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ABSTRACT ARTICLE HISTORY
Scientists have been seeking ways to use Wolbachia to eliminate Received 17 July 2018
the mosquitoes that spread human diseases. Could Wolbachia be Accepted 6 June 2020
the determining factor in controlling the mosquito-borne infectious KEYWORDS
diseases? To answer this question mathematically, we develop a Wolbachia infection:
reaction-diffusion model with free boundary in a one-dimensional reaction-diffusion systems;
environment. We divide the female mosquito population into two free boundary;
groups: one is the uninfected mosquito population that grows in the spreading-vanishing
whole region while the other is the mosquito population infected dichotomy

with Wolbachia that occupies a finite small region. The mosquito

population infected with Wolbachia invades the environment with

a spreading front governed by a free boundary satisfying the well-

known one-phase Stefan condition. For the resulting free boundary

problem, we establish criteria under which spreading and vanish-

ing occur. Our results provide useful insights on designing a feasible

mosquito releasing strategy that infects the whole mosquito popu-

lation with Wolbachia and eradicates the mosquito-borne diseases

eventually.

1. Introduction

Recently, several public health projects were launched in China [27], USA [1] and France
[22], with an aim to fight mosquito populations that transmit Zika virus, Dengue fever and
Chikungunya. All of these projects involve the release of male Aedes aegypti mosquitoes
infected with the Wolbachia bacteria to the wild. For instance, 20000 male Aedes aegypti
mosquitoes carrying Wolbachia bacteria were released on Stock Island of the Florida Keys
in the week of April 20, 2017. Google’s Verily is about to release 20 million machine-
reared Wolbachia-infected mosquitoes in Fresno (see [1]). A factory in Southern China
is manufacturing millions of ‘mosquito warriors’ (male Aedes aegypti mosquitoes carrying
Wolbachia bacteria) to combat epidemics transmitted by mosquitoes [27].

The science behind these projects is based on the following two facts: (i) Wolbachia often
induces cytoplasmic incompatibility (CI) which leads to early embryonic death when Wol-
bachia-infected males mate with uninfected females and (ii) Wolbachia-infected females
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produce viable embryos after mating with either infected or uninfected males, resulting
in a reproductive advantage over uninfected females. In practice, Wolbachia has been suc-
cessfully transferred into Aedes aegypti or Aedes albopictus by embryonic microinjections,
and the injected infection has been stably maintained with complete CI and nearly per-
fect maternal transmission [2,16,17,23,31,32,34]. Thus, the bacterium is expected to invade
host population easily driving the host population to decline. Successful Wolbachia inva-
sion in Aedes aegypti has been observed by Xi et al. in the laboratory caged population
within seven generations [33].

By releasing Aedes albopictus mosquitoes infected with Wolbachia bacteria into the wild,
it is expected that over a long time period, the wild Aedes aegypti mosquito population
would decline drastically and hopefully be completely replaced by infected mosquitoes
so that the mosquito-borne infectious diseases such as Zika, Dengue fever and Chikun-
gunya would be eradicated. To qualitatively examine if Wolbachia can effectively invade the
wild uninfected mosquito population, Zheng, Tang and Yu [38] considered the following
model:

d
d—L; =u[by — §1(u+v)] fort > 0,
(1)
dv b2yt forts o
— = — rt>0,
dt Y u+v 2Ty

where u denotes the number of reproductive infected insects and v denotes uninfected
ones, by and b, denote half of the constant birth rates for the infected and uninfected insects
respectively. The parameter §; (resp. §2) denotes the density-dependent death rate for the
infected (resp. uninfected) population. The birth rate of uninfected mosquitoes is dimin-
ished by the factor v/(u + v) due to the sterility caused by cytoplasmic incompatibility (CI)
for mating between infected males and uninfected females.

Let us now recall the origin of system (1) with some details. Let rf and r,, denote the
number of released female mosquitoes and the number of released males, respectively, and
suppose the released mosquitoes were infected with Wolbachia. Also, assume that r¢ and
T satisfy

drf
E = —(SITfT(t), t>0,

(2)
drm _ s T, £ 0
dt — lrm > >
where

denotes the total population size, with Ut U, It and I, standing for the numbers of
uninfected reproductive females, uninfected reproductive males, and infected reproduc-
tive females and males other than those from releasing, respectively. Let by (resp. by) be
the natural birth rate of the infected (resp. uninfected) mosquitosand 0 < § < 1 be the pro-
portion of mosquitos born female. Then the proportion of mosquitos born male is 1 — 3.
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Table 1. Strong Cl, x means ‘no offspring’.

mate Un Im

Ur Ur or Up X
I Ir or Iy Ir or Iy

With complete CI (see Table 1) and perfect maternal transmission, we have

W sbally + 171 — 811, T0) £>0
3 = Sbilly + 1] = 0T (), > 0,
dl,
T (1 = 8)brlIf + 1] — 61l T (D), t>0,
3)
de Un (
— =8by | Uf————— | = 82U T (1), t>0,
dt U[frm+1m+Um] 20T g
dUp Un
—=010-0)by | Ut———— | = 82U, T(¥), t>0.
dr ( )U|:frm+1m+Um:| 2UmT(2) >
One can easily verify that both r¢ and r,,, approach 0 as t — +00. We denote by
ut) =Ir+1In and v(t) = U+ Upn. (4)

Assuming equal determination case, which means that § = 1/2, If =Ipn and Ur = Un,
then system (1) can be obtained by setting b; = by/2 and b, = by /2. In order to obtain
the spatiotemporal dynamics of (1), Huang et al. [14,15] studied the following reaction-
diffusion system:

ou

E:dlAu—i—u(bl—Sl(u—i-v)), t>0, xe&,

v byv

— =dy)Av+v —SHWw+v)), t>0, xe€8,

ot u+v (5)
ou v

— =—=0, >0, xe€0%,

av v

u(0,x) = ug(x), v(0,x) = vo(x), x € Q.

In (5), d and d, are the diffusion rates, A denotes the Laplace operator in the spatial
variable x, and v denotes the unit outward normal vector to the boundary of Q. We men-
tion that (5) is obtained from a delay differential equation model in [38] after ignoring
the delay factor and incorporating the spatial inhomogeneity. Similarly, there has been
several mathematical models formulated to describe the Wolbachia spreading dynamics
[13,35,36,39]. These models focused on studying the subtle relation between the thresh-
old releasing level for Wolbachia-infected mosquitoes and several important parameters
including the CI intensity and the fecundity cost of Wolbachia infection.

