) — DB(ha(t),
y(1))) = (C(h (1), y(1)) = C(ha(t), y(E))Viy + G(U1, V1) = G(Us, Vo).

Again, using standard LP estimates and the Sobolev embedding theorem, we have

1Tl 152 10 ) < CullUn = Wallor) + V2 = Vallew) + k1 = hallcrjom),

(R
HVHC#,M(D) < Cs5([|Ur = Uzllory + Vi = Valle(r) + [1h1 = hallcrjo,m),

and

IRy =5l 140 6 ([0, T1) < Co((lUL = Dalloqr) + V2 = Vallogr) + b1 = halloro.my)s
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where the constants Cy, C5, and Cg > 0 depend on A, B, C' and Cj;, for i = 1,2, 3.
We also have
[Uller) + IVIiew) + 1Ry = hallcpor

10 = 1405
<T™= ||U||C#,I+G(R)+T 2 ||V||C%9,1+9(R)

0 _
+T'2 ||h/1 - h,2||0142r—9,1+9([07T])'

Based on the above, if T' € (0, 1], then
7 o T T o
1Ullcr) + IVIew) + 1k, = Byllcqory < C: T2 {[Uller) + IVIiew)

+l|ht = Rolloqo } »
where C7 := max{Cy, Cs, Cg}. We choose
1 h =2 =2 -2 -2
T = = min {1, — OO Oy, O } :
2 8(1+h)
and apply the contraction mapping theorem to conclude that ® has a unique fixed
point in X7. This completes the proof of Lemma 2.1. O

‘We now turn to the

Proof of Lemma 2.2. The strong maximum principle yields that v > 0 and v > 0,
forall¢t € [0,T] and x € [0, h(t)). Since u(t, h(t)) = v(t, h(t)) = 0, then Hopf Lemma
yields that u, (¢, h(t)) < 0 and v, (¢, h(t)) < 0 for all ¢ € (0,T]. Thus, h'(t) > 0 for
all t € (0,T].

Now, we consider the following initial value problem

()

(1 —a) fort >0, @(0) = |luo||oo- (50)

The comparison principle implies that u(t,z) < a(t,z) < max{l, ||ug|le} for all
t € [0, T] and for all z € [0, h(t)]. Similarly, we consider the following problem

0
YA a) for ¢ > 0, 9(0) = ||vo]lso; (51)
to conclude, via the comparison principle, that v(¢,z) < max{M; + «, ||vg||eo} for
all t € [0,T] and z € [0, h(t)].

We turn now to prove that h/(t) < A for ¢ € (0,T]. In order to achieve this, we
shall compare v and v to the following two auxiliary functions

wi(t,z) = Mi[2M (h(t) — ) — M?(h(t) — 2)?] for t € [0,T] & = € [h(t) — MY, h(2)],
and
wa(t, x) = Ma[2M (h(t) — x) — M?(h(t) — )] for t € [0,T] & = € [h(t) — M, h(2)].

1 V2
As a first choice, we pick M = max {h’ g, ;D} in order to obtain that
0
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Opw1 — Oppwr > 2M1M? > u > u(l — u — 0v) = Oyu — Oy u,

Opwz — Ddygtn > 2DMyM? > kv > ko(l — ) = v — Dyyv,
wi (£, h(t)) = 0 = u(t, h(t)),

wa(t, h(t)) = 0 = v(t, h(t)),

wi(t,h(t) — M~1Y) = My > u(t,h(t) — M~1),

wo(t,h(t) — M~1) = My > v(t,h(t) — M~1).

(52)

We plan to use a comparison argument to complete the proof. For this, we need to
have wq (0, ) > ug(x) and wa(0,x) > vo(z). Note that, for z € [h(t) — M1 h(t)],

ho
wm:—/ W (5)ds < (ho — 2)|1e | clomo).

ho
vo(w) = = [0/ (5)ds < (ho ~ @) eto)

wl(O,x) = MlM(ho — 33)[2 — M(ho — x)] Z MlM(ho — 3?)
and WQ(O,I) = MQM(hO*ZE)[2*M(hO*I)] > MlM(h()*SC) for x € [ho*Mil,ho}.

4/l co,n0) 1Vl cpo,nol
My 7 M
w2(0,2) > v(0,z). By now, we have two constraints that M should satisfy. We

choose M such that

M = max i, @7 i7 HuIHC[Ovho]7 [v'llc10,ho) .
ho” 2 2D M M,

Then, the comparison principle yields that w; > w and wy > v for t € [0,T] and x €
[R(t)— M~ h(t)]. Since wi(t, h(t)) = u(t, h(t)) = 0 and wa(t, h(t)) = v(t, h(t)) = 0,
we then obtain that

O u(t, h(t)) > Ozwi(t, h(t)) = —2M M, and O, v(t, h(t)) > Dpwa(t, h(t)) = —2M Ms.

Therefore, we have h'(t) < A, where A := 2Mu(M; + pMs). The proof of Lemma
2.2 is now complete. O

Thus, if M = max{ }, then we have w;(0,z) > u(0,z) and

7. Discussion and summary of the results. In this paper, we considered a
Leslie-Gower and Holling-type II predator-prey model in a one-dimensional envi-
ronment. The model studies two species that initially occupy the region [0, ho] and
both have a tendency to expand their territory. We obtain several results in this
setting.

(i) Theorem 4.2 and Theorem 4.3 provide the asymptotic behavior of the two

species when spreading success and spreading failure, in terms of ho:
If Aoo = 400, then we have

lim wu(t,z) =u”, (t,z) =v".

lim v
t——+o0 t——+o0
If hoo < 400, then we have

(Jm lu(t, )lco,ne) = 0, lim [v(t, )l co,ney = 0.
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(ii) A spreading-vanishing dichotomy can be established by using Lemma 4.4 and

the critical length for the habitat can be characterize by h., in the sense that
the two species will spread successfully if ho, > h,, while the two species will
vanish eventually if ho, < h,. If the size of initial habitat hg is not less than
hs, or hg is less than h,, but © > g or 0 < D < D*, then the two species
will spread successfully. While if the size of initial habitat is less than h, and
uw < por D* < D < kK, then the two species will disappear eventually.

(iii) Finally, Theorem 5.1 reveals that the spreading speed (if exists) is between the
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minimal speed of traveling wavefront solutions for the predator-prey model on
the whole real line (without a free boundary) and an elliptic problem induced
from the original model.
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