We also note that female Aedes aegypti mosquitoes infected with the Wolbachia bacte-
ria were initially released at a specific site. Hence, the infected female mosquitoes initially
occupy only a small region, while the wild uninfected females are distributed over the
whole area.
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To model the spatial spreading of Wolbachia in the wild mosquito population and
explore the possibility that the infection can indeed occupy the whole region, it is natural
to consider system (5) under the setting of a free boundary problem.

In this work, we consider the following free boundary problem in one-dimensional
space:

% = dytiye + u(bi(x) — 81 (u +v)), t>0, 0<x<h(@),
%:dzvxx+v(!;zg’rc): —82(u+v)>, £>0, x>0,

Uy (t,0) = ve(t,0) = 0, u(t, h(t)) =0, t>0, ©)
W (t) = —pux(t, h(D), t>0,

h(0) = ho,

u(0,x) = up(x), x € [0, hol,

v(0,x) = vp(x), x € [0, 400).

The equation governing the movement of the spreading front x = h(#) is deduced in a
manner similar to that in Section 1.3 of [3]. It is known as the one-phase Stefan condition
in the literature. This type of free boundary condition has been widely used in previous
work such as [5-7,10,18-20,24,28-30].

We will first analyse system (6) with constant birth rates b; and b, in Section 3. Envi-
ronmental variables such as available water surfaces and humidity have huge impacts on
birth rates [8]. This is why we also extend our study to the case with space-dependent birth
rates by (x) and b, (x) in Section 4, while we assume that the natural death rate is spatially
independent for simplicity.

Throughout this paper, we assume that b; (x) and b, (x) satisfy the following conditions,
unless otherwise stated:

30 € (0,1) such that b; € C% ([0, 4+-00)) N L™ ([0, +00)), (B)
b;>0,i=1,2. !
C% ([0, +00)) is the Holder space with Holder exponent 6. The initial conditions u( and

vp are assumed to be bounded and satisfy

ug € C*([0, ho)),

uy(0) = ug(hg) =0,

up(x) > 0 forall x € (0, hy),

vp € C2[0,00) N L*>®[0,00) and vy > 0.

(7)

For the free boundary problem (6)-(7), the main question we are concerned about is
whether the infected population can eventually occupy the whole space or not.

Definition 1.1 (The notion of vanishing and spreading): If the infected population
eventually occupies the whole space, i.e.

lim h(t) = +o0,
t— 00

we say spreading occurs; otherwise, we say vanishing occurs.
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The main goal of this work is to derive conditions under which the spreading occurs.
If spreading occurs, then the whole mosquito population will become infected with Wol-
bachia bacteria and this leads to the extinction of the mosquito population and eventually
the eradication of mosquito-borne diseases.

Organization of the paper. The paper is organized as follows. We first establish the
global existence and uniqueness of solutions to the free boundary problem (6) in Section 2.
In Section 3, we present a detailed analysis of a specific case of model (6). In Section 4, we
study the population dynamics of infected mosquitoes in a heterogeneous environment
with a free boundary condition. In order to better understand the effects of dispersal and
spatial variations on the outcome of the competition, we study system (6) over a bounded
domain with Neumann boundary conditions. We summarize our results in the last section.

2. Global existence of smooth solutions

Using arguments that are similar to those in [11], we can establish the following result
concerning the existence and uniqueness of solutions to system (6)-(7).

Theorem 2.1 (Local existence): Consider system (6) with initial conditions (7). Assume
that by and by satisfy (By). Then, there exists T > 0 such that (6) admits a unique solution
(u, v, h(t)) satisfying

(i) (v, h) € CUFTD/2IH0(Q) x CUFN/2IH0 () x C1H9/2([0, T)),
(ii) ||u||C(1+9)/2,1+9(Q) + ||V||C(1+e)/2,1+e(Qoo) + ”h”CH(’/Z([O,T]) <K,

where 0 < 6 < 1 is the Holder exponent in (By),

Q = {(t,x) € R?, such thatt € [0, T] and x € [0, h(t)]},
Q> = {(t,x) € R?, such thatt € [0, T] and x € [0,400)},

Kand T are constants that depend only on ho, 0, ||uo |l c2([o,n]) 414 Vol c2([0,4-00))-

The next result provides some bounds on the solutions to system (6) with initial
conditions (7).

Lemma 2.1: Let (u, v, h) be a solution of (6) for t € [0, T] for some T > 0. Then,

(i) 0 < u(t,x) <M forallt e (0,T] and x € [0, h(t)), where

161112 ([0,
Ml = max {%) ||u0||L°C([O,h0]) :
1

(ii) 0 < v(t,x) < My forallt € (0,T] and x € [0,+00), where

16211 2o¢ (0,
M, := max {% Vo ll Lo ([0,4+00)) | -
2

(i) 0 <H'(t) <A forallt € (0,T], where A > 0 depends on 1, di, IluollL>((o,n}) and
145 Il cro,ho1-
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Proof: The strong maximum principle yields that u(t,x) > 0 for all t € (0,T] and x
[0, h(2)), and v(t,x) > O for all t € (0, T] and x € [0, +00). Note that u(¢, h(t)) = 0 yields
that

uy(t,h(t)) <0 forallt e (0,T].
Thus, ' (t) > 0 for t € (0, T]. Next, we consider the initial value problem

u' () = u@®)(1b 1l ([0,00)) — S1u(t)), for t > 0,

8
4(0) = [0l (001 ®)
From the comparison principle, we know that
1611122 ([0,
u(t,x) < max {% o1l o0 ([0,ho]) ¢ -
1
Similarly, we can show that
1621l oo ([0,
v(t,x) < max {%, IvollLo ({0, +00)) { -
To prove (iii), we first consider the auxiliary function
w1 (t,x) = My [2M(h(t) — x) — M*(h(t) — x)*] 9)
for t € [0, T] and x € [h(t) — M~L, h(t)], where
M= max ] L, [ 1rli=do00) ol cio)
I’l() 2d1 Ml
We have
w1t — d1wixe > 2diMiM? > biM,
> ulby — 81(u+v)] = ur — dither,
(10)

w1(t, h(t)) = 0 = u(t, h(t)),
w1(Hh(t) — M™Y = My > u(t,h(t) — M™Y.
We also note that

up(x) = — /xho ug(s) ds < (ho — %) llugll c[o,o]

and
01(0,%) = MiM(hg — x)[2 — M(hg — x)] > MiM(ho — x), forx € [hg — M ™", ho].
Thus, w1(0,x) > u(0,x). Applying the comparison principle, we get
w1(tx) = u(t,x), forte[0,T] and x € [h(t) — M ', h(®)].
Since w (t, h(t)) = 0 = u(t, h(t)), we then have
ux(t, h(1)) = wix(t, h(t)) = —2MM,;.

Consequently, /' (t) = —puy(t, h(t)) < A with A := 2uMM,. |
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Bearing the above result in mind, we can show that the local solution obtained in
Theorem 2.1 can indeed be extended to all ¢ > 0.

Theorem 2.2 (Global existence and uniqueness): System (6)—(7) admits a unique solution
fort € [0,00).

Proof: Let [0, Trax) be the maximal time interval in which the unique solution exists. We
will show that Trnax = 00. Suppose to the contrary that Ty < 00. In view of Lemma 2.1,
there exists positive constants M, M, and A, independent of Ty, such that for t €
[0’ Tmax]>

0<u(t,x) <M;, 0<wv(t,x) <M, and 0<HW () <A.

Fix§ € (0, Trmax) and K > Tpax. Using the standard L? estimates together with the Sobolev
embedding theorem and the Holder estimates for parabolic equations (see Lunardi [21] for
eg.), we can find M3 depending only on §, K, M; and M, such that

lut Merogoneyy <Mz and vt )llcrojo 100y < M3 forall t € [8, Tmax),

where we used the convention that u(t,x) = 0 for x > h(t). By virtue of the proof of
Theorem 2.1 in [11], there exists a T > 0 depending only on M;, M, and M3 such that
the solution of (6) with the initial time Ty — 7/2 can be extended uniquely to the time
Tmax + 7/2, which contradicts the definition of Ty,ax. Thus, Tinax = 400 and the proof is
complete. |

3. The special case of constant birth rates

System (5) was investigated in [14,15] for two disjoint cases. Namely, the fitness benefit
case and the fitness cost case. Define k; and «; as k1 = by /8 and ky = by /§,. Wolbachia
is said to have the fitness benefit if k; > x5, which means that the local area is more (or
at least equally) favourable for infected mosquitoes. The fitness cost case is represented by
K1 < K2, see [38].

In this section, we assume that b;(x) = b; for i = 1, 2, where b; are positive constants.
In other words, we have the constant-coefficient free boundary problem given by

%:dluxx+u(b1—81(u+v)), t>0, 0<x<h(t),

ov =d2vxx+v( b2y —82(u+v)>, £>0, x>0,

at u+v

Uy (t,0) = v(t,0) = 0, u(t, h(t)) =0, t >0, (an
W (t) = —pux(t, h(D)), t>0,

h(0) = ho,

u(0,x) = ug(x), x € [0,ho],
v(0,x) = vp(x), x € [0,+00).

System (11) is essentially a competition model. For the fitness benefit case, k1 > k2, u is
the so-called superior competitor and v the inferior competitor (see [11]). For the fitness
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cost case, k1 < k2, (11) represents a strong competition [25]. Throughout this section, we
always assume u is a superior competitor. That is, the Wolbachia infection has a fitness
benefit. The strong competition case is usually more complicated to be studied mathemat-
ically. To the best of our knowledge, results for competition models with a free boundary
are very limited in strong competition case. Further details can be seen in [41,42].

We organize this section as follows. In Subsection 3.1 we present some preliminary
results, which play a role in proving our main results. Subsection 3.2 is devoted to the
vanishing case. The invasion dynamics is studied in detail in Subsection 3.3. A rough
estimation of asymptotic spreading speed of Wolbachia invasion is given in Subsection 3.4.

3.1. Preliminary results

Consider the system

du
E = dl”xx(t)x) + u(t’x)(bl - 81u(t>x))> t>0, 0<x<lI,
ux(t,0) = u(t,L) =0, t e (0,00).

(12)

The following result holds.

Lemma 3.1: Let L* = /2,/d, /by and dy = 4b,L?* /7>, Then,

(i) ifL < L*, all positive solutions of (12) tend to zero in C([0, L]) as t — +00.

(ii) IfL > L*, there exists a unique positive stationary solution ¢ of (12) such that all positive
solutions of (12) approach ¢ in C([0, L]) as t — +o00.

Proof: (i) and (ii) follow from Propositions 3.1, 3.2 and 3.3 of [4]. [ |
We recall the following comparison principle.

Lemma 3.2 (Comparison principle [11]): Assume that 0 < Ty < T < 400 and l_z,h €
C!([To, T]). Denote by

Gr={(t,x) e R®: t € (Ty, T], x € (0, h)}

and
Gr = {(t,x) e R* : t € (T, T] and x € (0, h)}.

Let
ue C(Gp NC(Gr), e C(GL) NCH(Gh)

and

v,v € L% N C([To, T] x [0, +00)) N C((Ty, T] x [0, +00)).
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Suppose that
ou _ _ _ _
g—dluxxz&u(/q —u—v), To<t=<T, 0<x<h(),
ou 9%u _
— —di— <éiulk1 —u—v), To<t<T, 0<x<h(t),
ot ax?
97 - (13a)
Y =2 v ), To<t<T, x>0
9t 2Vxx Z 02 2+1_/ uij, 0 D Y >
v 9% K2V )
— —dr— <& = —v—ul), To<t=<T, x>0,
ot 0x2 u+v
K () < —pu, (t,h1).To <t < T,
- - (13b)
W (t) > —pux(t,h(1),To <t < T,
and
U(t,0) <0, u(t,h(t) =0, Toy<t<T,
0xu(t,0) >0, u(t,ht) =0, To<t=<T,
Vx(£,0) <0, v,.(£,0) >0, To<t<T,
(13¢)

h(To) < h(To) < h(Tp),
u(To, x) < u(Ty,x) < u(Ty,x), 0=<x =< h(Tp),
v(To,x) < v(To,x) < v(Tp,x), x>0.

Let (u, v, h) be the unique solution of (11). Then,

Q) k() < h@®), u(t,x) < u(t,x) and v(t,x) > v(t, x) for all (t,x) in (To, T] x [0, +00).
(ii) h(t) = h(t), u(t,x) > u(t,x) and v(t,x) < v(t,x) for all (t,x) in (To, T] x [0, +00).

The following follows from Lemmas A.2 and A.3 in [37].

Lemma 3.3: (a) Leta, b and q be fixed positive constants. For any given ¢ > 0 and L > 0,

there exists
T /d
I>max{L,—/—
2V a

such that, if the continuous and non-negative function U(t, x) satisfies

U —dUy >U(@a—-0bU), t>0, 0<x<]|,

(14)
Ux(t, 0) = O) U(t) l) Z q’ t> 0) (q Z 0))

with U(0,x) > 0 for all x € [0,1), then

liminf U(t,x) > a_ & uniformly on [0, L].
t—+00 b



524 Y.LIUET AL.

(b) Let a, b and q be fixed positive constants. For any given ¢ > 0 and L > 0, there exists
I > max{L,/2./d/a} such that

limsup V(t,x) < l% + € uniformly on [0, L],

t—+00

where V (t, x) is a continuous and non-negative function satisfying

Vi—dVy <V(@a—-0bV), t>0, 0<x<]|,

(15)
Vx(t> 0) = 0) V(t) l) = 9 t> 0> (q = O)>

and V(0,x) > 0 forall x € [0,]).

We are now in the position to present part of our main results.

3.2. Thevanishing case

We consider the vanishing case in this subsection.

Theorem 3.1: Let (u, v, h) be the solution of system (11) with initial data (7). If hoo < +00,
then

dim lut, ) Ml cro,nee) an t_)llllooV( X) = K2

uniformly in any bounded subset of [0, +00).

Proof: Theorem 2.1 yields that for & € (0, 1), there is a constant C depending on 8, (149, vo),
hg and hoo such that

lull casorziso gy + 1Vl casorziso g + 1h® i+ op0y < C (16)
where
G :={(t,x) € [0,00) x [0,h(1)]}.
Suppose that

lim sup ||u(t, ) llco,nr))) = € > 0.
t—+00

Then, there exists a sequence (¢, xx) in (0, 00) x [0, h(t)], where ty — coask — oo, such
that

u(ty, x;) > % for all k € N.

Note that 0 < x; < h(tx) < hoo < 00. By passing to a subsequence if necessary, it follows
that xx — xo € (0, hso) as k — 00. Define

u(t,x) == u(t + t,x) and v (t,x) = v(t + ty, x)

for t € (—tk, 00) and x € [0, h(t + t;)]. It follows from (16) and standard parabolic regu-
larity that {(ug, vi)} has a subsequence {(ux;, vk,)} satisfying (u,, vi,) — (i1, V) as ki — oo,
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where (i1, ¥) is the solution to the following system

du _ diitee + 1 [by — 81 (5 + V)], (t,x) € (=00,400) x (0,h),
(17)

- [ bav .
=dVux + V| ——= —8&H@+V) |, (tx) € (—00,+00) x (0,hx),
u—+v

ot
v
ot
with (¢, hoo) = 0 for all t € R. Since

u(0,x0) = lim wuy(0,x,) = lim u(ty, x4 ) > f,
ki— o0 ki— o0 i 2
the maximum principle implies that # > 0 in (—o00,+00) X (0, hs). Hence, we can
apply Hopf Lemma at the point (0, %) to obtain (0, hso) < 0. Therefore, we have
ux(te;, h(t;)) = Oxu, (0, h(ty,)) < 0 for large i. This, together with the Stefan condition,
implies that 4’ (,) > 0.

On the other hand, hoo < +00 implies /' (t) — 0 as t — 0o (see Lemma 3.3 in [12]).
This is a contradiction. Thus,

li ¢ - =0.
Jim lu(t, ) Nl cronee)

Next, we prove that lim;_, { o v(t, X) = k2. Having lim;_, 4 oo [|u(t, -) || cjo,nr)] = O implies
that, for any ¢ € (0, 1), there exists T'> 0 such that 0 < u(t,x) <eforallt > Tand x €
(0 + 00). Thus,

a b
—Vzdzvxx—i—v[ 2¥ —52(8+V):|, t>T, x>0,
e+

ot
ve(t,0) =0, ¥(t,+00) = 0, fs T (18)
v(T,x) > 0.

By Lemma 3.3 and the arbitrariness of ¢, we have liminf;, o v(t,x) > b2/82 = k2
uniformly in any bounded subset of [0,4-00). This, together with the fact
limsup,_, | o, v(t,x) < k2, shows that lim;—, o0 v(t,x) = k2. |

3.3. Theinvasion dynamics

Theorem 3.2: Suppose (u, v, h) is the solution of system (11) under conditions (7). If hoo =
400, then limy—, 1 oo U(t, X) = k1 and lim;_, 4 oo v(t, x) = 0 uniformly in any compact subset
of [0, +00).

Proof: Consider the system

w(t) =8ulky —u), t>0,

v 19
u(0) = [luollLo((0,1))- ()
Then, lim;_, 4 #(t) = k1 and u(t,x) < @(t). Consequently, we have

lim sup u(t, x) < 1 uniformly for x € [0, +00).
t—4-00
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In a similar manner, we can obtain that

lim sup v(t, x) < k2 uniformly for x € [0, +00).
t—>—+00

Since k1 > K then, for § = (k1 — k2)/2, there exists T1 > 0 such that v(¢,x) < «x, + 8 for
allt > Ty and x > 0.If hoo = +00, then for any given L, there exists | > {L,w/2,/d;/515}
such that u satisfies

ou

Ezdluxx-l—élu(é—u), t>T, O0<x<l,

w00 = 0,u(t,) =0,  t> T, (20)
u(Tq,x) > 0, 0<x<l

By Lemma 3.3, we know that for sufficiently small ¢ > 0, lim inf;, { o u(t,x) > § — € uni-
formly in any compact subset of [0, L]. Since hoo = 400, there exists T > T such that
h(Ty) > Land u(t,x) > §/2forallt > T, and 0 < x < L. Then, (u, v) satisfies

ou

a:dluxx—l—u[bl—&(u—{—v)], t>T,, 0<x<lL,
0 b
—Vzdzvxx—i-v[ 2v —52(u+v)i|, t>T),, 0<x<lL,
at u+v (21)
ux(t,0) = v (t,0) = 0, t> T,

8
u(Tp,x) > 2 v(T2,x) < k2 + 9, 0<x<L.

Let (u, V) be the solution to the following problem:
ou _
a_;zdlzxx—i_ﬂ[bl_al(ﬂ_f—v)]) t > TZ) 0<X<L)
v _ _[ by _
E:dzvxx—i—v - —8Ww+v)|, t>T 0<x<lL,
v
dxu(t,0) = vy (t,0) = 0, t> Ty, (22)
8

u(t,L) = 2 v(t,L) =k + 8, t> Ty,

5 _
u(Tr,x) = > (T2, x) = k2 +6, 0<x<L.

It follows from the comparison principle that
u(t,x) > u(t,x) and v(t,x) <v(t,x) fort>T, and 0<x<L.
By Corollary 3.6 of [26], we have

lim u(t,x) =u;(x) and lim ¥(t,x) = vp(x) uniformlyin [0, L].
t——+00 t——+00
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Here, (u;, V1) satisfies

diOxxttp + up[br — 81(uyp +vp)] =0, 0<x<lL,
- bavr _
d20x VL + VL — 8w +v) =0, 0<x<lI,
EL + VL

(23)
axZL(O) = 0xv(0) =0,

5 _
wl)=2, vl)=r+9.

Letting L — 00, it follows from standard elliptic regularity and a diagonal procedure that
(uy (x), v (x)) converges to (U, (X), Voo (x)) uniformly on any compact subset of [0, +-00),
where (4, Vo) satisfies

dlaxxﬂoo + Eoo[bl - 81(2@0 + 1_/OO)] = Oa X > 0
_ _ byv _
d20xx Voo + Voo |:2—o<_> - 82(200 + Voo):| =0, x>0
Hoo T Voo (24)
OxUso (0) = 0xVeo(0) = 0,
8
Uso(x) = >’ Voo(%) < K2 + 6, 0 < x < 4o0.
We consider now the following system:
dul
T ur(by — 81(u1 + v1)), t>0,
dv1 b2v1
— = ) , t>0, 25
i V1<u1+v1 2(M1+V1)> > (25)

)
u1(0) = 5, 11(0) = ky + 6.

Since k1 > k7, then (u1,v1) — (k1,0) ast — +00 (see Lemma 2.2 of [38], for e.g.). Then,
the solution (U, V) of the problem

oU
EZdlUxX—FU(bl—(Sl(U—l—V)), t>0, x>0,
oV b,V
eVt V ([ —5U+V)), t>0, x>0,
ot U+V (26)
Ux(t’ O) = Vx(t> O) = 0) > 0)
8
U(O,x):i, V(0,x) =k + 6, x> 0.

satisfies (U(t,x), V(t,x)) — (x1,0), as t — 400, uniformly in x € [0, +00). By the com-
parison principle, we have u > U and v < V for t > 0, which immediately yields
that

lim u(t,x) =«k; and lim v(t,x) =0.
t——+00 t—+00

The criteria for spreading and vanishing are given in the following theorem. |
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Theorem 3.3: Ifhy > 7 /2./d1/81(k1 — Kk2) := h§}, then hoo = +00.

Proof: Note that h(t) is nondecreasing. We only need to show that ho, < 400 implies
hoo < h. It follows from Theorem 3.1 that o, < 4-00 implies

lim (lu(t, )llclonn =0 and  lim v(t,x) =k
t>+o0 t— +00

uniformly in any bounded subset of [0, +-00). Assume that h, > hg. Then for sufficiently
small ¢ > 0, there exists T > 0 such that

d
h(t) > r)j___ 4 and v(t,x) <Kk, + £ fort >T and x € [0,+00).
2 51(/(1 —Kz) — & 51

Let u be the solution of the following problem

d

—H—dlgxxzélg K1—K2—£—2 , t>T, 0<x<h(T),

at 5

u (1,0) = 0 = u(t, h(T)), t> T, (27)
u(T,x) = u(T, x), 0 <x < ().

By the comparison principle, we have u(f,x) < u(t,x) for all t > T and x € [0, h(T)].
Since h(t) > 7T/2\/d1/81(K1 —k2) — ¢ for t>T then, by Lemma 3.1, we know that
lim¢, 4 oo 4 = U > 0 uniformly in any compact subset of (0, #(T)), where U is the unique
positive solution of

e
—dU,, = 68U |:K1 — K2 — 3 —Q], 0 <x < h(T),

1 (28)
U,(£,0) = 0 = U(t, h(T)).
Thus,
liminf u(t,x) > lim u(t,x) = U(x) > 0,
t——+00 t—>—+00
which is a contradiction. Therefore, hoo < h§ and this completes the proof. |

Theorem 3.4: If hy < h{, then there exists (L > 0 such that hoo = +00 as i > [i.

Proof: Since limsup,_, ., v(t,x) < k2 + ¢ uniformly for x € [0, +00), then there exists
Ty > 0 such that v(¢,x) < k, when t > Tj. So, (u, h) satisfies

0

a—: > diugx + S1ulkr — k2 —ul, t>T1, 0<x<h(t),

W (t) = —puy(t, h(t)), t> Ti, (29)
uy(t,0) = 0, u(t, h(t)) = 0, t> T,

u(Tq,x) > 0, 0 <x < h(Ty).
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Note that, u(T}, x) depends on u. So, we consider the following problem.

Au(t, x)

ot = di Uy —|—Zi(b1 — 81(2i+7/)), t>0, 0<x<hy,
av(t, o bV
at u+v
Uy (t,0) = Vx(t,0) = 0, t>0,
x(£,0) = (8, 0) (30)
u(t,hg) =0, t>0,
a(o)x) = “O(x): 0<x< h(),
V(0,x) = max {k2, [Vl Lo ([0,+00)) } » 0 < x < hy,
Vx(t, ho) = max {k2, [Vl L ([0,+00)) } » t>0.
It follows from the comparison principle that
u(Ti,x) > u(Ty,x) forall (t,x) € [0,+00) x [0, ho].
Clearly, (T}, x) is independent of /+. Now, we consider the following system.
ou
Fvi diu,, = S1ulkr — iy —ul, t>T;, 0<x<h(t),
Ex(t) O) =0= E(t>h(t))a t> Tl’
h/(t) = _ng(t’h(t))) t > Tla (31)
u(Ty,x) = u(Ty,x), x € [0, hol,
h(Ty) = ho.

By Lemma 3.2, we know that h(¢) < h(t) for t > T1. It follows from [10, Lemma 3.7] that
h,, = +ooif u > f1, where

_ (1 ||ﬁ<T1,x)||oo) d (hs — ho)
J

[l = max — :
K1 — K2 o (T, x) dx

This implies that ho = +00. u

By Theorems 3.3 and 3.4, we can also derive spreading criteria in terms of the diffusion
coefficient d, for any fixed hy.

Theorem 3.5 (Spreading criteria): Let df = 46;(k1 — Kz)h(z) /7%, where hy is any prefixed
positive constant. Then, spreading occurs provided that either

(1) 0<d; <djor
(2) di > dj and p > i

Our next result is a criterion on ‘vanishing’.
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Theorem 3.6: Assume that

Then, there exists u>0 such that hoo < +00, whenever u < -

Proof: Consider the following problem

iy — diilgy = 6(by —81),  t>0, 0<x<h(®),
ie(£,0) =0, ut,h(t)) =0, t>0, (32)
W () = —pux(t, h(D)), t>0,

u(0,x) = ug(x), h(0) =hg, x € [0,hp].
Lemma 3.2 applies and yields that
h(t) <h(®) and u(t,x) <u(t,x) fort>0 and 0<x <Hh(?).

Furthermore, by Lemma 3.8 of [10], there exists u=>0 such that hs < 400 in the case
w =W, where

and §, M are such that

and
- T x
ug(x) < Mcos| ——— ), forx e [0,hy].
o) = (2h0(1+5/2)> 10, o]

Therefore, hoo < +00. |

3.4. The spreading speed

If spreading occurs, it is important to estimate the spreading speed of k(). Following
an idea in [12], one can obtain a rough estimate of the spreading speed as stated in the
following theorem.

Theorem 3.7 ([12]): Suppose that k1 > k7 and let (u, v, h) be the solution of (11). If hoo =
400, ug(x) < k1 in [0, ko), vo(x) > 0in [0, +00) and lim inf,_, 1 o vo(x) > k2, then

limsup — <s,,
t——+00

where s, is the minimal speed of the travelling waves to the problem related with (11) in the
entire space. This estimation of the spreading speed is independent of 4.
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However, in the fitness benefit case, we can derive an estimate better than the one in
Theorem 3.4. We first recall Proposition 5.1 of [11].

Proposition 3.1 ([11]): For any given constants d; >0, by >0, é; >0 and B €
[0,24/b1d1), the problem

—dU" + BU' = bjU — 6,U?  for x € (0,00),

U(®0) = 0, (33)

admits a unique positive solution U = Ug, which depends on di, b1, 81, B, and satisfies
Ug(x) — k1 as x — +00. Moreover, U'(x) > 0 for x > 0, and for each u > 0, there exists
a unique By = Bo(u,d1,b1,81) € (0,2+/b1d,) such thatuU,go (0) = Bo.

Our result reads:

Theorem 3.8: Assume k1 > k3. If hoo = 400, then

h(t h(t
Bo(s k1 — K2, d1) < ltiminfﬁ < limsup¥ < Bo(u, b1, 61,4d1),

—+oo  f t—>—+00

where By is determined by Proposition 3.1.

Proof: Note that

0

8_I;_dluxx=u[b1 —51(u+v)] §u(b1 —é6iu), t>0, 0 <x<h(t),

uy(t,0) = 0, u(t, h(t)) = 0, t >0, (34)
W (t) = —pux(t, h(t)), t>0,

u(0,x) = up(x), x € [0, hy].

Thus, the pair (u, h) is a subsolution to the problem

ou _

8—1: — dyiige = by — 8170), t>0, 0<x<Hh)

ix(£,0) =0, @(t,h(t) =0, >0, (35)
H(t) = —puy(t, h(t)), t>0,

(0,x) = ug(x), h(0) = hy, x € [0,ho].
By the comparison principle, h(t) < h(t) for t > 0. Theorem 4.2 of [10] yields that

h(t
lim Q = Bo(u, by, 81, dy).

t—>+oo0 f

Hence

h(t

lim sup ol < Bo(w, b1, 61,dy).
t>+oo I

Note that limsup,_, , ., v(t,x) < k2 uniformly for x € [0,+00) and h = +00. Then,

there exists T, > 0 such that v(t,x) < x, + € and

d
h(T,) > rj__4a when t > T,.
2V k1 —Kky— ¢
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Next, we consider the following problem

ou 0%u

3 1£=E(K1—K2—8—ﬂ), t>Te, 0<x<h(®),

Ex(t’ 0) = O7E(t3 h(t)) = 0) t> TE) (36)
B (t) = —pu,(t, h(D), t> T,

u(Te, x) = u(Te, x), x € [0, h(Ty)].

By the comparison principle, we obtain h(t) > h(t) for t > T,. From Theorem 3.3, we
know that h(0c0) = +00. Using a similar argument as above, we have lim;_, 1 5 (h(#)/t) =
Bo(w, k1 — k3,d1). Therefore,

h(t
liminf% > Bo(u, k1 — K2, d1). u

t—+00

4. The free boundary problem with a heterogeneous birth rate

In this section, we consider the free boundary problem (6)-(7) with the heterogeneous
birth rates b; (x) and b, (x).

4.1. Some useful lemmas

In this subsection, we first study a related eigenvalue problem:

doux + b()p + 19 =0, x € (0, ho),

37
$x(0) = ¢(ho) = 0. (37)
Problem (37) admits a positive principal eigenvalue 1; determined by
]’lo hO
= ot [V1gt - bwet s 6.0 =gt =0, [ gtar=1.
peWL2((0.h9)) | Jo 0
(38)

We state two hypotheses that we refer to when needed. We use a generic symbol B(x) in
the statement of the hypotheses. The function B(x) will be replaced accordingly (by b, b;
or b,) in the rest of this Section.

B(x) € C! ([0,4+00)) N L™ ([0, +00)) and B(x) is positive somewhere in (0, hp). (By)

B(x) € C' ([0,400)) and b < B(x) < b for all x € [0, +00),
= " (B3)

where b and b are two positive constants.
Remark 4.0.1: In order to compare the principal eigenvalues A associated with different
parameters, we denote the principal eigenvalue A; by A1 (d, hp). When we fix kg and study
the property of A; as d varies, we write A} = A;(d). Similarly, we write 11 = A;(hg) when
d is fixed while hg varies.
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We gather the following known results about the dependance of A; on d and h.

Lemma 4.1 ([40]): Suppose that b(x) satisfies (B,), where B(x) is replaced by b(x). Then,
A1 = A1(d) has the following properties:

(i) A1(d) is increasing with respect to d.
(ii) Ai(d) - +o0casd — 400 and Ay (d) — —maxye[o)) b(x) <0asd — 0.
(iii) For any fixed hy > 0, there exists d = d* > 0 such that
e Li(d) <0for0<d<d
e Li(d) > 0ford > d* and
e Li(d)=0ford=d"

Lemma 4.2 ([40]): Assume that (B3) holds, where B(x) is replaced by b(x). Then, 1, =
A1(ho) has the following properties:

(i) Ai1(ho) is monotone decreasing with respect to hy.
(ii) A1(ho) — 400 ashy — 0 andlimp,—, 4o A1(ho) < 0.
(iii) For any fixed d > 0, there exists hg = hy > 0 such that
o Ai(hg) > 0for0 < hy < h{,
e Ai(ho) < 0 for hg > hg,
[ ] )\l(ho) = OfOT h() = hg

For the reader’s convenience, we also recall some facts related to the following problem

av

Frie dovex + v (by(x) —8v), t>0, x>0,

ve(t,0) = 0, >0, (39)
v(0,x) = vp(x), x € [0, +00).

The proof of the next lemma follows from Lemma 5.2 and Lemma 6.2 of [40].

Lemma 4.3: Assume that by (x) satisfies (B3), where B(x) is replaced by by (x). Let v(t, x) be
the unique solution of (39) with an initial condition

vo € C?[0,00) N L®[0,00) and vy > 0.
Then,
t—lflfoo v(t, ) = @y« uniformly in any compact subset of [0, 00),
where ¢y is the unique positive solution of the following elliptic problem

dyvex + v (ba(x) — 82v)) =0, x>0,

1(0) = 0. (40)

4.2. Sharp criteria for spreading and vanishing

Let us first consider the vanishing case.
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Theorem 4.1: Let (u, v, h) be the solution of system (6) subject to initial conditions (7). If
heo < 400 and b, satisfies (B3), where we replace B(x) by by(x), then

t_l)lllloo lu(t, Hlicionn) =0 and t_l)lllloo V(t, x) = Gy
uniformly in any bounded subset of [0, +00).

The proof is similar to that of Theorem 3.1, above.
In order to obtain sharp criteria for spreading, we require stronger conditions on b (x)
and 8;. Namely, we assume that

b1 (x) — 81y is positive somewhere in [0, hg]. (41)

Our assumption (41) is not excessive in the sense that, when b; and 6;(i = 1, 2) are constant,
we have ¢, = by/8,. Consequently, b; — 81y« is a positive constant over the interval
[0, +00).

Theorem 4.2: Assume that by (x) — 81y« (x) satisfies (By) and by (x) satisfies (B3) (where B
is replaced accordingly). If 0 < d; < df, then spreading occurs.

Proof: First, we consider the following equation:

ov _ _ _
a(t,x) = do)Vyx + V(by(x) — 8v), t>0, x>0,

T.(£,0) = 0, t>0, (42)

v(0,x) = vo(x).
Since b, (x) satisfies the hypotheses of Lemma 4.3, all solutions of (42) with non-trivial
non-negative initial values converge to ¢, as t — oo.
It follows, from the comparison principle, that v < for all £>0 and x> 0. Since
limy—, 400 ¥(t, X) = ¢y uniformly in any compact subset of [0, 00), then, for any ¢ > 0,

there exists T' > 0 such that v(t,x) < ¢, + &, fort > T.
Consider the following eigenvalue problem:

d1gxx + @(b1(x) = 81(dvs +6)) + Ao =0, x € (0, hy),

@x(0) = @(ho) = 0. (43)

It is well known that the principal eigenvalue 1, can be characterized by

ho hO
M= inf 102 — (b1(5) — 81(ve + £))62, / P =1\
@eH(0,ho) 0 0

Using (iii) of Lemma 4.1, for any fixed hy, there exists dj such that

M(d) <0 forall0 <dy <df, Ai(d)) =0 ford, =dj, and
*(dy) >0 ford, > dj.
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In this theorem, wehave 0 < d; < dj. Letussetu = §¢;(x),fort > T'andx € [0, ho] (here
@1 (x) is the corresponding eigenfunction of 11). Choose § > 0, small enough, so that

A
8¢1(x) < min {_8_1’ u(T,x)} for x € [0, hg].
1

A straightforward calculation leads to

u
i diu,, — u(bi(x) — 81(Pvs + &) — S11)

=8p1(x) (A1 +818¢1(x)) <0 fort>T, 0<x< hy,
u (t,0)=0, t>T, (44)
u(t,hg) =0, t>T,
u(0,x) =8¢1 < u(T,x), 0=x=hy.
By the comparison principle, we have 4 > u, for t > T and x € [0, hg]. Thus,
lim inf 1u(t, ) (o) = 8¢1(0) > 0.

By Theorem 4.1, we have ho, = +o00. Therefore, spreading occurs. |

Theorem 4.3: Suppose that by (x) — 81¢y+(x) satisfies (Bz) and by (x) satisfies the hypotheses
of Lemma 4.3. If hg > h*, then hoo = +00 (i.e. the species u spreads eventually).

Proof: Similarly, we consider the following equation

av _ _ _
i dyVex + V(ba(x) — 627), t>0, x>0,
7.(,0) = 0, t>0, (45)

v(0,x) = vo(x).

Since by (x) satisfies the hypotheses of Lemma 4.3, all solutions of (45) with nontrivial and
nonnegative initial conditions converge to ¢, as t — oo.

It follows from the comparison principle that v < v for t > 0, x > 0. Since lim sup,_, |
V(t, x) = ¢y uniformly in any compact subset of [0, 00). So for any ¢ > 0, there exists
T > 0 such that v(t,x) < ¢« + & fort > T.

Consider the following eigenvalue problem:

d1pxx + 9(b1(x) — 81(Pvs +8)) + 29 =0,  x € (0, hy),
@x(0) = @(ho) = 0.

The principal eigenvalue 1, is characterized by

(46)

ho hO
M= inf md—@m—mm+m¢j P =1t
@eH1(0,ho) 0 0

Since b; (x) — 81¢, satisfies the hypotheses of (B?). Then by Lemma 4.2, for any fixed dj,
there exists h* such that A1 (hg) < Oforallhg > h*, L1 (hg) = 0forhg = h*,and A1 (hy) > 0
for hy < h*.
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If hg > h*, then we set u=248¢i(x), for t > T, x € [0,hg] (here ¢i(x) is the
corresponding eigenfunction of A;). Choose 6 > 0 small enough so that §¢;(x) <
min{—AX1/81, u(T,x)} for x € [0, hy]. After a straightforward calculation, we obtain

ou 9%u
a—; - d1a—x§ — u(b1(x) — 61(Pys + &) — S11)
= 8¢1(x) (A1 + 81891(x)) <0, t>T, 0<x<h,
d,u(t,0) = 0, t>T, (47)
u(t, ho) =0, t>T,
u(0,x) =8¢1 < u(T,x), 0 < x < ho.
By the comparison principle, we have u > u for t > T, x € [0, hp]. Hence,
lim inf |u(t, )| o) = 3¢1(0) > 0.
Similarly, we have ho, = 400; hence, spreading occurs. [ |

Theorem 4.4: If d; > df and u is small enough, then ‘vanishing’ occurs.

Proof: We consider the following problem as an auxiliary to the first equation of (6):

d

a—l::dluxx—l-u(bl(x)—élu), t>0, 0<x<hg,

ux(1,0) = u(t, ho) = 0, t>0, (48)
u(0,x) = up(x), x € [0, hol.

Denote the principal eigenvalue A and the corresponding positive eigenfunction ¢ satisfy

diPxx + Pb1(x) + 2 =0, 0 < x < hy, (49)
$x(0) = ¢(ho) = 0.

One can verify that there exists d} such that A; > 0, whend; > dj. Furthermore, it follows,

from Theorem 4.2 in [40], that there exists a constant B such that ¢] (x) < 2hoB¢; (x) for

all x € [0, hp]. Now, we can use the following auxiliary functions, which were constructed

in [40]. Let

h(t) = ho (1 +a— %e_"t) , fort>0 and

u(t,x) = Be ¢y (fﬂ) , fort>0 and 0<x<h().
h(t)
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The conditions on « and B will be determined later. If welet 0 < o < 1, direct calculations

show that
xh()
bi| — ) — b
1<h<t>) 1()‘ ‘(hzo )l(x)

h% xh() ‘
_ bi| — | —
@) (h(t)) )| = 5

b("'“’) b1 + 1B 2 ‘
—bi(x
=< |b1 o 1 1llco,.2h0)) hz()
2 [ollb b ' 1‘.
< 2[hollbrllcr(go,2me)) + 101 llc(t0.200) ] o
Since h(t) — ho as @ — 0, we can find sufficiently small o, such that
h2 h A
~0 p, (ic—()) —bhx)| < 2 fora < ay.
h2(t) h(t) 4
Moreover, there exists oy > 0, small enough, such that
1 1 3
2]’1880[ < Z)Ll and m > A_l, fOI'O[ < oy.
Let o = min{1, A1 /4, o1, o2 }. Direct calculation leads to
ho\ xhoh (t
Uy — dyTiy — by (0 = —aii — B¢, (x 0) = ®
h) W@
h h3
— pe*'digy (f—())
ht ) 1)
ho\ xhoh (t
— —qii— Be ) (@) = ®
h W (t)
h? h h?
+| 5by (xo)—bl(x) 0
h™(t) h(t) h(t)
Mu AMu
— 2 2— 1 1
> —Olu—ZhOBOl M—T—Fm
_ (M —A1 —A1 311
> — ] =0.
>u ( 2 + " + 1 + 1 >

Furthermore, we choose 0 < B < —hoa?/2ue (ho). Then,

_ » h — —at
Wity (t, h(t)) = —Bpe ¢ (h O)h()

< —Bue "¢ (ho)

hoa?
- o

e =T (b).
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In order to apply the comparison principle, we choose 1 small enough such that

X
1+ 5

up(x) < B ( ) for x € [0, hg].

Thus, we have

7 _
8_1: — Dt — (b () — 81T =0, £>0, 0<x<Hh(0)

(1, 0) = Tt h(t)) = 0, t> 0,

R (1) = = piix(t, (D), £>0, (50)

X
1+3

ﬁ(O,X) = ,Bd)l ( > > MO(X), X € [0’ hO]’

— o
h(0) = hy (1 + E) > hy.
Form the comparison principle, we have h(t) < h(t) for t > 0 and
u(t,x) <u(x,t) fort>0 and x € [0,h()].

S0, hoo < limy—s 100 h(t) = hy(1 + &) < +00. This implies that vanishing occurs. |
Moreover, we can derive vanishing criteria in terms of the coefficient u when d; > df.

Theorem 4.5: Suppose that d > dy. For any given uy, there exists |1, depending on ug and
ho, such that vanishing occurs whenever (. < [Ly.

Proof: As in the proof of the Theorem 4.4, let A; and ¢; satisfy Equation (49). We still

define , h(t) as follows

xho

h(t)
h(t) = hy (1 +o— %67‘“) , fort>0.

u(t,x) = Bre ¢y ( ) , fort>0, 0<x<h().

Here, we also let « = min{1, ;11)»1, o1, a2} and choose B; > 0 large enough such that

X
1+ 35

up(x) < P11 < ) for x € [0, ho].

For this fixed B, we choose

hocx2

O _—_ —
<K= T B (ho)

Pk
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such that

- 7 —at g/ h
— W (8, h(t)) = — B jue f¢1(ho>ﬁ)

< —Biue "' ¢ (ho)

2
fod” —at _ (s,

Then, we have

% — it —u(b1(x) =817 >0, t>0, 0<x<h(d),
Ue(t,0) = u(t, h(t)) = 0, t>0,
H () = —pii(t, (), t>0, (51)

X
1+

0() > Ll()(X), X € [0) hO],
2

u(0,x) = Big1 <
E(O) = hy (1 + %) > hy.

Form the comparison principle, we have h(t) < h(t), for t > 0, and

u(t,x) <u(x,t), fort>0 and x € [0,h(t)].

Thus,
heo < lim h(f) = ho(1 + a) < +o0.
t—+00
This implies that vanishing occurs. |

Next, we will prove the following conclusions.

Theorem 4.6: Assume that by (x) satisfies (B3), where B(x) is replaced by b (x). If hoo < hs,
then the species u vanishes eventually.

Proof: Choosel € [ho, hy]. Consider the following equation:

ou _ _ _

E—dluxx—i-u(bl(x)—cslu)zo, t>0, 0<x<]|,

ljlx(t, 0) = l_l(t, l) = 0, t > 0, (52)
u(0,x) = up(x), x € [0, hyl,

u(0,x) = 0, x € [ho,].

It follows from the comparison principle that 0 < u < u for t > 0 and x € (0,/). Since [ <
7/24/d1/ maxye[0,400) b1(x) =t hy, Proposition 3.1 of [4] yields that

1' 17 )" = .
Jim llu(t, o =0

Consequently, lim;—, 4o [lu(t, ) llc[o,] = O. |
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Under some assumptions, stated below, we can obtain the asymptotic spreading speed
from Theorem 3.6 of [9].

Theorem 4.7: Assume that by (x) satisfies (Bz), where B(x) is replaced by by (x). If hoo =
+00, then

h(t
lim sup Q < Bo (u, max bl(x),él,dl) .
t x€[0,4-00)

t—+00

Furthermore, if b (x) — 81¢y« satisfies (B3), then

h(t
liminf "2 > g, (u, min (by(x) — S1¢hve). al,ch).
t x€[0,4+00)

t—+00

5. Summary and conclusions

We studied a reaction-diffusion model with a free boundary in one-dimensional environ-
ment. The model is developed to better understand the dynamics of Wolbachia infec-
tion under the assumptions supported by recent experiments such as perfect maternal
transmission and complete CI.

In the special case of constant birth rates, we only considered the fitness benefit case. For
the fitness benefit case, where the environment is more favourable for infected mosquitoes,
our results show that the spreading of Wolbachia infection occurs if either the size of
the initial habitat of infected population hy is large enough, say kg > hj (Theorem 3.3),
or the boundary moving coefficient p is sufficiently large (1 > j1) in case of hy < hy
(Theorem 3.4). A rough estimate on the spreading speed of h(t) is also provided. Moreover,
ifhg < m/2\/d1/b1 < hjjand u < u, then the infection cannot spread and ho, < +00.

The case of inhomogeneous (spatially dependent) birth rates is treated in Section 4.
Detailed criteria for spreading and vanishing are derived in Subsection 4.2 with the aid of
spectral properties of relevant eigenvalue problems.
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